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CTATUCTUKA MMEPUOANYECKUX I MHOTOMEPHBIX
[EITHBIX JPOBEN

Apnossa B. U. (Poccus)
Maremaruuecknit nactutyT um. B. A. CrekoBa

Bce nerosinble 9acTHBIE MEHOHN JIpOOU 30JI0TOrO CedeHusl PaBHBI 1,
HO I CJIYYafiHOrO BeIeCTBEHHOTO YHUCJIa JI0JIsl €JIUHUI] CPEJIU HEIoJI-
HBIX YaCTHBIX €ro IenmHO# jpobu ropasjio MeHblre. [Ipomnopruun, B KOTO-
PBIX BCTPEYAIOTCA pa3Hble HEMOJHbIE YaCTHBIC, OJMHAKOBBI JIIS TIEITHBIX
JIpo0eii mouTn Beex BerecTBeHHbIX duces. Onu ObLIn HaiigeHbl ['ayccom u
Jiokazanbl KysemunabiM B 1928 roy.

JL1st KBaApaTUIHBIX UPPAIMOHAJIBHOCTEN TIeIHbIE JIPOOU ITePUOINTHHI.
4l HECKOJIBKO JIECATKOB JIET Ha3aJl, BbICKa3aJl TUIIOTE3Y, YTO CTATUCTHKA UX
HEIOJTHBIX YaCTHBIX B CPEJIHEM Takas YKe, KaK W JIjId CJIYYailHOrO Belle-
CTBEHHOI'O YMCJIa. YCpPeTHEeHNE TPOU3BOANTCS 3/1€Ch, HAIIPUMED, 110 KpyTraMm
pQ—l—q2 < R? na mockocTn KBa/IpaTHLIX YpaBHEHUN x? +pr+q = 0. Korna
paguyc R cTpeMuTcsi K GECKOHETHOCTH, JI0JIst, CKAaYKeM, eJIMHUI (I JIFO-
OBbIX KOHEYHBIX KOMOUHAIWMI HEMOJIHBIX YACTHBIX) CPEJIN SJIEMEHTOB TI€PH-
0JIOB IEIHBIX JIpobOeil BceX MppalnoHaJIbHOCTENl Kpyra CTPEMHUTCS K J10J1€
eiuHUIL (UM TeX yKe KOMOMHAIUI) JIJIst CTy YallHbIX BEIECTBEHHBIX TUCE/I.

DTa Mog rumore3a ObLIa HeJaBHO Jj0Ka3aHa B. A. BoikoBckum u ero
yIEeHUKaMU.

Ho stum He umcuepnbiBaeTCsd CTATUCTUKA HEIMOJIHBIX YaCTHBIX KBaJl-
paTUIHBIX WppannoHajbHocTeil. Hampumep, B KadecTBe MepuojioB (s
YIOMSIHYThIX BBIIIIE KDYT'OB) BCTPEYAIOTCsI BOBCE HE JII00Oble KOHEUHBIE TI0-
CJIeJIOBATEIbHOCTH, yJIOBJIeTBOpsone cratuctuke laycca—Ky3spmuna, a
TOJIBKO MAJIMH/IPOMBI (TIOC/IEI0BATEIbHOCTH, KOTOPBIE HE MEHSIOTCS, €C/In
IUTATh WX 33JI0M HAIepes).

[TasimaIPOMAMU SIBISIIOTCS TaK»Ke MEPHUOJIbI TEITHBIX JIPo0eil KBaapaT-
HBIX KODHEll U3 pannoHaIbHBIX YUCeN (J1JIs KBaJIPATHBIX KOPHEe U3 TeJIbIX
YUCceJT 9TO OTKPBLI yKe [ajya; moHble JOKa3aTe/IbCTBA OTKPBITHIX MHOIO
namHIpoMuaHOCTeH fain mon yaerunbl . Aukapan u M. [laBrosckast).

B noksaze Oyger paccka3aHO 00 YIMBUTEIbHBIX SMINPUIECKIX U J10-
Ka3aHHBIX CBOMCTBAaX HEITOJIHBIX YACTHBIX IEMHBIX Apo0eil KBaIPaTUIHBIX
UppaIlroOHAIbHOCTENR, B TOM YHCJIE O CpeJHEl CKOPOCTU POCTA JIJTUHBI T1e-
puojia T'(p, q) B 3aBUCUMOCTH OT BeJIMIUHBI KO(D(DUITHEHTOB KBaIPATHOTO
ypaBHEHUSI.
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OxazbpIBaeTcs, 94TO CpelHsis JanHa 1 mepuoja pacTeT IPUMEPHO KakK
KBaJIpaTHBIN KOPEHb U3 JUCKPUMUHAHTA KBaJIPATHOTO YPABHEHU, T.€. KaK
cR nna cpenpux mo Kpyram pajgamycoB R:

R| 4 20|36|52] 68 | 84 | 100
T]07[38]64]86][10.9]13.1]15.1

TOIOJIOTNYECKASA KJIACCUDPUKALINA ®YHKINN MOPCA
N 16-51 TTIPOBJIEMA ['MJILBEPTA

Apnosisa B. U. (Poccus)
Maremaruvecknit nactutyT um. B. A. CrekoBa

['ms0ept cupamuBaeT B cBoeil 16-if mpobiieMe, KaK KJIacCuUITIpY-
I0TCS TOTIOJIOTUYECKU TJIaIKNe KPUBbIE Ha BEIECTBEHHON IIJIOCKOCTH C Jle-
KapTOBBIMU KOODJIMHATAMU X U ¥, 3ajaHHble ypauenusyu f(x,y) = 0,
rie f — MHOrowieH (pMKCUpPOBAaHHON CTEIIeHN.

B macrositem joksaje obcyxkaaercs (6osee ecTecTBEHHBIN It MHO-
IUX TPUIOKEHUI) BOIIPOC O TOIOJOTUIECKOl KJIacCupUKAIUY He JINHUM
YPOBHsI, & CAMUX MHOTOYJICHOB JIaHHOU crereHu (mim 6osiee obimmM obpa-
30M, TIQIKuX PyHKIME Mopca ¢ pUKCHpPOBAHHBIM YHCJIOM KPUTUIECKHIX
TOYEK).

s byHKIMIT HA OKPYKHOCTU TOMOJOTHYECKHE KJIACCHI TTEePEUnC/Is-
10TCd KO3 PUImeHTaMu pa3jaoKeHus B pdjl Teityiopa pyHKIIMU TaHTeHC.

Mg dyukmuit Mopca ¢ T' ceajiamMmu Ha JIByMepHO#l cdhepe UncIo Kiac-
COB OBLIO HEJJABHO ONEHEHO MHOIO CHU3Y 1 cBepxy Besmannamu 17 u T2T
npuiyeM g cHOPMYIUPOBAJ TUIIOTE3Y, YTO BTOpas OIEeHKa OJIM3Ka K HC-
TUHHON acuMnToTwdecku (st T = 4 9ucjao KJIACCOB s HAIIET PABHBIM
17746).

Mos runoresa ObLiTa 3aTeM jgoKazana JI. HukonaecKy, HaIIe M Tak-
JKe ¥ TOYHOE BhIparkKeHWe JIJId IHUC/Ia K/IacCOB: TAHIEHC 3aMEHAETCS B 9TOM
cjlydae HEKOTOPBIM SJLUTUINTUYECKUM WHTErPAJIOM, MOJIOOHBIM TeM aCHUMII-
TOTUKAM, IIPU TOMOIIH KOTopbix A. B. ['uBeHTa b JT0KA3a/1 THIIOTEIY 3€p-
KaJIbHOII CUMMETPUN KBAHTOBOI TEOPUU T10JI.
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B nokstajie OyJieT pacckazaHO O MOWX Pe3yJbTaTaX TEOPUU CJyUdailHbIX
rpacoB, Ha KOTOPBIX OCHOBAHbI U MOW OIIEHKH, U JioKazareabcTBa Huko-
JIAeCKY, a Tak:Ke 00 000DIIeHNN 9TOI TeOPpUH Ha CJIydail pyHKIHI Ha Tope
(M TPUTOHOMETPUIECKUX MHOTOWIEHOB BMECTO OOBITHBIX).

VAUBUTE/ILHBIM OTJIUIHEM TOPa OT CEepbl SBJIAETCS TO, YTO THUCIIO
KJIACCOB TOITOJIOTMYECKOM SKBUBaAJIEHTHOCTH pyHKIMI Mopca ¢ 3a1aHHbIM
YUCJIOM KPUTUIECKHX TOYEK OKA3bIBACTCH JIJIsT TOpa OCCKOHETHBIM, €CJIN
KJIACCUPUITUPOBATH (DYHKIMHU HA TOPE C UCIIOJIH30BAHUEM CBA3HON KOMIIO-
HEHTBI IPyIbl guddeoMopdu3MoB Topa (T.e. He IMepecTaBIATh, HAIIPH-
Mep, TapaJiiejid ¥ MePUIUAHbI [IPU YCTAHOBJIEHUH TOIIOJIOTUIECKON 011~
HAKOBOCTH (DYHKIIHUI).

Hecmorpst Ha 970, 9mcsao (Tak Ke ONPEJIeJeHHBIX TOMOJOTUIECKH)
KJIACCOB TPUTOHOMETPUYECKUX MHOTOYJIEHOB (DUKCUPOBAHHON CTeleHn
OKa3bIBAETCsl KOHEIHBIM (TaK KaK CTEIEHW HErOMOTOITHOCTU TOXKJECTBY
HY>KHBIX B 3TOM cJjydae JuddeoMopdu3MOB TOpa OrPAHUYEHBI s
TPUTOHOMETPUIECKUX MHOTOUJIEHOB OIPAHUIEHHO CTereHn).

JlokazaTe/IbCTBa 3TUX PE3yJIbTATOB OCHOBAHBI HA HETPUBUAJILHON Be-
IMECTBEHHON ajredpanvecKoil TeoMeTpruH, HO B JIOKJaJe OyayT cdopmy-
JINPOBAHBI U HE JOKa3aHHBbIE eIle O0OOIIEHMS MOy YeHHBIX PE3yJIbTATOB.
Hampumep, BOIIPOCHL 0 CKOPOCTH POCTA, YUCJIa MHOTOUJICHOB (JIJIsd CJrydast
cepbl) WM TPUTOHOMETPUIECKUX MHOTOWICHOB (JI7Is1 CJIydasi Topa) ¢ poc-
TOM YHCJIa KPUTUIECKUX TOUEK OCTAIOTCS OTKPBITHIMU: CBEPXIKCIIOHEHIIH-
anpublit poct T?T s roagkux OYHKIU BIpaBe CMEHUTHCH JlasKe Ha,
creneHnoil poct tuna 1" n1g cirydas MHOIOYJICHOB.
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KOPPEKTHASA PA3PEIIMMOCTE KPAEBOU 3ATAYN
C HEJIOKAJIBHBIM VCJIOBUEM JJIAd CUCTEMBI
I'MIIEPBOJIMYECKUX YPABHEHMM ITIEPBOT'O ITOPAIKA

AbaukanukoBa I'. A. (Kazaxcran)
AxkTiobuncknit rocyapcrsennslii yausepcurer nM. K. ZKybamnosa
aiman-80@mail.ru

Ha Q= {(2,t):t<2<t+w, 0<t<T}, T >0,w >0 paccmarpu-
BaeTCd HeJIOKaJIbHAd KpaeBas 3a1ada

ou Ou
= A R™ 1
5 + o (x,t)u+ f(x,t), weR", (1)

B(s)u(s,0)+ C(s)u(s+T,T) =d(s), se€[0,w], (2)

riae A(x,t) — (n X n)-marpuna, f(x,t) — n-BeKTOp-QyHKIINS HEPEPHIBHBI
no x u t na Q; B(s), C(s) — (n x n)-marpunpl, d(s) — n-sexTop-byHKIIHsI
HenpepbiBHbI Ha [0, w].

Cpein KpaeBbIX 3a1a4 HAOOJIBINNIA UHTEPEC PEICTAB/ISIOT HEJIOKAIb-
HbIE 3aJ1a49U JIJIs HEKOTOPBIX KJIACCOB YPABHEHUS ¢ YaCTHBIMU [IPOU3BOJI-
aeiMu. B [1] meTogom BBejieHusi hyHKIMOHAIBHBIX [APAMETPOB, SBJISIEO-
IEroCs Pa3BUTHEM METOJ/a HapaMerpusalyu 2|, ycraHoBieHbl He0OX0 -
Mble U JOCTATOYHBbIE YCIOBHS KOPPEKTHON pas3permMOCTH HeJIOKaIbHON
KpaeBoii 3a/1a4n JJIsi CUCTEMbI THIIEPOOTMIECKUX YPABHEHUH CO CMeIaH-
HOW IIPOU3BOJIHOM.

Llenpo paboThl sIBJIsIETCS HaXOXKJeHne KO3(M@MUIIMEHTHBIX J10CTaTOY-
HBIX YCJIOBUU KOPPEKTHON M OJHO3HAYHON pa3peliuMOCTU paccMaTpuBae-
MOW 3a/1a4MU.

B coobiennu, ucroib3ysi MeTo/l XapakTepucTuk, 3aaa4a (1)—(2) cBo-
JIUTCS K CEeMEHCTBY JIMHEHHBIX JBYXTOUYCYHBIX KPACBBIX 38449 JIJIs OObIK-
HOBeHHBIX juddepenimaibubix ypasaenuii Ha H = {(£,7) : 0 < € < w,
0<7<T}HT>0,w>0.

Kosddunpenrbie 10cTaTOYHbIE YCAOBUA KOPPEKTHON U OJHOZHAYHOMN
pa3peImMOCTH 3829l B TepMUHAX obpaTumocTh MaTpuibl ), (&, h), co-
craBsieHHo# o matpunam A(z,t), B(s), C(s) ycTaHaBIUBACTCS TEOPEMOIA.

Teopema. I[Iycmv npu nexomopwx h > 0: Nh=T, uv,v=1,2,...,
(nN x nN)-mampuya Q, (&, h) obpamuma npu ecex £ € [0,w] u 6wnons-
10MCA HEPABEHCTNEA:
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a) [[[Qu(& M) < v (h);

6) ¢u(&,h) = 7, (h) max{L, h[|C(&)||} [ — 1 — a(E)h — - — &M
Lo<l1,

2de (&) = max.¢jo,n |A(&,7)||, o = const.
Tozda cywecmeyem eduncmeernoe pewenue u*(€,7) sadawu (1)—(2).

ITpe 10:KeH alrOpuTM HaXOKACHUS PEIICHUs. YCTAHOBJICHO CYIIECTBO-
BaHUe PeIleHrs B MUPOKOM cMbiciie 1o Opujpuxcy [3].

JIuteparypa

[1] Acanosa A. T., Txxymabaes /1. C. // dokmaxsr PAH. 2003. T. 391,
Ne 3. C. 295-297.

2] Hexxymabaes 1. C. // 2K. Beraucii. marem. u MmareM. dpus. 1989. T. 29,
Ne 1. C. 50-66.

[3] Poxkmecrenckuit B. JI., dnenko H. H. Cucrembr KBasuinHeHHbIX
ypaBHEHUI 1 UX HPUIOXKEHHsI K ra3oBoii auHamuke. M., 1968. 592 c.

3AJAUYU UJIEHTUOUKALIMM J1s1 CTAIIMOHAPHBIX
MOJIEJIEI1 TEIIJIOMACCOIIEPEHOCA

Anekcees I'. B. (Poccus)
WNucruryr npuknagnoit maremarukn JIBO PAH
alekseev@iam.dvo.ru
CoboseBa O.B. (Poccus)
Nucturyt npuknagnoit maremarukn JIBO PAH
Tepemiko . A. (Poccus)
WNucruryr npuknagnoit maremarukn JIBO PAH

Bosbiioe BHUMaHNE B TIOCTIETHEE BPEMS yIEIIeTCA NCCTAEIOBAHTIO 3a-
JTad ONTUMAJILHOTO YIIPABJIEHU JIJ1s MOJIeJIell TeTioMaccorneperoca. B ruji-
POJIMHAMUKE U TEIJIOBOM KOHBEKITMU OHU BO3HUKJIM B CBA3M C HEOOXOJIH-
MOCTBIO yCTaHOBJIEHUS Hanbo1ee 3P PEKTUBHBIX MEXaHU3MOB yIIPaBJ/ICHUS
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TEPMOTUIPOINHAMUIECKUMU IIpolieccamu. B MH>KeHepHO# 9KOJIOTUN 33,18~
YM TAKOT'O POJa BOBHUKJIM IIPU PEIICHUN aKTyaJbHBIX IIPOOJIEM, CBSI3aH-
HBIX C 3aIlUTON OKPYKaIOMIel cpeAbl OT aHTPOIIONCHHBIX BO3MYIIICHUIA.

Hapsany ¢ 3agagamu onTUMaJILHOIO YIIPaBJIeHNs BaXKHYIO POJIb B IPH-
JIOPKEHUSX UTPAIOT 3aJa9d UJICHTUMUKAIINKA JIJIsi MOJIeJIell TeIIOo- U Mac-
conepenoca. OHI 3aK/II0YAIOTCSI B BOCCTAHOBJIEHUN HEM3BECTHBIX ILJIOTHO-
cTeil TpaHUYHBIX WJIM Paclpee/leHHbIX HCTOYHUKOB JIMOO K03 uIimeH-
TOB, BXOJAAIIUX B JuddepeHiinaibible YPaBHEHUsI NN IPAHUYIHbBIE YCJIO0-
BUsI MOJIEJIN, 110 JIOTOJIHUTEIbHOM MHMOPMAIINI O PEIIeHNN UCXOIHON Kpa-
eBoii 3aa4u. BaxKHO OTMeTUTD, YTO HCC/IeJ0BaHNe 3a,1a4 UAeHTU(MUKAIIIT
MOKHO CBECTH K UCCJIEJIOBAHUIO COOTBETCTBYIONINX SKCTPEMAJbHBIX 3a/1a9
IIPU OIIPEJIeJIEHHOM BbIOOpE MHUHUMU3UPYEMOro (pyHKIIMOHAJIA KadecTsa,
aJIeKBaTHO OTBEYAIOIIEro paccMaTpuBaeMoil oOpaTHOI 3ajade. DTO I103-
BOJISIET MCCJIEIOBATH KaK 3aJIauM yIIPaBJIEHHUsI, TaK U OOpaTHBIE 3a/IaUH C
eJIMHBIX O3UIUI TeOPHH 3a/a4 yCIOBHONI ONTUMMU3AIINA B I'MJILOEPTOBBIX
i 0aHAXOBBIX IIPOCTPAHCTBAX.

enbio HacTosiIelr pabOTHI SIBJISIETCS TEOPETUYECKU aHaJIn3 3a/ad
UJICHTUMUKAIIAN JJI CJIeIYIONeil MOIEIN TeIIOMACCOIIePEHOCa, OINChIBA~
IONIEN IIePEeHOC BEIeCTBa B BA3ZKON HECXKUMAEMOU TEIJIOIPOBOHON KUJI-
KOCTU:

—vAu+ (u-grad)u+ gradp = f + (8cC — prT)G B €, (1)
divu=0 B ), u=g na I,

— AT +u-gradT=f B Q, T=1 na I'p, (2)
ANOT/On+aT) =x na Iy,

—AAC +u-gradC+kC=f, B Q C=1, na I'p, (3)
Ae(0C/On + a.C) = x. na T'y.

37ech ncnosb3yoTest obbranbie obosnadenus (cm. [1]). B gacrroctu, 2 —
orpaHmueHHadg objacTh m3 mpoctpancTtBa R, d = 2,3 ¢ gummmresoit
rpanureit I', cocrosimeit m3 aByx dacreit I'p u I'y, u, T' u C' — cKo-
POCTH, TEMIIEPATYPA U KOHIIEHTPAIHs (3arpsi3HSIIONIEr0) BEIECTBA B YKU/I-
koctu, p = P/p, tne P — naBnenune, p = const > (0 — IJIOTHOCTH CpeJibI,
v = const > 0, A = const > 0 u A\, = const > 0 — Ko>DPUINEHTHI
BSI3KOCTHU, TeMiiepaTryporpoBognoctu u audpdys3un, f, f n f. — odbem-
HbI€ IIJIOTHOCTU BHEITHUX MACCOBBIX CHJI, HCTOYHUKOB TEILIa U BEIeCcTBa,
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G = —(0,0,G) — BekTOp YCKOpeHUs: CBOOOIHOTO majienust, Or, Bc, g, ¥,
Ve, Oy ey X U e — HEKOTOPBIE (DYHKITUN.

OrmernM, uTo KpaeBas 3aja4a (1)—(3) comepKuT mapaMeTpsr v, A, A,
k, OBr, Bc, a, a. 1 GYHKINHT, OIKICHIBAIOIIIE IJIOTHOCTU I'PAHUYHBIX U Pac-
IIpe/IeJIEHHBIX UCTOYHUKOB. ZICHO, 9TO Jj1s1 HAXOXKJIECHUS €€ PelleHus 3Ha-
YeHUs BCEX MapaMeTPOB, IPAHUYHBIX (DYHKIUH U IJIOTHOCTEH NCTOYHUKOB
JIOJKHBI OBITH 3aaHbl. OIHAKO Ha MPAKTUKE YacTO BOSHUKAIOT CUTYa-
A1, KOIJa HEKOTOPBIE U3 9TUX IapaMeTPOB WM ILJIOTHOCTEH HEM3BECTHHI.
B sToMm ciydae Bo3HUKAET ITpodJIeMa OIpe/iesIeHNsT HEM3BECTHBIX TTapaMeT-
poB Mojesn BMecte ¢ pemieanem (u, p, T, C') 1o onpejenenuoit nudopma-
1 00 OCHOBHOM COCTOSTHMH. 1aKoro THuia mpodIeMbl BO3HUKAIOT, HAIIPH-
Mep, B 3aJla9aX TPAHCTPAHUIHOTO IEPEHOCA 3arPA3HAIONINX BEIIECTB.

B mannHoit pabore ncciaeayorcs Ko3dduimeHTHbIe 3a1a491 UIeHTH(U-
Karuu jyist Mojiesn (1)—(3), 3akiogaronimecss B HAXOXKJEHUN HEM3BECT-
HBIX (PYHKIINOHATBHBIX KOIDMUIUEHTOB v, v U k u pemennst (u,p, T, C')
110 JOMOJIHUTEIbHON mHMOpMannu o pemreHun. Jljist mcciiegoBaHus pac-
cMaTPUBaEMbIX 33249 B paboTe IPUMEHSIETC s MeTOINKa, pa3paboTaHHasI B
pEeIbIYINIX paboTax aBTOPOB 110 3a/ia4aM YIIPABJIEHUS JIjIsI CTAIlHOHAP-
HBIX MOjIe/Iell THIPOINHAMUKY U TEIJIOBOW KOHBEKIIUHU (CM., HAIIPUMED,
[2]-[4]). HoxasbiBaeTcst MX pa3permmMoCTh, BHIBOJATCH U AHAJIN3UPYIOTCH
CUCTEMBI OIITUMAaJILHOCTH, ONMCHIBAIONINE HEOOXOIMMBIE YCIOBHUS SKCTPE-
Myma. OCHOBHOE BHUMAHUE YIEJSI€TCS MCCJIEOBAHUIO BOIIPOCA O JIOKAJIb-
HOU €IMHCTBEHHOCTU U YCTOMYMBOCTH PEIICHUIl pacCMaTPUBACMBbBIX 33129
nnenTudukanun. CIoXKHOCTD UCCIeI0BAHUS 9TOI0 BOIIPOCa, CBA3aHA C TeM
00CTOATEILCTBOM, UTO KO3 DUIIMEHTHBIE 3a/1aU1 UICHTU(MUKAIIINA XapaK-
TepU3yIOTCd ABOMHON HeJImHeitHOCThIo. [lepBas cBa3aHa ¢ HETMHEITHOCTHIO
ncxoHoit Mojienn (1)—(3), Bropast ¢ HeJMHEHHBIM BXOXKJICHUEM B MOJIEJIb
(1)—(3) (B Buge muokuTesei ipu T win C') HEU3BECTHBIX (DYHKIUH (v, O
u k. Tem He menee, cTpykTypa anddepeHialbHbIX YPaBHEHN, COCTAB-
agomux Mojiesb (1)—(3), TakoBa, 9TO ¢ HOMOIIBIO JETATHHOTO aHAJN3A
BBIBEJIEHHBIX CHUCTEM OINTUMAJBHOCTH YJIAETCsI YCTAHOBUTH JIOCTATOUHBIE
YCJIOBUsI Ha MCXOJIHBIE JTJaHHBIE, 00ECIIeUNBaOIIIe JOKAIbHYIO eNHCTBEH-
HOCTH (M yCTOWYIMBOCTE) pPelieHnil KOHKPETHBIX 3a/1a4 YIIPaBICHU.

YKazaHHbIE YCJIOBHUS JOKAILHON €IMHCTBEHHOCTH UMEIOT IPOMO3IKMIA
BuJI. UT00OBI ciesaTh uX Oojiee HAIVIAIHBIMH, BBOISTCS aHAJIOIH IIMPO-
KO HCIIOJIb3YEeMbIX B T'HJIPOJMHAMHUKE Oe3pa3sMepHBIX MapaMeTpPoOB — UHC-
sa Peftnosipjica, a Takxke TeMrepaTypHoro u jnddysnonHoro gucesr Pa-
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nest u [panarisa. C ucnosb3oBanueM 0e3pa3sMepHbIX TapaMeTpPOB YKa3aH-
HbI€ YCJIOBUS €JIMHCTBEHHOCTH MOTYT OBITH 3aIlMCAHbI B JOCTATOYHO IIPO-
croit (hopme, OJIM3KOI K popme yCI0BHil e UHCTBEHHOCTH KO3 DUIIneHT-
HBIX 3314 WAeHTUMUKAINA IS CTAIlMOHAPHOTO JIMHEMHOTO YpaBHEHUSI
KOHBEKITNH- TN PY3UN-PEaAKITUN.

Pabora mognepxkana rpantom HIII-9004.2006.1, rpantom PODU 06-
01-96020-p_Boctok _a u rpantamu JIBO PAH (mpoekrsr 06-1-1122-086,
06-11-C0O-03-010, 06-11I-A-01-011, 06-111-A-03-072).
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problems for stationary equations of viscous heat conducting fluid
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JJIsl CTAIIMOHAPHBIX ypaBHeHuil reriomacconepenoca // Cub. mar.

Kypa. — 2001, — T. 42, Ne 5. — C. 971-991.
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ATIPUOPHBIE OLIEHKM PEIIEHWI YPABHEHNS
TEIIJIOITPOBOJIHOCTU C HEJIOKAJIbBHBIMU YCJIOBUAMU
TUTIA BUIAI3E-CAMAPCKOI'O U
CAMAPCKOT'O-IOHKNHA

AsmmxanoB A. A. (Poccus)
Kabapanno-bankapckuit rocyiapcTBeHHBIN YHUBEPCUTET
alikhanov-tom@yandex.ru

B paborax [1]-[3] usygenst HenokasbHbIe KpaeBble 3a1auu Tuia Bura,i-
ze—Camapckoro u Camapckoro—lonkuHa 1151 0OBIKHOBEHHBIX Tuddepen-
[IMAJIbHBIX YPaBHEHU B quddepeHnuaabHoil 1 pa3HOCTHOI TPaKTOBKAaX.
Pa6ora [3| nmocesimena HeokaabHOM KpaeBoil 3aade tuna Buraze—Ca-
MapPCKOI'0 JIJIsi yPaBHEHMs TEILIOIPOBOIHOCTH B Pa3HOCTHON TPAKTOBKE.
B pabotre [4] uzyuena wenokasbHas 3agada turna Camapckoro—loHkuHa
JIUIsl YPaBHEHUs TEILIOIMPOBOJIHOCTH C IMOCTOSIHHBIMU KOI(M(DUIMEHTAM.
B pabotrax [5], [6] #3ytuenbl yeTORIMBOCTD HEJIOKAJILHOM PA3HOCTHOM 3a1a-
9y JIJIs YPaBHEHHUS TEILIOMPOBOAHOCTH C IOCTOAHHBIME KO(DPUIIMEHTAMN.
[Ipemoxkennas B paborax [4], [5] Mmeromnka, ocHOBaHHAs HA METOTE Pa3-
JleJIeHne TIepEMEHHBIX, He PacCIpoCTpaHsAeTcs Ha Caydail ypaBHEHUs C Ie-
peMeHHBIMI KO3 DUITTEHTaMI.

B nannoit pabote 1oJiydeHbl allpuoOpHbIe OeHKN JuddepeHuaabHoi
381841 JJI9 yPABHEHUS TEILIOIPOBOIHOCTH € IIEPEMEHHBIMI KoM dUIInen-
TaMK ¢ HeJIOKaJIbHbIMU yejosusvu Tuiia bunaaze—Camapekoro u Camap-
ckoro—onknna.

1. KpaeBas 3a/1a4a ¢ HeJIOKAJIbHBIMY YCJIOBUSIMHY TuUIla bunai-
3e—Camapckoro. B npsMoyroabauke

Qr={(z,t) |0z <, 0<t<T}

paccMOTPUM HEJIOKAJbHYIO KPAaeBYIO 3ajlady

ou 0 ou
- - | = <
% = D (k($,t)ax) q(z,thu+ f(x,t), O<z<l, 0<t<T, (1)
uz(0,t) =0, u(l,t) =a(t)u(0,t), 0<t<<T (2)
u(z,0) =up(z), 0<x<l, (3)

rie 0 < ¢ < k(fb‘,t) < C2, |k$($7t>| < €3, Q(l',t) > 07 |Oé(t>| < Q.
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[Ipeosarasi cyiecTBoBaHle pPEry/IspHOro perenust 3agadu (1)—(3)
METOJIOM YHEPreTHIeCKUX HEPABEHCTB M0JIyYeHa allpUOpHas OIeHKa

/ lullgdr < M (/ 1£ll6dr + Huo(:v)H%), (4)
0 0

l
rae ||ull§ = [, u*dz, M > 0 — u3BecTHas MOCTOSHHAS, 3aBUCSINAS OT (1,
C2, C3, (, l? T.
2. KpaeBas 3asavua ¢ HeJIOKaJIbHbIMU ycjgoBuamu tuna Camap-
ckoro—HMonkuHa. B npaMmoyroibHuke

Qr={(1)|0<z<l, 0<t<T}

pPaccCMOTPUM HEJIOKAJBbHYIO KPAaeBYIO 3ajlady

ou 0 ou
- = — | = <
5 = B <k(x’t)8x> gz, )u+ f(x,t), O<z<l, 0<t<T, (5)
u(0,t) =0, uy(l,t) = a(t)u(0,t), 0<t<T, (6)
u(z,0) =up(z), 0<z<l, (7)

rie 0 < ¢ < k(x,t) < o, kel [Kels [ae| < 3, q(, ) 20, |a(t)] < ao.
IIpeamosaras cyrecTBOBaHue perysasapaoro perenus 3agadu (5)—(7)
METOJIOM SHEPreTUIeCKIX HEPABEHCTB II0JIyYeHa AlPUOPHAst OIeHKa,

t t
Julf+ | Hux\l%d7<M< / anadwHuo<:c>|\5v21<0,z>), (5)

riae M > 0 u3BecTHasi IOCTOSIHHAS 3aBUCHIIALA OT C1, Co, C3, g, |, 1.
U3 anpuophbix orenk (4) u (8) ciejyer eJJMHCTBEHHOCTD U HEIIPEPHIB-
Has 3aBUCHMOCTH perrerns 3aad (1)—(3) u (5)—(7) or BXOJAHDBIX JAHHBIX.

JIuteparypa
[1] Uavun B. A., Moucees E. H. // dokn. AH CCCP. 1986. — T. 291,
Ne 3. — C. 534-539.

2] Uavun B. A., Moucees E. H. // Huddepent. ypapuerus. 1987. —
T. 23, Ne 8. — C. 1422-1431.

3] LLzanyxos M. X. // Hoxa. Axpir.(Uepkec.) Mexynap. aka/1. Hayk.
1994. ~ T. 1, Nel. — C. 38 42.

25



4] Uonxun H. U. |/ Huddepenn. ypasuenus. 1977. — T. 13, Ne2. —
C. 294-304.

5] Tyaun A. B., Mopososa B. A. // Iluddepenn. ypasuenus. 2003. —
T. 39, Ne7. — C. 912-917.

6] Tyaun A. B., Honwxkun H. H., Mopososa B. A. // duddepenr. ypas-
menust. 2006. — T. 42, Ne7. — C. 914-923.

SAMEYAHUE O JUCCUIIAIIMN UHTEIPAJIA MATHUTHON
CIIMPAJIBHOCTH

AxwmetrbeB II. M. (Poccus)
N3MUPAH

pmakhmet®@mi.ras.ru

3aMedeHo, 9TO 3HaYeHne UHTEerpaJjia TOKOBOW CIUPATbHOCTH JIJI TOH-
KO¥ MATHUTHOM TPYOKM ITPOITOPIIMOHAIBHO 3HAYEeHNIO nHTerpaia 1w (ot-
pejiesenue cM. B [1]), BXozgsimeMy caraeMbIM B HHTEIPAJ MATHUTHOM CIIH-
paabHOCTU. Ha 0CHOBE 9TOr0 BHIYUC/IEHHUS TPOAHAIN3UPOBAHO YpaBHEHNE
Qapajiest 1JIs MACHUTHOIO 110JIsI B >KUJIKON IIPOBOJISINEH CPeJie U 0Ty de-
HO ITPOCTOE NeOMEeTPUYIECKOe OObsICHEHNE 3aKOHA M3MEHEHUS MarHUTHOMN
CIIUPAJIbHOCTHU IIPU HEHYJIeBOM KoddduimenTe MarauTHoi auddyszuu. Pe-
gyabTar noayder copmectHo ¢ O. B. Kynakosckoit u B. A. KyTBurknm.

Hasee obcynum mogxos K pertennto npobiem [2] (1990-16, 1984-12).

Pabora BwImosiHena nipu nojiep:kke rpanta PODOU 05-01-00993.

JIuteparypa

[1] Moffatt H. K. and Ricca R. L., Helicity and Calugareanu invariant
// Proc. R. Soc. Lond. A (1992) 439, 411-429.

2] Apuosibi B. U., 3ajaun Aprosnbaa // Mocksa, @azuc, 2000.
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CUHI'YJIAPHASA 3AJAYA PUMAHA-TUMJILBEPTA

Bespoaubix C. U. (Poccus)
Beranciunrensusiit iearp PAH
sergeyib@pochta.ru
Baacos B. U. (Poccus)
Berauciurenbusiit ieatp PAH
vlasov@ccas.ru

PaccmarpuBaercs 3a1ava Pumana—I'mibbepra, 3akmodaronasics B Ha-
XOXKJIEHUN AHAJMTUYIECKON B BepxHeill mosymiockocru HYT = {z
Imz > 0}, dbyukuuun PT = u + iv 10 3a7aHHOMY Ha BeEIIECTBEHHO
ocu R cooTHommenunio

Re [ h(z) P*(z)] = (), r € R, (1)
rje h U ¢ — KyCOIHO-TE/IbiepoBbl (bYHKIMN (KOI(DDUIMEHTHI 3aa91) C
pa3pbIBAMU [IEPBOTO POJIa B TOYKAaX MHOXKeCTBa {xy} := {xo, T1,..., Tk };
351ech Xy = 00. Pemenune Pt 3amauu (1) winercs B Kjacce aHATUTHY-

nerx B HY u menpepesupix 8 HY \ {2} dynkmmiit, yrosaersopsiomux
B TOYKe To cooTHOIeHno PT(z) = O(2%1™) 2z — xg, a B TOYKax Ty,
k =1,K cremyomum coornomernnam: Pt (z) = O[(z — xx)* ™|, ecom
ni # 0, u Pt(z) = O(1), eciu ng = 0. 31ech ng € ZT — 3a/1aHHBIE TIE/IBIE
qucia, a o — JAPOOHDbIE YaCTU BEJIUYUH 0), OIPEJIeIdeMbIX 110 (hopMyIam
0o := m ! [arg h(+o00) —arg h(—o0)], 6 = 7! [arg h(zy+0) —arg h(x,—0)],
k > 0. Lenble yactu 3TUX BeauduH 00O3HAUUM fig (T.€. Ly = [04]).
s cchbopmysmpoBaHHOil 3a1a4un Pumana—I ' uibbepra ¢ J0I0IHATEIBHBI-
MU YCJIOBUSIMU POCTa (CHHTYJISIPHON 3a/1a91) YCTAHOBJIEHBI TEOPEMBI Pas3-
PEIIMMOCTH, & NCKOMas pyHKInd PT BblnucaHa depe3 MoAupUINPOBaH-
HbIe MHTErpaJbl Tuna Komm.

OrnenpHO paccMoTpena 3ajada (1) ¢ KyCOUHO-TIOCTOSTHHBIME KO9()-
dbunmenramu (T.e. Korma npu x € (Ty,Tyy1) BBIMOJHSIOTCS PaBEHCTBA
h(z) = hg, ¢(xr) = cg), B CBIA3U € TeM, YTO B TAKOM CJIydae HMCKOMAsI
dbynkmua Pt gonyckaer spKyo reoMeTpUYecKylo uHrepuperanuio. Jleii-
CTBHUTEJIbHO, MepemnuiieM Kpaesoe yciosue (1) B Buje au — bv = ¢, rie
a + 1b = h. IIocKOJIbKY IIpU IIOCTOSIHHBIX @, b, ¢ TaKoe COOTHOIIIEHHE IIPe]I-
cTaBJjisieT coboii ypaBHEHHUE IIPAMOIl Ha IIJIOCKOCTH W = U+ 1V, TO B CJIydae
KYCOYHO-IIOCTOSIHHBIX KO3 @MUIIMEHTOB €CTeCTBEHHO OBbLIO Obl OXKHUJIATh,
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1o obpaszom PT(R) siBjisieTcst MHOrOYTOJIbHBINH KOHTYD, & CAMO PEIIeHIe
w = PT(2) ocymecTrriser KonpopMHOe oTobpazkeHue moJryiockoctu HY
Ha, HEKOTOPBIN HEOITHOJUCTHBI MHOIOYIOJIbHUK. PeaJsmm3aliueir cdopmy-
JINPOBAHHON TPAKTOBKH peltenns 3aga4un Pumana—'ninbepra ¢ KycodHo-
IIOCTOSTHHBIME KO3(MDUIMEHTAMI sIBJSIeTCsl HalliJIeHHOEe B HaCTOSINEH pa-
6oTe ero mpejicTaByieHne B Buje 0000ImeHHoro nnrerpasia Kpucroddesa—
[MIBapma. IIpexe gem ero BwIINCAThH, CHOPMYIUPYEM TEOPEMY O Paspe-
IIIIMOCTH PacCMaTPUBAEMOil CHHTYJISIPHOMR 338,/1a9i C KYCOYHO-TIOCTOAHHMI
koacdurmentamu (mpeanonarag oy, # 0, k = 0, K).

: K

Teopema. (i) Ecau undexc p = ng — po + > (e + ng) neom-
puyamenen, mo pewenue P cuneysaprots 3adavu Pumarna—Turvbepma
C KYCOUHO-NOCTNOANHBMU KOIPPUUUEHMaAMU umeem 6ud

Pr(2) = X7(2)[Pu(2) + F ()], (2)

ede P,(2) — npoussosorvili NOAUHOM CIMENEHU L C BEULECTNEEHHBIMU KO-

+ . spo—arghgk K . ap—ng
asppuyuenmamu, X (¢) = ie [Tie (2 — 2x) KAHOHUMECKOE
pewenue 3adavu, a FT onpedeasemca no dopmyae

K

+ Ck Z — )\k — )\k:) d
= t;
F) p—  hgmi / XHt)(t—2)

3decv Ly = (—OO,Q?l), Ly = (gkafk—l—l); Ly = (fK; —|—OO), VS R\,Ck;

(il) Eeau p = —1, mo eduncmeennoe pewenue 3adavu daemcsa Gopmy-
100 (2), 2de P, = 0, a 6 gpopmyase das FT caedyem noaoorcums pn = 0.
Ecau pp < —1, mo dasa padpewsumocmu 3adavy, HeobTodumo u docmamoumo
BUINOAHEHUSA YCAOBUT fR 7 i))c((?(t) dt =0, n =0, |ul —2, a camo pewenue
daemcs mot orce diopMy,/Lou wmo u npu (4 = —1.

[Ipencrasienne (2) mus dyakuuun P 6b10 1peobpa3oBaHo K BUJLY
obobtennoro nHTerpaa Kpucrohdena—IlIsapra:

PT(z) = e ehx / [Tt — )™ 1R(t) dt + w, (3)

Zx k=1

riae R — moJimHOM ¢ BelecTBeHHbIMU KodddunnenraMu. Takoe mpeobpa-
30BaHUE Y/IAJI0Ch OCYIIECTBUTH IIPU TIOMOIIM HaiIeHHO! B pabore popmy-

n o
JIbl TR fKoOU s byukiun Jlaypudesisr F 1() ) TUTIEPTEOMETPUIECKOM
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PYHKIIMT MHOTMX KOMIIJIEKCHBIX ITEPEMEHHBIX. Y KaszaHHasd popMyJia JIaeT
BbIPayKeHHe JIJIsl IPOU3BOIHON OT IIPOU3BEIEHUsT HEKOTOPHIX OMHOMOB Ha
dbyukmuio Jlaypudaesibl B Buje mpousBejieHus (Ipyrux) OMHOMOB U TI0-
muaoMa. Kosddunuentsl mosmuaoma R B dopmyiie (3) BbIIUCAHBI SBHO B
TepMuHax QyHKIUN Jlaypuaesin.

Pabora BbinosHena 1pu dpuHaHcoBoil nojyiepxkke PODOU (npoext
07-01-00503), mporpammbl dyHIaMeHTaIbHBIX uccaegpoBanniit OMH PAH
Ne 3 u mporpammer PAH “CoBpemennbie ipob/ieMbl TEOPETUYIECKON MaTe-
MaTHKK , IPOeKT “OnTuMu3aliust BbIYUCIUTEIbHBIX aJIlOPUTMOB PeIeHusT
3a/1a9 MaTeMaTn4deckoil (pusukm’.

PABMEPHOCTDL XAYVCIAOP®A MHOYKECTBA XOPOIILIO
ATIIIPOKCUMMPYEMBIX TOYEK HA I'NIAJJKMX KPHBBIX

Bepuuk B. U. (Begapycn)
Nucruryr maremarukn HAH Benapycn
bernik@im.bas-net.by
Kosasesckas 9. U. (Bemapycn)
Benopycckuit rocyrapcTBEHHBIN arpapHbIil TEXHUIECKUN YHUBEPCUTET
ekovalevsk@mail.ru
Moposzosa 1. M. (Benapycs)

Benopycckuit rocyiapcTBEHHBIN arpapHbIil TEXHUIECKUN YHUBEPCUTET

INNA.MOROZOVAQtut.by

Merpudeckas Teopust 1n0MaHTOBBIX IIPUOJINKEHN Ha MHOI00OPa3usIx
Bozunka 3 pabor B.I. Cupummkyka n B. M. vuara (1964-1977 1),
Ona MHTEHCUBHO Pa3BUBAETCA B HacTosiiee BpeMs |2]|. g usyuenus uc-
KJIIOUUTE/ILHBIX MHOYXKECTB B HEil MCIOJIL3yeTCs PasMepHOCTb Xaycaop-
da [3]. Do cBazaHO ¢ Tem, YTo pasMepHocTh Xaycaopda Jaer JI0moJI-
HUTEILHYI0 MH(MOPMAIINIO O MHOXKECTBaX HyJeBoi Mepbl. MmenHo, ¢ ee
IIOMOIIBIO MOXKHO TOYHEE OIMCATL pasMep MHOXKECTBa. Takue pes3ysibTarbl
METPUYECKON TEOPUN YUCEI HAXOAAT CBOE IPUMEHEHNE B TaK HA3bIBAEMOM
pobJieMe MasIbIx 3namenaresteit [1].

Ilycte P, = P,(x) = apz™ + -+ + a12™ + a9 € Zlx], a, # 0, H =
maxo<j<n(|a;|) — BblcoTa MuHOrOWIena P,. Jlerko mosy4nTs, 4TO Hepa-
BencTBo | P, (x)| < H™™ mMeeT GECKOHEYTHO MHOTO DENIeHUil B MHOTOUJIE-
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wHax P,. A. f. Xununn (1926 1.) mokazai 6oJee TOUHOE YTBEPKICHAE: 171
moboro €, 0 < € < 1, wepasenctBo |P,(x)| < eH ™ umeer GECKOHETHO
MHOTO perrienuii B Muorowierax B,. Ilyerb M, (w) — MHOXKeCTBO TOUeK
r € R, maa xoropeix mepasencrso |P,(x)| < H™" Bomosmsercs Gec-
KOHEYHO 9acTO B IEJOYNCIeHHbIX MHorowieHax P,. K. Masep (1932 r.)
YCTAHOBWJI, 9TO TIpu w > 4n MHOXKecTBO M, (w) uMeeT HyJIEBYIO Mepy
Jlebera. C apyroit croponbl, XUHYMH JI0Ka3aj, 9TO CYHIECTBYIOT TaKUe
aqucsta 7 € R, aro mepasencrsa CH ™" < |P,(v)| < H™", rae KoHCTaHTa
C zaBucut T0oJLKO OT 7Y U N, 0 < C' < 1, umeer 6ECKOHEYHO MHOI'O perire-
HUii B MHOroWwIeHaX B,. DT pe3ysabTraThbl ObLIM 3HAYUTEJILHO YCUJIEHBI U
0000111eHbl B paborax Cupunrkyka, [HIMuaTa 1 ux mocsemoBaTesiei.

[Iycrs U: N — RT — monoronno ybwiBaromias dyukuus u fi(x),. . .,
fn(x) — BemecTBeHHBIE, OIpEJie/IeHHbIE HA WHTepBajie I, m pa3 Hempe-
pbIBHO uddepertmpyemblie byukimn, npudem 1, fi(x), ..., f,(x) mmHei-
Ho HesaBucuMbl HaJT R. [lycts L, (f1, fa, - - ., fu, V) 0003HATAET MHOZKECTBO
TOYeK x € I, JIIst KOTOPBIX HEPABEHCTBO

lay f1(x) + - + apfo() + ao| < H" ' (H), (1)

riae H = maxogj<n(|a;|), nMeeT GecKOHEYHO MHOIO pellleHnil B I[e/IbIX BEK-
Topax (an,...,ap). B [2] mokazano, aro muoxectBO L, (f1, fo, .-, fn, V)
nMmeer HyseByto Mepy JleGera, ecim psag » .o, W(h) cxoamTes, U UMeeT
1I0JIHYI0 Mepy Jlebera, eciim yKa3aHHBINA Psijl PACXOIUTCH.

Yrobnl chOpMYyIUpPOBATL IOJYYEHHBLI HaMU Pe3y/bTaT, 3aMeHUM
B HepaBeHcTBe (1) mpaByto wacTh Ha Bequaunny H %, riae w > 0, u BBegeM
MHOKECTBO L, (f1, fo, .-+, fn,w) anamornano muoxkectBy L, (f1, fo, ...,
fn, V). O6o3nauamm gepe3 dim L, (f1, fa, - . ., fn, w) pasmepHOCTH Xaycaop-
dba muoxectBa L, (f1, fo, .. ., fn, w). Hokasana

n(n+2)

Teopema. I[Ipu w > == — 1 umeem

+1 . £
nre < dim L, (f1, fo, -, frow) < %

W

w+1

Pabora BbIllO/IHEHA B paMKaX I'OCYIapCTBEHHOI IporpaMMbl yHIa-
MEHTaJIbHBIX UCCIe/loBannii Bemapycu “Maremarndeckue mMojien’ .
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OB DHTPOIIUU IIPUBOANMBIX KOC

Buprokos O. H. (Poccus)
Kosiomenckunit rocyiapcTBeHHBIN e Jarormiecknii MHCTUTYT, KosoMHaa
Oleg_Biryukov.81@mail.ru

PaccmarpuBaercs nmoBepxuocts M — JBYMepPHBIH JUCK ¢ T'DAHUTHON
OKPYZKHOCTBIO 7y, U3 BHYTPEHHOCTU KOTOPOT'O Y/IAJIEHBI 7 OTKPBITHIX JIUC-
KOB. XOPOIIIO U3BECTHO, YTO TOMEOTONNHU (MU30TONUIECKUE KJIACCHI TOMEO-
Mopdu3MoB) moBepxuocTH M, HENOIBUYKHBIE HA KOMIIOHEHTE TPAHUIIBI 7,
obpasytor rpyiiy Koc Apruna Br(n) w3 n Hureii.

JL1s1 9/1eMEHTOB 3TOM T'PYIIIBI CYIECTBYET U3BECTHAS KJIACCU(DUKAIIHS
Hunbcena—TépcTona, corjiacHo KOTOPO rOMeOTONnH JIF0O0H rumnepoo.In-
JeCKO IMOBEPXHOCTHU pa30WBaIOTCS HA TPU TUIA: IEPUOINIECKHE, TICEBI0-
AHOCOBCKHe 1 NpuBonMblie. Kazkass Koca siBJIgeTCs 0O MCEBI0AHOCOB-
CKUM, JINOO TPUBOIUMBIM U30TOTUIECKUM KJIACCOM.

Urepamuu romeomopdusma, MpeicTaBIsSIONEro HEeKOTOPYIo KOCY, 3a-
JIAIOT JUHAMHUYECKYI0 CHCTeMy C JUCKpPeTHbIM BpeMeHeMm. OmHo#l u3
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BayKHBIX XapPaKTEPUCTUK JTUHAMUYIECKON CHCTEMBI SIBJISIETCSI TOIIOJIOTH-
Jeckas SHTPOINS, OINUCHIBAIONIAS KCIIOHEHIIMAJIBHYIO CKOPOCTH POCTA
YUCTIA «PA3JININMbBIX> TPACKTOPHIl IIPU UTEpAIUsIX B cucTeMe. B KadecTse
SHTPOINN KOCHI MOYKHO ITOJIOKUTh MUHUMYM TOIIOJIOTHIECKON SHTPOIIIH
110 U30TOIMMYECKOMY KJIACCy.

B 1995 rogy M. Becrsuna u M. Xengyen [2| npeioKuiu ajiropurm
JIUTT BBIYUCJIEHUsST SHTPOIHUHU IICEBI0AHOCOBCKUX Koc. JlaHHBIH ajropurm
SBJISAICS MOIM(DUKAIINEH JIPYyroro aJrOpUTMa 9TUX Ke aBTOpoB [1], Ko-
TOPBIi OIPEJIeJIsIT HEIPUBOIUMOCTE BHEIITHETO aBTOMOPMU3Ma, CBOOOTHOM
I'PYIIIIBL.

Anroputrm BecrBunbr 1 XeHjie/1a MOXKHO pacpOCTPAHUTH Ha CJIydail
IIPUBOJIUMBIX KOC.

Pabora Boiniosinena npu dpunancopoit mogaep:kke PODU, rpant 07-01-

00085.

JIuteparypa

[1] M. Bestvina and M. Handel. Train tracks and automorphisms of free
groups. Ann. of Math., 135 (1992), 1-51.

|2] M. Bestvina and M. Handel. Train-tracks for surface homeomor-
phisms. Topology, 34 (1), 109-140, 1995.

SAJAHUE T'PVIIIBLI KPAIIIEHBIX KOC TUIIA B
C IIOMOIIBKO CUMMETPUYECKUX CKPYYNBAHUM

Buprokos C. H. (Poccus)
Kostomenckuit rocyiapcTBeHHBIHN e Jarormdeckuii MHCTUTYT, KostoMmHa
sergeybirukov@yandex.ru

B nauaste mpornioro Beka Aprun (Artin) gan crangapTHbIE OMpeIesie-
HIsI TPYTITe KOC U IPyIie KpareHbix koc. B 1998 rogy Bupman (Birman),
Ko (Ko) u JIu (Lee) npemioxKnim HOBOE IIPEJICTABJICHNE TPYIIIBI KOC, KO-
TOpOE 3aTeM OBLIO JOCTATOYHO YaCTO UCIOIBL30BAHO (HAIIPpUMED, B paboTax
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T. Bpeitju (T. Brady) u JI. Kpammepa (D. Krammer)). B 2006 roxy /Isu
Mapramut (Dan Margalit) n Mor MaxKsymons (Jon McCammond) B cBo-
eil craTbe (2| mpeyIoKuIM HOBYIO T€OMETPHYIECKYI0 HHTEPIIPETAIUIO JIJIsi
I'PYIIIBI KPAIIEeHbIX KOC, UCIIO/Ib3Ys UMEIoIeecs MMpejcTaBienne bupman—
Ko—JIn. I'eomerpuyeckasi muTEpIpeTaIiis Ipeiioiaraja NCIob30BaTh B
KadecTBe 00Pa3yIoMuX CKpyduBaHus (twist) u BBIIYKJIble CKPYJIUBAHUS
Hena (convex Dehn twist). Lesb 910t paboThl -— pasBuTne mepedncyieH-
HBIX PE3Y/JIbTATOB U UX MPUMEHEHUE K T'PYIIe KpalleHbIX Koc Tuna .

['pymma xoc B, Ha n HuTAIX nsoMopdHa (GyHIaAMEHTAIBHON TI'pyIIIe
koHdurypanuontoro npocrpancrsa C'(D? n), cocToAIero u3 HeynopsIo-
JEeHHBIX HaOOPOB 1 PA3IMYHBIX MeXKIy coboil Todek B jucke D?: B, =
m(C(D* n), P). Ormedennas touka P = {Py,..., P,} dbyngamentann-
HOl I'PYHIIBI COCTOUT U3 Touek P, ..., P, mucka D?, KoTopble Mbl Oy1eM
HA3bIBATH ITPOKOJIAMU. DJIEMEHTAMU I'PYIIIIBI KOC SIBJISIIOTCS KJIACCHI SKBH-
BaJICHTHOCTH JBUzKeHuil 1pokosios (myTeit B C'(D? n)), upu KOTOPLIX He
MeHdeTcsa KOH(UTypaIys IIPOKOJIOB Ha, Jucke D2

OmnpenenuTh BBINYKJIble CKPYyYMBaHUS THUMA B MOXKHO, J100aBUB K
UMEIOIIEMYCA MHOYKECTBY IIPOKOJIOB Ha JIMCKE eIé OJMH “‘BblJAe/ICHHBII’
npokoJi. CkpyunBanuem tutia B OyaeT 00bIYHOEe CKPYYUBAHKE ITPOKOJIOB,
BKJItO4ast “BbIJe/IeHHbIN . IIpu 9TOM OH He MOXKeT ObITh BKJIIOUEH B KAKOIi-
0O TOJTUCK BMECTE C JIPYTUMHI ITPOKOJIaMU. AHAJIOTHTIHO OITPE I/ IAIOTCSI
cuMMeTpuUecKrue ckpyunBaHus /lena.

IIycts D4 -— BBIIYKJIO-TIPOKOJIOTHIN JIUCK. Tora rpymma KpalreHbIX
KOC TUNa B MopoXKjeHa BBITYKJIBIMU CKPYYUBAHUAMU TUMA B W cuM-
MEeTPUYECKIMU BBITYKJIBIMU CKpy4InBaHusaMu JleHa, u Bce €€ COOTHOIEHU
SIBJSIOTCA CJICJICTBUSMU U3 COOTHOINEHUN JIIS BBIMYKJIBIX CKPYYUBaHUIA
turnia B. B gacTHOCTH, rpymnma KpallleHbIX Koc Tura B m3oMopdHa Ipyli-
11e, OIPEJIeIEHHON CJIE/IyIOIIM KOHETHBIM IIPEJICTAaBIEHIEM.

B kadecTBe 00pa3yooInx pacCMaTPUBAIOTCA CKPY YNBaHUS T£V tuna B,
Ha KOTOpbIe HAKJIAIbIBAIOTCH YKA3aHHBIE COOTHOIIICHUS:

1) 17Ty , = Ty ;15 y, ecm UV u W Z e nepecekaiorcs,

2) Ty Tz = Ty, 15y, ecrm UV u W Z — BlIOzKeHHbBIE TIADEL

3) T vw = Ty T w, ecmu (U, V, W) — nomycrumoe pasGuenue.

AHajIornaHbIE COOTHOIIEHHS MOXKHO TIEPEIUCUTD U JIJTsT CJIydast, KOTa
B Ka4yecTBe 00pa3yIoNINX UCIOJIB3YIOT CAMMETPUYECKUE BBITYKJIbIE CKPY-
uynBaHus /lena:
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1) SB =1, ectu u oxBaTBIBAET OJMHOYHBIN POKOJT,
2) SBSB = SBSB ecim u m v mMeIoT HenepeceKaruxcst IPeICTaBu-
TeJICH,

3) SPSPSESY = SPSPSE, ecnm nepeunciennpie n3oTonmyeckue Kiac-
Cbl PACIIOJIOZKEHBI TaK Ke, KaK U B JJAHTEPHOM COOTHOINEHWUH, YKA3aHHOM
Henom.

JIuteparypa

[1] Sofia Lambropoulou, Braid structures in knot complements, handle-
bodies and 3-manyfolds, Mathematisches Institut, Gottingen Uni-
versitat, arXiv:math.GT /0008235v1

|2] Dan Margalit and Jon McCammond, Geometric presentations for
the pure braid group, arXiv:math.GT /0603204

PETVIAPU3ALIMSA MOJEJIN HECTAIIMOHAPHOT'O
TEYEHNA I'ASA HA TPAHC3BYKOBBIX CKOPOCTAX

Bormanos A. H. (Poccus)
HUNN mexannku MI'Y

bogdanov@imec.msu.ru

[Ipu mccneoBanny HECTAIIMOHAPHBIX TPAHC3BYKOBBIX TEUYCHUM MOTYT
MCITOJIb30BAThCA METOJIbI TEOPUM CUHTYJISPHBIX BoamyteHnwuii. [Ipobiema
NCCJIeJOBaHUS 3aKJI0vYaeTcsds B TOM, 4TO ypaBHenme JIuna—Peiiccuepa—
[lang — ocHOBHOE ypaBHEHHE, OMMCHIBAIOIIEE HECTAIIMOHAPHOE TPAHC3BY-
KOBOE TeYeHHe, SIBJIFAETCS BBIPOXKJIEHHBIM I'MIIEPOOIUIECKUM ypaBHEHIEM
(ypaBHeHI/Ie HE COJIEPXKUT BTOPOM IIPOU3BOJHON IO BpPEeMEHU, HO UMeeT
CMEIIIaHHYIO NPOU3BOJIHYIO 110 BPEMEHU U OJHON U3 HPOCTPAHCTBEHHDLIX
KOODJMHAT). XOTsl B YKA3aHHOM YPaBHEHUU YJIAJIOCH COXPAHUTH MHO-
rve BayKHble OCOOEHHOCTH TPAHC3BYKOBBIX TedeHWil (B MEpBYIO OYepe/lb
HEJIMHENHOCTD, & TaKzKe IIPOCTPAHCTBCHHYIO HEOHOMEPHOCTD, YpaBHEHUE
OIMCBHIBAET BEChb TPAHC3BYKOBOW /IMalla30H CKOPOCTER -— U JIO3BYKOBYIO,
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W CBEPX3BYKOBYIO 00JIACTH TeYeHUs), OOHAPYKUJUCH U CYIIECTBEHHBIE
HEJIOCTATKK 9TOro ypaBHeHus. OKazaJioch, 9TO OHO jaeT OeCKOHEYHbIe
CKOPOCTH PACIPOCTPAHEHUSA CJAa0bIX HECTAIIMOHAPHBIX BO3MYIIEHUN BHU3
110 TIOTOKY, & BOJTHOBBIE (PPOHTHI BOBMYIIEHUI OT TOUYEYHOI'O UCTOUYHUKA BO
BCe MOMEHTBI BPEMEHU IIPEJICTABJISIOT cOOO0i HE3aMKHYThIe KPHUBBIE (I1a-
paboJibl); ypaBHEHHE HE OIMCHIBAET BBICOKOYACTOTHBIE HECTAIMOHADHBIE
BO3MYTIEHN; 33 1a4a Ko /ij1g 3TOro ypaBHeHUs He KOPPEKTHA U T. .

Buixos1 u3 co3maBmuxcsd TPYJAHOCTEN MPEJICTAB/IAETCS B COXPAHEHUN B
ypaBHEHNHU HECTAIIMOHAPHOTO TPAHC3BYKOBOTO TE€UEHUs, IIPU €TI0 BBIBO/IE
U3 MTOJTHBIX YPaBHEHU JIJI TTOTEHITNA 18 CKOPOCTH TeYeHUs, CAHTYISIPHOTO
4JICHA CO BTOPOIl HPOU3BOJHON IO BPEMEHU.

[Torygaemoe ypaBHeHWE — HEBBIPOXKJIEHHOE, UTO ITO3BOJISET IIPEOJIO-
JIETh HEJOCTATKHN ONUCAHWS HECTAIIMOHAPHOTO TPAHC3BYKOBOT'O TEYEHUS
Ha OCHOBE TPAIUIMOHHOIO TPAHC3BYKOBOI'O PA3JI0XKEHU. ITO YpaBHEHUE
y/I00HO Ha3bIBaTh MOIUPUIIMPOBAHHLIM ypaBHeHueM JIung—Peiiccnepa—
Hsrsg. MoaudunupoBanHas MOJIEb TO3BOJIAET YTOTHUTD TOTYy YeHHbBIE Pa-
Hee pelleHus 3a/lad HeCTAIIMOHApPHON TPaHC3BYKOBOW a’3pOJIWHAMWUKU, B
TOM YHCJIE 33189 CBOOOTHOTO HECTAIIMOHAPHOTO BABKO-HEBA3KOTO B3aWMO-
JIECTBHS Ha TPAHC3BYKOBBIX CKOPOCTSIX.

TYPBYJIEHTHOCTH B CJIABO-IMCCUIIATVBHOI BEPCUU
TEOPUU KAM

Borganos P. U. (Poccus)
HUNAD MI'Y
bogdanov@bogdan.npi.msu.su
Bormanos M. P. (Poccns)
MI'V UE

bogdanov@bogdan.npi.msu.su

CrieHapusiM 1Iepexo/ia OT JAMUHAPHOTO T€UYEHUsT XKUJIKOCTH (WM ra3a)
K TYpOYJEHTHOMY B T€YEHHUE IMOCJIEIHErO CTOJIETHS MOCBAIIEHO OOJIBINTOE
KOJIMIECTBO HCCIIEOBAHNIN KAK TEOPETHICCKIX TAK U 9KCIIEPUMEHTATHHBIX
(em. |7], [8] m 6uba. Tam xke). Co BTOPOI IOJIOBUHBI IIPOIIJIOTO CTOJICTHS
rcrosb3oBanne YBM npuBeso K CO3/aHAI0 BEIMUCIUTEIBHOM THIPONHA-
vukn (cM. [7]).
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Teopus dudypxraimii, Bocxomsiias K paboram A. [lyankape, A. I1. An-
JIPOHOBa M T.J., CUCTeMaTudecku pasBuBaeMasi B. . ApHosbiom u ero
yIEeHUKaMW BILJIOTH JI0 HACTOSIIErO0 BPEMEHU, TPAJIUIIMOHHO CUYUTAET-
cd KJIIOUEBOW wuJieell JIJId TOHUMAHWUSA W CO3JIAHUS COOTBETCTBYIOIIMX
CIIEHAPUEB.

budypkanusa bornanosa—Takenca, nmogsusiasicsa B 1970-x rojiax, npu-
BeJIa aBTOPOB [1] K CJICJIYIONICH AUCKPETHOM JIMHAMUYCCKON cucremMe Ha
azoBoit mirockocTn (z, &)

Tn1 = T+ 0 (2) 0y 5 (B)pyq = (£), + 0 (2),, (1)

riae h — mar guckpernsanuu. [locste penopmasnuzanun (eum. [1]) B dbazoBom
IPOCTPAHCTBE IMHAMIYIECKasl CHCTeMa B JINCKPETHOM BpeMenu (1) mpuHu-
MaeT BHI

Tpe1 = Tp+ N (f)n+1 s UYnt1 = Yn + kxy (xn - 1) + (5 + :L“Un) Yn (2)

riae k2 = h, a e, u € R — mapaMeTpbl MOJIeJIH.

Cucrema (2), 6yIyun KBaJIPATUIHOl C JIPOOHO-PAIIMOHAIBHBIM 0OpaT-
HBIM OTOOparkKeHNEeM, BBITOIHO ITPOJIOJIZKAET IIPUMEPDI JIMTHAMUYIECKAX CH-
creM Jlopenna, Qeiirenbayma, uo-Xeiiseca, Xeitaeca [2].

[pu moxoAAIUX 3HAUEHHSIX TApAMETPOB cucTeMa (2) nMeer 6OraTyo
CTPYKTYDY ACHMIITOTHYECKU (He) YCTOWIMBBIX OPOUT HAPSAIY € TUlepOo-
mmaeckumu [3]. [unepbosmieckue mepuoudeckue OpoUTbI MOT'YT MMETh
reTepOKJIMHUYIECKYIO CTPYKTYpPy. B cooTBeTCcTBHEM € pe3yabTaTaMu CHM-
BOJINYECKOI JIMHAMHUKHI B 9TOM CJIydae UX MOsBIsIeTcs caeTHoe uncyo. OHu
00pa3yioT 001aCTh cToXacTUIecKoil muddys3un ApHOIbIA, PA3IEIAIONLY O
acUMOTOTUYeCKH (He) ycToitunBbie opouThl. [IpoBUHYTHCS B MOHUMAHUN
B3AUMOJICHCTBUST ACUMIITOTUIECKU (He) YCTONIMBBIX U TUIEPOOTUIECKIX
opbuT, a TaKXKe MX UNCJIEHHBIX XapPaKTEPUCTUK ITIOMOTAIOT KJIACCHIECKUE
TIO/TXO/TBl MATEMATHIECKOH (DUBUKHU U CTATHCTHIECKOIT Mexanukn [4]-[6].

Bross mepumogmdaeckux OpoUT XOPOIIO OIpedesIeHbl aanadaTuiecKre
MHBAPUAHTHI 0TOOpazkeHus (2): BpeMeHHbIe cpennne QyHKImil Ha hazo-
BOM IIPOCTPAHCTBE (HAIIPUMED, TAKUX KaK MOJTHAS SHEPIUsl, KHHETUIeCKAsT
W MOTEHIMAIbHAST €€ COCTABJISIONIAs U T.J1.). DTU ajunabaTndecKne MHBa-
pPUAHTBI C POCTOM II€PHO/Ia OOHAPYKUBAIOT TEHJEHIINIO K “HaCHIIIEHUIO
(BBIXO/Ty Ha MOCTOSIHHOE, He 3aBHUCIee OT MMePHo/ia 3HAUeHne ), pa30ouBast
OopOUTHI Ha KOpTexKU. BHYyTpHU KopTexKa “HachIlleHne” TPUXOUT K CBOEMY
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XOPOIIIO OIIPE/IeJIEHHOMY TIPEJIe/IbHOMY 3HAUYEHUIO . Bin3Kmne K acuMITOTH-
JecKu (He) YCTONYIMBBIM OpOMTAM TUIEPOOTUIECKIEe OPOUTHI B MPEIEIax
10% mnacienayior 3HadeHnst aguabaTUIECKUX UHBAPUAHTOB BJIOJIbL ACHMII-
TOTHYECKHU (He) YCTONYIMBBIX TEPUOINIECKUX OPOUT.

Orobpazkenue (2) MOMUMO YKA3aHHBIX BBIIE aInabaTHIeCKIX MHBA-
pPUAHTOB MMeEeT TaKOH MHBAPUAHT BJIOJIb IEPUOIUIECKON OPOUTHI KaK I10-
Kasareab CKarus (pactskenust) (Has3oBoil miomaan. BHyTpu KopTexkeii
9TOT CpeJIHUil sIKOOMAaH JIMHEIHO pacTeT ¢ yBeJawdeHueM rmepuoja (yros
HAKJIOHA CBOI JJIsT KayKJI0T0 KOPTEXKA).

Omenku mromaieit 6acceitHOB (OTTAJKUBAHUS) MTPUTIZKEHUST ACHMII-
TOTHYECKU (HE) YCTOWYUBBIX MEPHOIUIECKAX OPOUT MO3BOJIAIOT B COOT-
BETCTBUU ¢ pacupeiesieHneM bosbiimana—['nb6ca orieHuBaTH a0COTIOTHY IO
TeMIepaTypy B 3TUX COCTOAHUAX. B ajimabaTmaecKoM MpuOJIMKEHUH CPE/I-
Hsisl paboTa CHUJI JIMCCUIIAINN U CPEJIHUN sikoOMaH IMO3BOJISIOT OIEHUBATH
JlaBJIeHNE BJOJIb ITeproandecKux opouT. OTHOIEHNE CUJT JaBI€HUS K CHU-
JIaM BSI3KOCTH ITO3BOJIFET OIEHUBATH aHAJIOr Yucja PeitHosbica.

OxaspiBaercs, M0 Mepe BO3pacTaHus mepuoja (y HAC B Ipejesax
1+-10°) acCMMIITOTHYECKN YCTORUUBBIX IIEPUOIMYECKIX OPOUT TeMIepaTypa
BO3pacTaeT Ha 2 <+ 3 MOps/iKa, JIaB/IeHne TTa/laeT Ha 2—3 TopsAIKa, a IUCa
Peitnosbaca majaror B npejenax 4 +— 5 HOpsiaKoB (aHAIOIMYIHAS KapTUHA
HaOJTIOIAeTCS U I ACUMITOTUYIECKH HEYCTONIMBBIX OPOUT).

Pabora BbImtosiHEeHA YacTHIHO TIpU Tojiep:Kke (onjga PODI rpant
Ne 04-01-00115.

JIuteparypa

[1] Arrowsmith D. K., Cartwright J. H. E., Lansbury A. N., Place C. M.
The Bogdanov-map: bifurcations, mode locking, and chaos in a dis-
sipative system // International Journal of Bifurcation and Chaos,

1993, v. 3, Ne 4, p. 803-842.

2] Apuosibir B. U. [onosiHuTe/ibHbIe TJIaBbl TEOPUU OOBIKHOBEHHBIX
nuddepennnaibabIX ypaBaenuit. — M.: Hayka, 1978, 304 c.

[3] Bormanos P. 1. ®akropuszanus guddeomopdusmon Hal hazoBbIME
HOPTPETaMU BEKTOPHBIX MOJIeil Ha maockoctn // OyHKI. aHagu3 U
ero npujaoxenusd, T. 31, BorI. 2, 1997, c¢. 67-70.

|4] Borpmamnos P. 1. Henuneiinpre nuraMutiecKne CHCTEMBI HA IIOCKOCTH
n nx npuiaoxkenunsd. — M.: Bysosckasa kuaura, 2003. 376 c.
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Kommoroposa—Apnoabaa—Moszepa. Tp.cemunapa “Bpewmsi, xaoc u
MaTeMaTudeckue mpoodseMmbr’. — M.: KHmKHBII 10M “YHUBEpcuTer’,

1999, c. 203-224.

7] Kanuua I1. JI. Hayunsie Tpy/sl. Ousuka u TeXHUKA HU3KUX TEMIIE-
paryp. — M.: Hayka, 1989, 460 c.

[8] Belotserkovsrii O. V. Turbulence and Instabilities — M.: MZpress,
2003, 460 p.
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['UIIEPBOJIMYECKOE YPABHEHUE MOHYKA—-AMIIEPA:
KJIACCUYECKUE PEILIEHUS HA BCEM IIJIOCKOCTU

Bparkos 10. H. (Poccus)
[THUMarn
icm2006@rambler.ru

Ha mnockoctun R? = (z,y) paccmarpusaercs 3ajada Komm s ru-
nepbosmaeckoro ypapaennsa Momzka—Amuepa,

{ A+ Bzyy + Czyy + D2y + hess 2 =0,
Z(an) :Zo(y>7 Zx(oay) :po(y), yER

3aech hessz = zgp2y, — ziy, kodbdurmentor A, B, C', D 3aBucar ot

T, Y, 2, 2z, Z,. YpaBHenue runepbonmuno, ecim C? — 4BD + 4A > 0.
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DopMyIUPYIOTCs JIOCTATOUHBIC YCI0BUA cylecTBosanus C3-pemennus Ha
Beeil wrockoctn [1].

Wcnonb3yercs cBesienne ruepboanaeckoro ypasaeans Momrxka—Amie-
pa K CHCTeMe IIsITH ypaBHeHuil B puManoBbix naBapuantax (/1. B. Tynur-

Teopust runepbOJIMIECKIX CUCTEM UMeEeT UPEe3BbIYaiiHO KPACUBBIA BU/I,
eci COOCTBEHHBIE 3HAYEHUST CHCTEMbI OTJEJUMbI (HAIIpUMED, Pa3/Ie/IeHbl
KOHCTaHTaMu). B cirydae ypaBaerns: MoHxka- Amiiepa cobCcTBEHHbBIE 3HAME-
HISI COBIIQIAIOT C PEIIIEHUEM CUCTEMBI, T.€. OHU HEM3BECTHBI U UX TPpedyeTcst
HaNTU.

CyTs npobsiembl copmyaupoBasa B 1953 1. 2K. Jlepe: “Vaiaercs joka-
3aTh TOJIBKO JA0KANOHYNO MEOpeMy cyuiecmsosanus. .. OHa IMOKa3bIBAET,
YTO JIJIsi TUIIEPOOJIMYIECKUX YPABHEHUI CYIIIeCTBOBaHME PEIeHnuil B 11eJ10M
3aBUCHAT OT HOJIYUYEHUSI GNPUOPHBLIT OUEHOK IJIT UX IIPOU3BOIHBIX .

JlobaBuM, YTO ec/id B 3aJIaHHOII 00JIACTH PelIeHrne UMeeT OCOOEHHO-
CTH, TO UX 3aMeHOIl ITepeMeHHbIX MOXKHO BBIBECTH 3a IIpeiesibl ooacTtu. K
9TOMY CBOJsTCA MHOrue padborsl. Ho eciu 3aganHas 001acTh — BCs ILJIOC-
KOCTb, TO BBIBOJUTH CUHI'YJIAPHOCTUA HEKyIa. MbI mo/rydaeM KadecTBEHHO
UHYIO 3a/Ia4Y.

Eme B. Puman nmokasaJi, 910 HeKasg KOHKpPeTHasl TUIepOoIndecKas Cu-
cTeMa, pery/sipHbIX PelleHnil Ha Bceil 11ocKocTu He nmeeT. Kitace ciabo
HEJIMHEMHBIX CUCTEM

(Or +&:(5)0y) r =0, (Op +&5(r)0,) s =0

(o1, craboit HesmHeliHoCThIO TIoHUMaeTcst 0, /0w = 0, w = T, 8) Kak cu-
cTeM, UMEIOIINX PeryjspHble PelIeHns Ha Bcell IMJIOCKOCTH, BBeJI B 1955 1.
H. H. drenko, mo/ioxkuB TeM caMbIM HadaJI0 HOBOMY BUIy criopTa. Pac-
CMOTpEHUE CUCTEM JIBYX YpPaBHCHUI B MHBapUaHTaX C HEHYJICBOIl IIpaBOii
JacThio ObLI0 poBedaeHo B 1967 r. B. JI. Poxaecrsernckum u A. /1. Cumo-
perko. [Togxomsammm okazacs Kiaace (caabo HeJIMHEHHBIX ) CHCTEM, THTIED-
O0/IMIECKUX B Y3KOM CMBICJIE, T.€. CUCTEM C OTJICJTMMBIMU COOCTBEHHBIMU
3HadeHussMu. TakuMm obpazom, Teopema PoxecrBenckoro—CuiopeHKo re-
peBoIUT TPOOJIEMY allPHOPHOI OTIEHKU ITPOU3BOIHBIX B TTPOOJIEMY aIlPUOP-
HOI1 OTIEHKH OT/IEJIUMOCTH COOCTBEHHBIX 3HAUEHNUI, T.€. B IpobJieMy &, # &.

[IpuBenem npumep. 'mmepbonmaeckoe ypasuenne Momxka—Amiepa c
KO3 PUImEeHTaMu, 3aBUCAIIIUMA TOJHKO OT X, ¥, CBOJIUTCA K CUCTEME

(Op + 50y) 7 = (r — 8) ay(x,y,71), (0p +70y)s = (r—s)as(x,y,s).
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Borursa u3 nepBoro ypaBHEHHUsI BTOpOe, pa3/ie/IuB Ha ' — S, CBEJIA K JIoTa-
pudMUIeCcKol TPOU3BOIHON U TPOUHTEIPUPOBAB BJIOJIb XapaKTEPUCTUKH,
[I0JIy4aeM PaBEHCTBO

(r—s)(x,y) = (r° — s°) exp /Ox(ar —as — Sy) dT

U3 mero crenyer, aro eciu 1°(y) # s°(y) Vy € R, ar, s, s, He yXoudT
B OECKOHEYHOCTh HU B KAaKOW KOHEYHOW TouKe, TO © — s # (0 B Jioboii
KoHedHO# Touke. [lorpocTy roBopsi, 3/1eCb MBI UMEEM SKBUBAJIEHTHOCTD
AIIPUOPHBIX OIEHOK JIJIsT IPOU3BO/IHBIX U JIUIA ', S, I' — S.

[Tomxo aBTOpa: aBTOP BOJIEBBIM 00PA30M 3aJIaeT AIIPUOPHYIO OIEHKY
g r, s, v — §. Mplltlenre B 9TOM HaIpaBJIeHUU ObLIO OJIOKMPOBAHO.

s npusenennoro mpumMepa umeeM r(z,y) = r° + fox a, dT ¥ aHaJo-
ruaHo 771 $(x, y). JocraTouno, arobbl nHTErpasbl 0T GYHKINN @, g ObI-
JIN MaJibl, HadaJbHble PYHKIUN 1°, $° ObLIN OrpaHUYEHbI, U UX Pa3HOCTD
r? — s° ObLIa BEJIMKA.

JIuteparypa

[1] Bparkos FO. H. TI'unepb6osmdeckoe ypapuenume Momnzka—Ammepa:
KJIACCHYECKNE pellieHns Ha Bceil miockoctu // Maremarudaeckmii
coopruk, 2007 (B meuarn); http: //mi.mathnet.ru/msb3838.

O NEPECEYEHUAX V3JIOBBIX MHOKECTB

I'mue B. M. (Poccus)
Owmckuit puanan UM CO PAH
gichev@ofim.oscsbras.ru

[Iycts M — cBsI3HOE KOMIIAKTHOE OPUEHTHUPYEMOe PUMAHOBO MHOI'000-
pasue 6e3 kpas, A — oneparop Jlamraca—benbrpamu Ha Hem, A # 0 — ero
coOCTBEHHOE UnCJIo, F\ — COOTBETCTBYIOIIEE IPOCTPAHCTBO BEIECTBEHHBIX
cOOCTBEHHBIX (DYHKITHIA.
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Teopema ([1]).

(1) Ecau y M nepsvie kozomonroeuu de Pama mpusuasvrv, mo 0
Mobvix u, v € Ey natidemes mouxka p € M maxas, wmo u(p) = v(p) = 0.

(2) Ecau M — odnopodnoe npocmpancmeo komnaxmuot epynnot JIu
usomemputi, mo eepno u obpammoe: us H' (M) # 0 caedyem cywecmeso-
sanue A # 0 u cobcmeennur pynkuud u, v € K\ 6e3 obuwux Hysed.

HokazarenpcrBo (1) ocHoBano Ha cieyIoNeM HAOIIOACHIN: €CJin 00-
UX HyJefl HeT, TO CeMelCTBO Y3JIOBBIX obJyiacTeil JUid © u v obpasyer
nokpoiTue M. ComocraBuMm emy rpad, BEPIIUHBI KOTOPOI'O OTBEYAIOT Y3-
JIOBBIM 00JIaCTsIM, & pebpa COeJUHSIOT T€ U3 HUX, Ybe IepecevueHrne Helry-
cro. OH 00/1a/1a€T CBONCTBAMU: ) €ro BEPIIUHBI pa3dUBAIOTCs Ha JIBA TIO/]I-
MHOXKECTBa, KaK/I0€ U3 KOTOPBIX COJEPZKUT POBHO OJIHY BEPIIUHY JIIOOOTO
pebpa; 0) B KaxKJI0il BepINHe BCTPEUYAIOTCS 10 KpaiiHeil Mepe JBa pebpa.
CsoiicTBo 0) BbINOJIHSAETCs TTOTOMY, 4T0 A) ecyiu U, V' — y3710BbIe 0bs1acTu
st u, v (coorBercrBerto) u U C V| 1o u ckajisipuo KpaTHo v; B) BO/IN-
31 CBOET'O y3JI0BOI'O MHOXKECTBa COOCTBeHHasi (PYHKIUS MeHsieT 3Hak. I3
9TUX CBOMCTB CJIEJIyeT CYNIeCTBOBAHNE HETPUBUAJIBHBIX 1-TIHKJIOB.

B ciy4gae equnuuanoii chepnl S? C R3 co cramgapTHoit MeTpuKoii cob-
CTBEHHBIE YUCJIa UMEIOT BUJ A, = —n(n + 1), npudem dim F) = 2n + 1;
obosnaunuMm H,, = E) . g u,v € H,, obiiero noyioxKenns MHOKECTBO 00-
X 9UCJI0 TOYEK y3JI0BbIX MHOXKecTB IV, NV, KoHeuno. bosee Toro, nme-
eTcst IpOCTasi OIEHKA CBEPXY, BBITEKaoIas u3 reopembl besy: card(NV, N
Nv) < 2n%. Ona nocturaercs. JokazaHHON HEeTPUBUAJIBLHON OIIEHKM CHU-
3y HET, OJIHAKO JaCTUYIHbBIE PE3YJIbTAThl U KOMIIbIOTEPHbIE SKCIEPUMEHTHI
MOJITBEPK IAOT ceyortyto runoresy: card(N, NN, ) > 2n (3nauenue 2n
nocruraercs). Onenka 4ucia o0mux HyJseil JBYyX FapMOHUK MPUMEHUMA
K YHCJIy KPUTUIECKUX TOYEK OJIHON TapMOHWKH, IIPU YCJIOBUU KOHEIHO-
CTH WX KOJIMYECTBa; OJHAKO BePXHAd I'DAHUIA 2n?, BUJIAMO, HE SBJIACTCA
TOYHOH (9TO Tak mpu n = 1,2).

Caemyrolee paBeHCTBO €CTh BeChbMa, YaCTHBIN CJIydail TeopeMbl 3.2.48
u3 |2]: ecim v, v C S? UMEIOT KOHEUHYIO JJIMHY, TO

272

/O i Cerlg) ) dg = L pnt ), 1)

rae dg — unapapuanTHas Mepa Ha O(3) mosmoit macewl 1, h! oboznauaer
onHoMepHyto Mepy Xaycaopda na S?. Ucnonbsysa (1) u onenku umcia
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OOIUX TOYEK, IPHU IOIXOISIIEM BBIOOpE Y U I MOYKHO OIEHHUTH CBEPXY
1 CHU3Y JJIUHBI y3J0BBIX MHO:KecTB N,, rme u € H,, u # 0, a Takxke
BHYTPEHHUE PaJINyChl y3JI0BBIX 00JIacTel:

2 1
= (n + —) < h'(N,) < 27n,
J1 2

1 . 2 jl
arcsin — < inrad (S \Nu) <O, < ——5.

31ech j; & 2.4048 — HAaMMEHBIIN TOJIOKUTEIbHBIN KOpeHb pyHKIMN Bec-
cens Jy, a cos 0, — HanbobImiit KopeHb rojmHoMa Jlexkanapa P,. Bepxuue
rpanunsl 27n u 6, nocturaiorca. ONEHKH JJIsi BHYTPEHHErO PaJInyca, JTa-
foTc BO BHyTpernHeil merpuke S?. Huzknas rpanuna g h'(N,), Buanmvo,
MOKeT OBITDH YJIydIlleHa; OJIHAKO OHa DOJIbIIE, YeM I'PDaHUIA ﬁArea(M IV,
nojtydeHHast B [3| jyisi Bcex KOMIAKTHBIX PUMAHOBBIX TOBepxHocTedr M
(71t MOCTATOYHO OOJIBIIUX COOCTBEHHBIX YUCET A B OOIIEM CIydae U JJIs
JEIOOBIX A TIPU HEOTPHUIIATEIbHON KpuBnsuae M ).

ITomoOHBIMEI MeTOJaMH MOXKHO TaKxKe HallTH cpejHee 3HAYEHHE YUCJIA
obrx Hysteit dyuknuit u3 H, — ono pasuo n(n + 1).

JlokazaTe/IbCTBa 3TUX PE3YJILTATOB UMEIOTCS B IIPEIPUHTE, JIOCTYITHOM
o azpecy http://arxiv.org/abs/0705.2547.

JIuteparypa

[1] Gichev V.M.. A note on common zeroes of Laplace-Beltrami eigen-
functions // Ann. of Global Anal. and Geom. — 2004. — v. 26. —
p. 201-208.

2] Denepep I. Teomerpuueckasi reopust mepsi: [lep. ¢ anria. — M.: Ha-
yka. ['1. pes. dus.-mart. g, — 1987. — 760 c.

[3] Savo A. Lower bounds for the nodal length of eigenfunctions of the
Laplacian // Ann. of Global Anal. and Geom. — 2001 — v. 19. —
p. 133—151.
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[TOAKOBBI CMENMJIA 1 UX BUDOYPKALINM B OBOBIIEHHBIX
OTOBPAYKEHUSIX DHO

IF'onuenko C. B. (Poccus)
HUUW npukirajinoit Mmarematnku n kubepuernku, Huxxunit HoBropojr
gosv100@uic.nnov.ru

N3zy4arorcs runepboimiecKrue cBoiicTBa 0OOOIIEHHBIX OTOOpaXKeHMit
DHO BHUJIA

=y, y=y(l-y)—bx+azy, (1)

upu v > 4 u J0cTaTovHo MajbiX b u a. OTobpaKeHus TaKOro THUIIA BO3-
HUKAIOT B CHCTEMaX ¢ TOMOKJIMHIYIeCKNME Kacauusamu, (1], [2], n, B oTsm-
qre OT CTaHJAPTHOrO oToOpakeHusi DHO (o = (), OHU JIEMOHCTPUPYIOT
HEBBLIPOXKICHHBIE OM(YPKAIMN MEPUOIMICCKIUX TOUYEK € MYJILTUILINKATO-
pamu e, B noksajie MoKassIBACTCs, 9YTO U TUIIEPOOINIecKas JHHAMIAKA
orobpazkenust (1) CymecTBEHHO OTIMYAIOTCA OT TO¥, KOTOpas HabJIOja-
ercs B 0TOOpaskeHu JHO. XOPOIIO U3BECTHO, YTO IIOCJIEIHSIS IIPEICTaB-
neHa jinbo opuentupyembivu (b > 0), b0 HeopuentTupyembimu (b < 0)
nojikoBaMu CMmeilyia, MpruYeM Mepexo/Ibl MeK/Ly ITUMU MOJKOBaMu (depes
b = 0) — cunrynspabie. OpueHTUPYEMble U HEOPUEHTHPYEMbIE O [KOBbBI
TaKKe CyIeCTBYIOT B 0ToOpaykeHuu (1), oJfHAKO Mepexoibl MeKy HUMU
COIIPOBOXKIAIOTCS TIOSBJIEHUEM T.H. IOJyOPUEHTUPYEMbIX 1mojaKoB CMmeiina
1 OECKOHEYHBIX TEN0YeK ‘MIHOBEHHBIX OWQypKaIuii, He BBIBOJAIINX U3
rUIepOOIMIHOCTH HO MEHSIFOIIUX OIIpe/ieJIeHHbIe (TyIajKue) CBOWCTBA MOJI-
KOBBI.

JIuteparypa

[1] Tonuenko C. B., Tonwenko B. C. “O 6udypkarnusx poxJIeHUs
3aMKHYTBIX MHBAaPUAHTHBIX KPHUBBIX B CJIydae JIBYMEPHBIX Tud-
deomopdu3MoB ¢ romokanHTIecKnME Kacanuamu . Tpyast MIIAH,
2004, T. 244, 84-114.

|2] Tonuenko C. B., Typaes /1. B., [Munsuukos JI. I1. “O quramuaeckux
cBoiicTBax JauddPeoMopdU3MOB ¢ TOMOKJIMHUYIECKUMU KaCaHUSIMH .
CoBpemeHHas MaTeMaThUKa U ee npuioxkenus, 2003, T. 7, 92—-118.
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KPYTUJIbHBIE KOJIEBAHUSA TEJIA B »KUAKOCTH 1O
JENCTBUEM MOIVJIUPOBAHHOW YIIPYI'ON CHUJIBI

I'yna C. A. (Poccus)
FOxHbIil (beepabHblil YHUBEPCUTET
gudasergey@mail.ru

Uccnemyercst coBMecTHas 3ajiada O KPYTHJIBHBIX KOJIEOaHUSIX TBEP-
JIOr0 Tejia BPAIEHUsI BHYTPU COCYJA MPOU3BOJILHON (OPMBI, 3aI0JIHEH-
HOTO BSI3KO# HECXKUMAEeMO KUJKOCThIO. [Ipu Takom jiBuKeHun o6j1acTh
TeYeHUs KUJKOCTU HE MeHsIeTcs co Bpemenem. Ha mejio JieficTByer MO-
MEHT YIPYTOil CUJIBI C IEPUOIUIECKON 110 BPEMEHU XKECTKOCTBIO: Mejagtic =
—k(1+h(wt))p. 3mech ¢ — yrosa OTKIOHEHNS TeJIa OT IIOJIOKEHNST PABHOBE-
cust, k — K0abduImenT KectrkocTu, h(7) — 2r-meprondaecKasi OTHOCUTE b
Has MOJLYJIAIUS YKECTKOCTH C HYJEBBIM CPEJHUM, W — KPYroBasl 4acTora
Moty siiiuu. Panee apropom copmectro ¢ B. U. FOgouuem [1] 6bua j1o-
KazaHa yiobajibHas aCUMITOTHYECKAsl YCTONYNBOCTD COCTOSTHUS MOKOsSI B
3aJ1a4e C HOCTOSTHHOMN YKECTKOCTBIO yIIPYToil cribl. Mo Iy isiiiust }KeCTKOCTH
MOXKeT MPUBECTH K TapaMeTPUIeCKOMY BO30YKJICHUIO HEYCTONIUBOCTH.

B pabore mpoBouTCsl KaUeCTBEHHOE UCC/IeI0BaHNE JINHEAPU30BAHHOI
Ha COCTOSIHUU MOKOS 3a/[a4U B CJIy4ae IIPOU3BOJILHBIX (hOPM COCYyJIa U TeJia
¥ TIPOU3BOJIbHBIX 3Ha4YeHuii Baskoctu. M3yuaercst ciekrp Proke. Crek-
TpasibHas 3aJa4a Jijisg MyJIbTHILTHKATOPoB DJIoKe p CBOJAUTCS K OTHICKA-
HITO HYyJIelt onpegenuress Xuwia D(p). Oupegennrens D(p) 3anucbiBaer-
Csl HE JIJIsl ICXOJIHOM CUCTEMBbI, OTIUCHIBAIOIIEH COBMECTHOE JIBUKEHUE YK JI-
KOCTU U TeJia, a JJIg WHTerpoanddepeHiuajbHOro ypaBHeHus, KOTOPoe
OJIyYaeTCsl B PE3y/IbTaTe MCKJ/IOUYEeHHs] U3 UCXOJHON CHCTEMBI CKOPOCTH
revenust Kujakoctu. Oyukrust D(p) pasiaraercsa Ha npocreiiime j1pobu

o0
1
D(,O) :C_1p+Co+ZCn T_Tp_l—rn ,
n=1 n
rme c.; > 0,7, = e ™ T = 21/w, \, > 0 — cobcTBenHble 3HaUe-

nus oneparopa Crokca. IIpy HEKOTOPBIX YCIOBUAX, HAIPUMED I Tap-
MOHWYIECKOH Moystsitun h(7T) = by cos T + by sin 7, Bce KodbumnmenTs! ¢,
HEOTPUIIATE/ILHLL. DTO MO3BOJIAET UCCJIEI0BATEL CTPYKTYPY ciekTpa Pro-
ke. JlokazaHo, 9TO OH COCTOUT M3 CUETHOM II0CJICIOBATEILHOCTU MYJIb-
TUILTAKATOPOB Py, € (Th;Tn_1), N = 2,3,... U emle JABYX YUCE: Py U p1,
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KOTOPbIE MOI'YT OBITH KOMILJIEKCHO COIPSI?KEHHOI 1apoii, MOy T BMeCTe Jie-
»KaTh Ha OTPUIATEIHLHOM JIyde JefCTBUTEILHON OCH UK Ha OJHOM U3 WH-
TepBasioB (r1;+00), (re;r1), (r3;72), ... Takum 0bpazom, HeyCTONINBOCTD
MOZKeT BOBHUKHYTDb TOTJIA ¥ TOJIHLKO TOIJIA, KOIJIa XOTs Obl OMH U3 MYJILTH-
ILIMKATOPOB o WK p] OKAXKETCA BHE €IUHUIHOIO KPyra. JTO IIO3BOJISIET
YCTAHOBUTH HEKOTOPBIE TOIMOJOTHYECKHIE CBOMCTBA HEHTPAILHBIX KPUBBLIX
(KpUBBIX B TpoCTpaHcTBe mapamerpoB (w, ||h||L,), /Uist KOTOPBIX CIIEKTD
DJroKe COAEPKUT MYTIHTUILIUNKATOD Ha €IMHUIHON OKpyKHOCTH). UTO CYy-
IIECTBEHHO COKPAINACT TPYAOEMKHUE BLIYUCICHUS — HE IPUXOJAUTCH UCKATh
HedTpaJbHble KPUBbIE B TeX 00JIACTAX IPOCTPAHCTBA, TIe MX 3aBEIOMO
OBITH He MOXKeT. B TpymubIx /s pacderos obsactax (w maso nin ||h||L,
BeJINKA) 3HAHME 3aKOHOMEPHOCTEH PACIIOIOKEeHNsT HEHTPAIbHBIX KPUBBIX
1103BOJIIET OBICTPO OpakoBaTh rpaduKH, IOJyUeHHbIE C HEYI0BJIETBOPU-
TEJIbHOM TOYHOCTBHIO BHIYUCICHUIA.

[TocTpoensr acuMITOTUKE 1T0KasaTeseil Diioke s Tpex CaIydaeB: Ma-
70 aMIITyabl Mogyssnun ||h||L,, 60IBIION YacTOTH W U JyIst GOJIBITIOH
BBICOKOIACTOTHO# Moysanuu nopanka || hl|z, ~ Cw?, w — oco. B nepsbix
IBYX caydasgx cuekTp Pyoke ycroitums. TpeTbs acHMITOTHKA ITO3BOJIs-
eT JIOKa3aTh CyNIECTBOBAHME 3HAYEHUI I1apaMeTpoB, IIPU KOTOPBIX IIPO-
UCXOAUT BO3OYKJIEHNE HEeyCTOMIUBOCTH. Tak:kKe ¢ ee IOMOIIBIO YIaeTcs
YCTAHOBUThH CYIIECTBOBaHUE HERTPAIbHBIX KPUBLIX BCEX TPEX THUIIOB: CHH-
XPOHHOT'0O, CyOTapMOHUYECKOTO M KOMOMHAIIMOHHOTO.

Hoxazana nosimora pemtenniit @oke. CrekTpaabHyio 3aady I pe-
mennit Puoke w(t) = e 7'W(t) (rme W — nepuomuueckas dbyHKIUs) ypas-
Herusg w = Agw + B(1)W MOXKHO TPAKTOBaTh KaK 3a/ady Ha COOCTBEHHBIE
3HAYEHNs JJjIs omeparopa L = % + Ao + B(t), neiicTBytoiero B mpo-
CTPAHCTBE IEePUOIUIEeCKNX BeKTOp-yHKImMiA. [lomydena ornenka pe3oJib-
BeHTHI omneparopa L Ha sydax Reo > 0, Imo = w/2 + wk, k € Z:
|(c1— L)Y < C. 970 103801110 TPOBECTH PACCY K ICHUSA OI00HBIE TEO-
peme Kepiia 1 JOKa3aTh IIOJHOTY KOPHEBBIX BEKTOPOB omeparopa L.

JIuteparypa
[1] Tyma C. A., FOmoBuu B. 1. CoBmecTras 3a/1a9a 0 BpaIieHnn TBEpI0-

ro TejJa B BA3ZKON KUAKOCTHU HO/L JICUCTBUEM YIIPYIOMl CUJIBI / / Cub.

Mmart. k. — 2007. — 1. 48, Ne 3, ¢. 556-576.
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ACUMIITOTUYECKHUE PA3JIOXKEHU PEIIEHUN U
CIIEHVAJIBHDBIE [TOJIMHOMbBI MEPAPXUNN BTOPOI'O
VPABHEHUS [IEH/IEBE

Hevmuna M. B. (Poccus)
MockoBckuit nrzkenepuo-pusniecknit uacturyt (I'Y)
mvdemina@mephi.ru
Kynapsamos H. A. (Poccus)
MockoBckuit nazKerepHo-busndeckuit nacruryt (I'Y)
kudryashov@mephi.ru

B nokmnaje paccMaTpuBaeTcs nepapxus BTOporo ypasHenud [lennese n
CBSI3aHHBIE C HEIO CIIeTnaJIbHble TOMMHOMBI. Vlepapxus BTOpOro ypaBHEeHU s
[IenneBe — 3T0 M1OC/IETOBATETHLHOCTH OOBIKHOBEHHBIX UM EPEHITHATbHBIX

ypasuenuii (O/1VY)
PN (d 4 2w) Ly[w, —w?] —zw—a =0, N>1, (1)

3aJlaHHad C IOMOIIBIO oneparopa Jlenapia
1
d,Lynii[u] = (df + dud, + 2u,)Ly[u], Lolu] = 5 (2)

B ypasuenusix (1) o — komiuiekcublit napamerp. [lepBbiM mnpejcraBureiem
repapxu siBJjsiercst Bropoe ypasaenue [lensese [1]

P=P" :w, —2uw—zw—a=0. (3)

OTa nepapxusi BOSHUKAET U3 HePapXuu MOJAUPUIMPOBAHHOIO ypPaBHEHMUSI
Koprepera—jie Bpuza nepexogom K aBTOMO/IETbHBIM ITEPEMEHHBIM. Y PaB-
HEHUs nepapxun 00J1aJai0T IEIbIM PsiJIOM HHTEPECHBIX CBOCTB. B gacTHO-
CTH, KarkJi0oe U3 ypaBHeHuil numeer napy Jlakca. 9To o3HavyaeT, 4To 3aj1a4a
Kormm it ypasaenwuii (1) permaercst MeTOI0M H30MOHOJIPOMHOI Jiecbopma-
un. [lo-BuguMoMy, ypaBHEHUS HepapXun OIPeIe/IAI0T HOBbIe TPAHCIIEH-
JICHTHBbIE (DYHKIIMU. DTO CTPOTO JIOKA3AHO JJIsi BTOPOro ypapHeHusi lle-
HJIeBe. DBoJIbIyI0 pojib UI'PaeT aCUMITOTUYECKHUN aHaJIn3 MX PEeHIeHU.
Haitnenbr acuMiTroTndeckre pasJjioXKeHns pelleHnii JIFo0oro mpejacTaBuTe-
Jisl Iepapxuu B OKPECTHOCTU HYJIsI, OECKOHETHOCTH U TOYKH 2z = 2o # 0.
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[Tokazano, 94T0 P (v = N — [EJOM HEKOTOPLIE U3 IOy YEHHBIX Pa3JI0zKe-
HU MOI'YT OBLITH IIPOCYMMUPOBAHLIL. Pe3yIbTaToM SIBIIAIOTCA PAMOHAL-
Hble pertennst. Haiiena cBs3b MOJII0OCOB PallMOHAJILHBIX PEIIEHIH 1 KO3(h-
PUIMEHTOB OJHOIO U3 Pa3JIOXKEHUI B OKpecTHOCTH beckoHnedHocTu. Paru-
onaspnble pemenna w™N) (z;n) ypasnenus P2(N) JIOIIYCKAIOT IIPeJICTaBIIe-

(N) 996
are depe3 moanHoMel {Qy ' (z)}, HasbiBaeMble mosmHOMaMu f16J10HCKOTO

— Bopobrena (£1-B) [2], [3]:

(N)
w(N)(z;n) — 4 In Qn—il(Z) : (4)
=1 len )
w™ (z;—n) = —w™N(z;n), n>1.

Kaxmomy N cooTBeTCTBYET CBOS MOCIET0BATETHLHOCTE TOJTUHOMOB. [lon-
HOMBI £1-B paccMmarpuBaioTcs KaK aHaJIOIM KJIACCHIECKIX OPTOrOHAJIbHBIX
MHOrOwIeHoB. OHEM BbIpaxkaiorca depes moanHoMmbl Hlypa. Kpome Toro,
paccMaTpuBaeMble TIOJTUHOMBI HEITOCPEICTBEHHO CB3aHbI C TAK Ha3bIBae-
MbIMU T-pyHKIusAMU Py nepapxun. [loydenb pekyppeHTHbIE COOTHOIIIE-
HIsA, KOTOPBIM YIOBJIETBOPSAIOT nojanHOMBI f1-B. Hekoropble m3 cooTHO-
IIeHn CIpaBe/INBhI I JIFOOOM T0C/Ie0BaTe/ IbHOCTH TTOTuHOMOB. OHI
BBIIVISISIT CJIEIYIOMIUM 00Opa30M:

D.Q QN =+ QM) n>1 (5)
D2\ QM =0, n>0,
rne D, — omneparop Xwuporbl. Hapsiimy ¢ 3TUM BBIBEJEHO eIe OJIHO

nuddepeHnnaIbHO-PA3HOCTHOE COOTHOIIIEHNE, TT03BOJISIONIee I0C/Ie10Ba~
TEJIbHO CTPOUTH MOJTMHOMBI

QO =2 (@) 2@ Ly |2 moM)]. nz1

[Tonryaena wnepapxusi OY, KOTOpPbIM VI0BJIETBOPsOT mojanHOMbI. OHa
nMeeT BT

d2 def

_od
C momomntpio 3amennst b = 27 In () u3 nepapxun (7) MozKeT GBITH TIOCTPO-
eHa eIle OJHa MepapXnd, TaKzKe NMEIOIAsl PeIICHNd, BhIpaKaeMble 9epes
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nosmnomsr {Q4 (2)}:

Haiiienbl miepBble MHTErpaJsibl ypaBHEHWIA (8), OMPEIeIEHbI MOCTOSTHHBIE
MHTEIPUPOBAHUA, ITPU KOTOPBIX II€PBble MHTETrPaJibl UMEIOT PENIeHUusA B
TepMUHAX TOJUHOMOB 41-B.

JIuteparypa

[1] Apuosibi B. U., Unbsamenko 0. C. O6bikHOBeHHbIE b dDepeHiin-
aabuble ypaBHenud. — M.: BUHUTU, 1985. — T. 1. — 149 c.

|2] Clarkson P. A., Mansfield E. L. The second Painlevé equation, its
hierarchy and associated special polynomials. Nonlinearity, 2003,
v. 16, pp. R1-R26.

[3] Demina M. V., Kudryashov N. A. The Yablonskii—Vorob’ev polyno-
mials for the second Painlevé hierarchy. Chaos, Solitons & Fractals,
2007, v. 32(2), pp. 526-537.

OB OJHOM KJIACCE MHTETPAJIbHBIX YPABHEHUN TUIIA
BOJILTEPPLI BTOPOI'O POJA U UX ITPUJIOYKEHUAX
K HEJIOKAJIBHBIM 3AJJAYAM

HxenanueB M. T. (Kazaxcran)
Nucrturyr maremarnku [LIOMUM MOH PK, Anvars:
dzhenali@math.kz
AwmanranueBa M. M. (Kazaxcran)
Nucrturyr maremarnku [LIOMUM MOH PK, Anvars:

B nokmajie paccMarpuBaloTCd MHTEIPaJbHbIE YpaBHEHUS THNa BoJib-
Teppbl BTOPOI'0 po/ia, UMeroIe 0COOEHHOCTh. TaK KaK MHTerpaJibHbBII oIre-
paTop UMeeT 0COOEHHOCTD, TO IIPU OIPE/ICJIeHHBIX 3HAUEHUSIX CIIEKTPaJIb-
HOT'O TIapaMeTpa MeTOJI, TOCJIe/IOBATEIbHBIX TPUOJIMKEHNI He TTPUMEHUM.
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B pabote mokazaHo, 9TO B 9THX CJIydasx 3a/ada OKa3blBAeTCsI HETEPOBOit
U UMeeT IIOJIOKUTEIbHBIN UHIEKC. YCTaHOBJIEHO, UTO MCCJIeyeMble B Pa-
6oTe MHTerpasbHble YPaBHEHUA BO3HUKAIOT €CTECTBEHHBIM O0pa30M IIpU
N3yYIEeHUN HEKOTOPBIX HEJIOKAJbHBIX I'PAHUYIHBIX 3a/1a4, OOpaTHBIX 3a/a4
MaTeMaTUIeCKOl (PUBNKHU, TPAHUYIHBIX 33J1a4 JIJId HATPYKEeHHBbIX Judde-
pPEHIINAJIBHBIX YPABHEHUI 1 T./I.

Ha BemecrBennoit mosyocu R = (0, +00) paccMaTpuBaIOTCsT BOITPOCHI
Pa3PENTUMOCTH CJIETYIONIEr0 NHTErPAIbHOIO YPaBHEHUA

Kos = (1= MK = (0) A [k (F)ur)- T = 0, tere ()
0
1 €ro COIPAZKEHHOTO
w=I - K =v(t) - X/k: (;) v(T) - d—tT =g(t), teRy, (2)
0
rie spo k(z) ompejieieHo COOTHOIIEHnEeM
1 1
k(z) = 4 /A —zp Y {‘W} UsEsh (3)
0, 1 <2< 4o
A € C — cuekTpaJibHBII I1apaMeTp,
(1) € IRy, g(t) € Luo(R) 0
Permennst ypasuenuii (1) u (2) cooTBETCTBEHHO UIYTCS B KJIACCAX:
cUt) € L(R,),  eult) € Lu(R,). ®

BamernuMm, aTo B ypaBHenusx (1) m (2) sapo mHTErpajbHOrO orepa-
Topa k(z) obsajaer cBONCTBOM: HOpMa MHTErPAJBLHOIO OlEPaTOpa, Olpe-
JIEJIAEMOro siApoM k(2) U JIefCTBYIONEro B MpOCTPAHCTBE CyMMUPYEMbIX

o

byukuuit, pasna erfc(1/2) = — [ e~¢" d¢. Dro CBOIICTBO ONpeesseT
VT 1)

OCOGEHHOCTh PACCMaTPUBAEMOr0 WHTErpaabHOro ypasuerusi (1). Orme-

THM, 9TO HEOOXOAMMOCTHL MCCACAOBAHUS OCOOBIX MHTEIPAJILHBIX ypaBHE-

Huit Buja (1) BO3HUKAET, HAIIPUMED, [P U3YYCHUN HEKOTOPBIX HEJIOKAJIb-

HBIX BHYTPEHHEe-TPAHUIHBIX 3a/a4 /I 1apaboIMIeckoro ypasHenus |1,
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CIIEKTPAJIbHO-HAIPYKEHHBIX Napabosimieckux ypasHenuii [2|, [3], 3amaq ¢
IIOJIBU2KHOI I'paHuIleil 1 odpaTHbIX 3aJad JJis 1apadoIndecKux ypaBHe-
HUN 1 T..1.

Brauaste ucciemyem coorsercrByiotiee (1) 0HOPOIHOE ypaBHEHUE

o0

,u(t)—)\/k<1>,u(7)-g:0, LER,. (6)

t
0

[Ipumensist K HeMmy npeobpasopanue MeJinHa, ¢ y9eTOM T€OPEMbI O CBEPT-
Ke, IOy YUM

Ai(s) - [1— Mk(s)] =

0, s=51+ 159,
rie fi(s) — nzobpaxkenne GyHkimn p(t), a n306paykeHue sijipa UMeeT B/

1 1

k(s) = /01 N L exp (—m> 25 ldr, Res<0.

CdopmynupyeMm ycTaHOBJEHHBIN pe3y/bTaT JJId CIIEKTPaJJIbHON 3a/1a-

i (6).

Teopema 1. /lna unmeepasvrozo onepamopa K us (6) mmnoocecmeo
o(K)={A| A € C, ReX > 0} asaaemca mMHoocecmeom Tapakmepucmu-
weckux wuces, a C\ o(K) — pesoaveernmmvim mroocecmsom.

Tenepn nepeiiieM K HCCIEI0BAHNAIO OJHOPOIHOTO COIPAKEHHOIO MHTE-
IPAJIbHOTO ypaBHEHUs JJIst ypaBHeHus (2):

y(t)—x/oookG)V(T).d%:o, tER,. (7)

T

Ecim B ypasnennn (7) IpOU3BeCTH 3aMeHbL t = ¢, ', 7 = 7, | 1 BBECTH
careytomee oboszuadenue vy (t) =t~ v (t; 1), To (7) mpeobpasyercs K BuLy

_ [ d
V1(t1)—)\/ k‘(ﬂ) p(r)— =0,
0 3] T1

T.e. OHO COBIIQJIA€T C WHTErpajbHBIM ypaBHeHUeM (6), T/ie HEU3BECTHOI
dbyukmmeit Boicrynaer dyskims vy (t1). 3/1ech crpaBejjmBa CJie Iy oIasi

Teopema 2. /las unmezpaavrozo onepamopa K* uz (7) 6ca xomnaerc-
HAA NAOCKOCTY HE co0epaHcum cobCmMBEeHHHLT 3HAYEHUT].
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[Tosryyenubie pe3yabTaThl MPUMEHSIOTCS K HEJIOKAJbHBIM I'PaHTIHBIM
3ajadaM Jjisd 1apaboInIecKoro ypaBHeHS.

JIuteparypa

[1] Hxenanues M. T., Pamazanos M. 1., Tyiimebaesa A. E. Crekrpaiib-
HO-HAIPYZKEHHBIN OIepaTop TeIIOIMPOBOTHOCTH. ABTOMO/IE/IBHBIH
3aKOH JIBMKeHns Toukn Harpysku. IIpempunr Ne 6. Anmarsr, 2006.

40 c.
|2] Haxymes A. M. YpaBuenusi maremarudeckoii 6uosoruu. M., 1995.

3] dexenanmues M. T. K Teopun jimHeifiHbIX KPAeBbIX 3a/a4 JIJIsl HAIPY-
JKeHHBIX JnddepeHnnaibHbix ypaBaennii. Aamarsr, 1995.

KBAJIPATUYHBIE YCJIOBUSA OIITUMAJIBHOCTU OCOBLIX
PE?KMMOB 1N UX ITPUMEHEHUNE K ?KECTKNM
TPAEKTOPUAM N AHOPMAJIBHBIM CYBEPUMAHOBDBIM
'EOJESNYECKVM

dmvurpyk A. B. (Poccus)
[I5MU PAH, MI'V

avdmi@cemi.rssi.ru

Byner pacckazano o pesynbratax pabor A. A. MumoTnaa u aBTopa 1o
IPUMEHEHUIO TOJTyIYEeHHBIX UMU paHee yCJIOBUN ONTUMAJIBLHOCTH OCOOBIX
PEXKUMOB K aHAJN3y KECTKUX TPACKTOPHUIl M aHOPMAaJIbHBIX T'€0JIe3Uve-
CKUX B CyOPUMAHOBBIX (M CyO(MUHCIEPOBBIX) METPUKAX. DTH PE3yIbTATHI
B HEKOTOPBIX OTHOIIIEHUAX 00Jiee CUIbHBIE, YeM Y JIPYTUX aBTOPOB.
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n-MEPHBIE MOAVJ/IAPHBIE ®OPMEI I'MJIbBEPTA

Epmakos B. B. (Poccus)
MockoBckuit aBTOMOOHIBHO-TOPOKHBIN UHCTUTY'T
vikvve@rambler.ru

Moaynsspubie bopMmbl I'uabbepra ABIAIOTCS CYIIECTBEHHO JIBYMEPHBIM
obbekToM. [IpemnpunsTa MOIBITKA 0000IINTL UX HA N-MEPHBINA CJIydaii.

[Iycts £ — BelecTBEHHOE IIEJI0€ aJredpamdeckKoe UNC/IO CTEIIeHH M
k = Q). Monoxum ¢; = &/~ na j = 1,...,n. Paccemorpum permer-
ky O = Z(g), cocrogmiyio u3 wucen a = » . a;c;, a; € Z. Oupene-
JuM orobpazxkenust S;: O — O, neiicTBytomue 1o gopmynaam: S; = id;
Si(zyzl ajsj) = Zj;éi a;€; — Q;&€; PN 1> 1.

PSLy(0) = SLy(0)/{+1} — momynsipras rpymmna; H = {z : Im z > 0}
— BepXHsIs KOMILIEKCHAs IOIYILIOCKOCTE; H" — mpsiMoe IIpon3BeIeHne n
sk3eMILIgpoB H. Bamamum geiictBue mogyssipaoii rpymmel PSLy(O) Ha
a b

d
z=(21,.-.,2) € H" B g(2) = (9(21), -, 9(2)), tae g(z;) = (Sj(a)z; +
55(0))/(S5()2 + S;(d).

Onpenenenune. n-meproti modyaaproti popmot [uavbepma eeca
(2k1,...,2k,) HasbBaercs MepomopdHas B H" byHKIus, st J0060r0

H™ cnenxytonmum o6pa3oM. DJIeMEHT § = € PSLy(O) nepeBomut

9= ( CCL Z ) € PSLy(0) ynoBieTBopsiolas COOTHONICHUIO

F9(z1), - g(za)) = fz1,- o) [ [ (Si(e)z + S;(d))™.

j=1

Anajiorudnoe onpejiesieHue MOYXKHO JIaTh JIJId KOHT'PYSHII-TIO/IIPYIIIT
I' C PSLy(0).

Nszy4gatorcsd pas3/ioKeHusT N-MEPHBIX MOJYJIAPHBIX (OPM B  psiJibl
Qypbe.
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THUn KOMIIJIEKCHOI'O COIIPAYKEHUSA BEIIECTBEHHON
TPEXYJIEHHON KPUBOW

3BonusoB B. U. (Poccus)
CBIKTBIBKAPCKU{T TOCYIAPCTBEHHBI YHUBEPCUTET
zvonilov@syktsu.ru

N3zy4arorcs ajrebpantieckiie KpUBbIe Ha IIOBEPXHOCTH XUPIeOpyxa, 3a-
JlaBaeMble ypaBHEHUSIMU BU/IQ

y" + b(x)y + w(x) = 0. (1)

U Ha3bIBAEMbIE MperdieHHuMU Kpusvimu. [Ipn n = 3 Takue KpuBble Ha-
3BIBAIOTCS MPU20HANbHVLMU. 1IycTh e — HanmMeHbIllee HATypaJIbHOE YNC-
JI0, JIJIsi KOTOPOro B ypasHenuu (1) BbIIOTHAIOTCS HepaBeHCTBA degb <
e(n — 1), degw < en ¢ n > 1. Torma muOroyrospauk HpioTona Jte-
BOIl 9aCTW 9TOI0 ypaBHEHUsI COJEPXKUTCS B TPEYTOJIbHUKE C BepIINHA-
v (0,0), (ne,0), (0,n). Topudeckast HOBEPXHOCTD, MOCTPOEHHAST TI0 ITOMY
TPEYTOJIbHUKY, — 9TO pallOHAJIbHAs JINHeHYaTast MOBEPXHOCTH (MOBEPX-
HOCTH Xuprebpyxa Y.), a =, y — abduHHBIE KOOPJAUHATHI B KapTe, M0JIy-
YEeHHOU y/IaIeHueM U3 X, UCKJIIOYUTETbHON KPUBOH 1 OJTHON W3 TIPSAMOJIU-
HEHHBIX 00pa3yIOIUX TOBEPXHOCTH.

TpexanenHas KpuBasi HA3bIBAETCS GEULLCNEEHHOT, €CJTU MHOTOUJIEHBI
b(x) m w(x) B ypaBuenun (1) BemecTBenubl. Xecmkotl uzomonuetl, Ha-
3bIBAETCS IIYTh B IIPOCTPAHCTBE HEOCOOBIX BENIECTBEHHBIX TPEXUJIEHHBIX
KPUBBIX C (PUKCUPOBAHHBIME N 1 €. 2KeCTKue M30TOINNN BENeCTBEHHBIX
TPEXUIEHHBIX KPUBBIX Ha MOBEPXHOCTAX XUPIEOPyXa M3ydasanch B pado-
te [1], a ipu n = 3 Ha J1OOBIX JIMHEHYATHIX IOBEPXHOCTAX — B pabore [2].

IIycts RA (coorBercrBento, CA) — MHOYKECTBO BEIIECTBEHHBIX (COOT-
BETCTBEHHO, KOMILIEKCHBIX) TOYEK HEOCOOON BEIEeCTBEHHON aJsrebpante-
ckoit kpusoit A. Kpusasg A npunagme:xur muny I mwin muny 11 B 3aBucu-
moctn ot Toro, HecBsazno CA \ RA nmu casmo.

B pabotre HaiijgeHbl KpUTepun IPUHAIIEIXKHOCTH HEOCOOOI BeIeCTBEH-
HOIl TpuroHasJpbHON KpuBoil Tumy I. B wacTtHOCcTH, Tpm n = 3 moJyveHa
JKeCTKas M30TONMYIecKas KaacCuUKaIlls BEIECTBEHHBIX TPUTOHAJIBHBIX
KPUBBIX THIa I.
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OLEHKU CKOPOCTU CXOAMMOCTH /11 HEKOTOPBIX
JIMHENHBIX CUCTEM

Beitbman A. U. (Poccus)
BoJtorojickuit rocy1apCcTBEHHBIN 1€ arorn4ecKuii YHUBEPCUTET
zai@uni-vologda.ac.ru

PaccmarpuBaercs cucrema guddepeHnuaibHbIX YPaBHEHU, OIIUCHI-
BaloIlad BEPOATHOCTU COCTOAHUNA HEOIHOPOJHON MAPKOBCKOW IleNU C II0-
rjotmeHneM B HyJse. MceaeaytoTes JByCTOPOHHUE OIEHKN CKOPOCTH CXOJIH-
MOCTHU K BBIPOXKJICHHOMY IIPEJICJAbHOMY PEXKUMY.
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ACUMIITOTUKH PEIIEHNI HEKOTOPBIX CUHIYJISIPHBIX
3AJAY

SepuoB A. E. (Ykpanna)
FOxkHOyKpamHcKuii TOCyIapCTBEHHBIN 116/ 1aroT mIeCKuii
yuupepcurer uMm. K. /1. Ymunckoro, r. Ojecca
zernov@ukr.net

B nepBoit gacTu JIoK/Ia/1a paccMaTpuBaloTCs 3a1a4dn Kot
F(t,x(t),2'(t)) =0, x(0) =0, (1)

rie x: (0,7) — R — neusBecrnas dyukius, F: D — R" — HenpepbiBHast
dbyukmust, D C (0,7) x R™ x R™.

Bo BTopoii vacTn J0KIa/1a paccMaTpuBaloTCd 3aaun Kormm

a(t)z'(t) = f(t,z(t), z(g(t), 2'(t), 2'(h(t))), =(0) =0, (2)

riae z: (0,7) — R — weusBectras dbyukmnus, f: D — R™ — HenpepbiBHast
dbyukmus, D C R" x R x R* x R™, g: (0,7) — (0,00) u h: (0,7) —
(0, 00) — menpepsiBable dyukuu, ¢(t) < t u h(t) < t upu t € (0,7).
[Ipeanonaraercs, ato aub60 (t) — eIUHUYHAS MATPHUIA N-TO TOPSIIKA,
B3 (670

a(t) = diag(aq(t), ..., an(t),1,...,1), 1<m<n,

a(t) = diag(ay (), ..., an(t)),

n Bce amemeHTsl «;: (0,7) — (0,400) Marpunpl at) — HempepbIBHBIE
dyHKIMHU, cTpeMsImecs K Hyato npu t — +0.

Permrennem kaxkioit u3 3asga4d (1), (2) HaspiBaeTcs HEIPEPBIBHO jud-
dbepernupyemas dyukiua x: (0,p) — R™ (tme 0 < p < 7), KOTOpas
V/IOBJIETBOPSIET COOTBETCTBYIOIIEMY ypaBHeHnio upnu Beex t € (0, p) u npu

srom lim z(t) = 0.
t—+0

Bamada (1) ormesnpHO nccaemyercs B ciaydasx n = 1 u n > 2. Usy4va-
I0TCs JIMHEAHBIE, BOZMYIIEHHbIE JTUHEAHbIE, HeJTMHERHbIE 1 BO3MYIIIEHHBIE
He/IuHeHbIe 3a1a49n (2).

Crposres acummroruku perennit 3agad (1), (2). JokaseiBaercs cy-
IIECTBOBAHUE y KayKJI0H U3 PACCMATPUBACMBIX 38,49 HEIIYCTBIX MHOXKECTB
pemieruii ¢ TpebyeMbIMU aCUMITOTUYECKUMU cBodcTBamu 1pu ¢ — —+0.
[Tpu U3BECTHDLIX YCIOBUSIX OIPEIEIAETCH YUCI0 TAKUX PEIeHUH.
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PA3BPEIINMOCTE HEKOTOPKLIX 3AJTAY BAPUALIMOHHOU
ACCUMMJIALINN JAHHDBIX

Nnarosa B. M. (Poccus)
MockoBckuit pU3NKO-TEXHUIECKUT NUHCTUTYT
ipatval@mail.ru

IIycth €2 — oTKpBITOE TTOAMHOTOOOPa3ue cdepbl pajanyca R ¢ KycouHO-
TJIQJIKON rpanureii, x, y, r — chepudeckne xoopauuarsl, H(x,y) — mo-
JIOYXKUTEeJIbHas HeNpepbiBHO Juddepennupyemas GyHKImA, z = R — 7,
G ={(xr,y) € Q0< 2z < H(z,y)}, 0 < t1 < oo, D = Q x (0,t1);
(u,v,w) = (u,w) — BeKTOp CKOpoOCcTH, W = w(U) = divaH(x’y)udz’,
¢ = &(x,y,t) — BO3BBINIEHNE YPOBHS MMOBEpXHOCTH OKeaHa. [lajiee cumBost
¢ UCIOJIb3yeTcs KakK obinee oboznadenue pyukmuii u, v, w, 1, S.

Paccmorpum cucremy ypaBHeHuit quHaMukn okeana |1]-[2]

d 1
A+ B)utr—VP=f, (1)
dt Po
oP
57 = P9~ xpoAyw,  x =0 mm x =1, 2)
dT ds
L AT = — + AgS =
dt + Ar fT7 dt + SS fS; (3)

riae d/dt = 0/0t+u-V+w(u)d/0z, B(u)u = 2wsiny+utgy/R)(—v,u),
Ay = —pp\ — v40%/02%, A, = A, = A, wiornocrs Bogwt p = p(T,S)
canTaercs HenpepbiBHOM 10 Jlummuiy dyuknmeit (mpu y = 0 u x = 1),
OO MHOTOYIIEHOM BTOPOii crernenn (mpu x = 1).

Ha Bepxwneii rpanwuie mpu z = () craBATCs yCJIOBUS

P = Patm + gp()ga w = —35/8t + Qun (4)
ou 7  w(u) ow(u)

Ve, T "o Ty W X 9. XYww(u), (5)

or w(u) oS w(u)

T 72 Sl
vra- =T+ —=T+Qr, vsz-=7s5+—"5+0s (6)

e Patm7 Qun QT) Q57 T — 3aJlaHHOE beHKHHH

O6osnaunm epe3 (-, -) u || - ||, (+,-)o u || - ||o cramgApHOE MpOM3BETEHTE

u HOpMY B Lo(G) u Lo(Q);
[¢7 ¢1] - M¢(V¢7 V¢1) + V¢(a¢/az7 8¢1/az) + 7¢(¢7 ¢1)0 |z:07
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e 0,2[05]2 = [¢.¢], [u]? = [u]* + [v]* + [w()]? [E* =
[ull* + llo]* + gll£]]5-

B pabote mokasbiBaecs cyIecTBoBaHue CIabbIxX perernit cucreMsbr (1)—
(3), y/IOBJIETBOPSIIOIIIX HEPABEHCTBAM

d
%@(HT\F +[ISI%) + [T1% + [S)?
< (T, fr) — v (Qr, T)ol2=0 + (S, fs) — v5(Qs, S)ol2=o0, (7)
122+
2dt"~

< (11, f— 1//00vpatm) - (T7 u/pO)O‘zZO + g(p(T, S)? w(u)) (8)

IIycts B obnactu Dy C D m3BeCcTHBI JaHHBbIE HAOJIOAEHUI 38 BO3BBI-
IIEHIEM YPOBHSI TIOBEPXHOCTHU OKeaHa & = &, (T, Y, t) U 38 MOBEPXHOCTHOI
remmeparypoit T|,—o = Tos(x,y,t), a B obmactu G7 C (G x (0,t1))
M3BECTHBI JAaHHbIE HAOJIIOIEHUI 38 CKOPOCTHIO, TEMIIEPATYPOl 1 COJIEHO-
obs(x7 Y, % t)a wObS(x7 Y, % t)a
T°%(x,y, 2,t), S (x,y,2,t). Jannble HabMOMEHUH HCIOIL3YIOTCS JIJIs

CTBbIO BOJbI, KOTOPbIE 3aJal0TCA beHKHI/IHMI/I u

OTbICKaHUsT PYHKIWMNE QQy, T, Q1 1 (Qg, BXOJAININX B T'PAHUYIHbBIE YCJIOBUS
(4)—(6), ubO jJIst OTHICKAHUS HAYAJIbHBIX 3HadYeHuit gpyukwmii u, £, T, S
B MomeHT t = 0. Pacxoxmenne mexy permennem (1)—(3) m mabmonae-
MBIMH BEJIMINHAMU XapaKTePU3yeTCs PeryIsipu30BaHHBIM (DYHKIIHHAIOM
croumoctu. Ha ocHoBanuu BeiTekaronmx u3 (7)—(8) anpruopHbBIX OIEHOK
JIOKa3BIBAETCS PA3PENIIMOCTD OCTABIEHHBIX ONTHMI3AIMOHHBIX 3a/1a4.
Pabora BbliltosiHeHa B pamMkax mpoekTa “MeTogabl 1 TEXHOJIOIUs pele-
HUsI 3a]1a9 BapUAIIMOHHOI'O YCBOEHHUs JTAHHBIX HAOIIONEHUI 1 yIpaBiie-
HUA CJIOXKHBIMU CUCTEMaMU T10 TeMe 3 (DyHIaMeHTaJbHBIX UCCJIe0BaHMII

OMH PAH u npu gacruanoit nomuep:kke PODU (poekt 07-01-00714).

JIuteparypa

[1] Lions J. L., Temam R., Wang S. On the equations of the large-scale
ocean // Nonlinearity. — 1992. - N 5. — P. 1007-1053.

2] Aromkor B. 1., Mnarosa B. M. Teopembr cyrecTBoBanust Jjist Tpex-
MEPHOI MOJIC/IN JUHAMUKY OKeaHa U 3aJa49i aCCUMUISINT JTaHHbIX

// JAH. —2007. — T. 412, N 2. — C. 151-153.
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PABHOMEPHLIE OLIEHKM KPATHBLIX OCILWJIJINPYIOUINX
NHTEI'PAJIOB

Kapnymkun B. H. (Poccus)
UTIIIN PAH
vladkarp@rol.ru

[Tycts N — MHOXKECTBO HEOTPUIIATE/IbHBIX TIe/IbIX dnces, k € N, Q(k) —
JIMHEHOE TIPOCTPAHCTBO mosinHOMOB P Takux, uro P(0) = 0, riae nomaoM
P crenenn < k no nepemennoit x; jyd seex 1 < j <n, n > 2.

[Tycts Q(k,e) — okpectrocTh 0 € Q(k) B Kakoii-mmb0 pUKCHpOBaHHOI
wnopme B Q(k). Homoxxnum D(k, 1) = {(k1,...,kn) : kj < k, kj € N nua
Bcex 1 < j < n ucpean ky, ..., k, BcTpedaeTcda uucyio k He 6oJiee, dem
[ — 1 pas}; (2 < I < n). Dro nenouncieHnbiit Kyd ¢ pedbpoM JTHHBL k
1 CO CPe3aHHLIMU JAJIEKUMU OT Hadaja KOOPJIMHAT I'PAHAMU, Y KOTOPBIX
kopasmepuocts < [; 2 < | < n. Illyers P — nomunom, P = ) a,z™.
O6osnaunm yepes supp P muoxecrso {m : a,, # 0}.

[Iycts C§(A) — mpocTpaHCTBO HEITPEPHIBHO M bDepPEHITNPYEMbIX V a3
byHKIUil, paBHBIX HY/II0 BHE OIMPAHUYEHHOIO OTKPLITOIO MHOMKECTBA A;
(9). — nopaa b CY(A)

(), = maxsup |3|5|g0/@$8| :

Is|<v zeA

O6ozuaanm gepes I (F, ¢, 7) ocimumupyiomuit waterpan ¢ dhazoit F' u
aAMILTATY 101 @, T.e. maTerpast no R"” ot pexp(y/—17F). Ilycts V(F, A, ¢, d)
— obbeMm ¢ dazoit F, 1.e. uarerpanor 1l no {xr € A:c—0 < F(x) < c+6}.

Teopema 1. Ilycmo P € Q(k) \ 0, supp P € D(k,l). Jlas xaorcovx
n =2 k=2 2< 10 < n cyweemsyrom konecmarwmu, L > 0, ¢ > 0 u
oxpecmuocmv A mouxu 0 € R™ maxue, wmo

I(P + G, 7)| < L Y*(Inr)"2(o)y:
V(P +G, A, c8)| < L§Y*|n o[~

onsn ecex 7 = 2; o € CH(A); c€ R; 0 < 6§ < 1/2; G € Q(k,¢); suppG €
D(k,1).
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Teopema 2. 1. [Tyemov P € Q(k) \ 0. Jlaa kaocowr n > 2, k > 1
cyuecmeyrom xoncmarwmo, L > 0, & > 0 u okpecmuocms A mouku 0 € R"
maxue, 4mo

I(P+G,p,7)] < Lr~Y¥ (7)™ (o)
V(P +G,A,c6)] < L&/*|ng|"

Onsn ecex T > 2; o € Ci(A); c€ R, 0< 0 <1/2; GeQk,e).

2. Ilpednonootcum, wmo k = 1. Jlaa xaocdozo n > 2 cywecmeyom
koucmarnmo, L > 0, € > 0 u oxkpecmmocmo A mouxu 0 € R™ makue,
ymo |I(P + G,,7)| < Lt (InT)""2(p)2 daa ecex 7 = 2, ¢ € CZ(A),
G e Q(l,¢).

SameuaHnue 1. YrBepxKjeHue 1 TeopeMmbl 2 B cjydae OCIUJLIAPYIO-
IIEro MHTErpaJja ¢ aMIJIATY 10 — XapaKTepUCTUIeCKO pyHKINEl Kyba n
npasoit gactbio LT~ Y*(In7)""! cnemyer uz Teopemsr B. H. Yybapukosa
(¢ aBubIME KOHCTaHTaM” L 1 € — Teopema b Ha cTp. 39 (cm. [1])).

JTokazaTe/IbcTBO TeopeM 1, 2 TPOBOIUTCA METO/IAMU, PA3BUTHIME B pa-
6orax [2], [3].

3amedganue 2. [loydenHbie paBHOMEDPHBIE OIEHKHU OCIIUJLINPYIOMIETO
UHTErpajga U o0beMa ABJIAIOTCS TOYHBIMU JIJI CJIydas, KOTJia HEBO3MY-

meHHas ¢as3a ecTb MOHOM. Teopema 1 TouHa Jura ¢as x’fl ... zF ocim-
JINPYIOIINX MHTEIPajoB n 00beMoB, Tje max; k; = k > 2, 1 < min; k; < k.

YTBep:kaeHne 1 TeopeMbl 2 TOIHO 1 a3 xlf . xfﬁL OCIUJLJIUPYIOIUX NH-

TerpaJjioB ipu k > 2 u obbemoB npu k > 1. VYTBep:KjaeHne 2 TeopeMbl 2
JlaeT TOYHYIO OIECHKY Jijid a3 Ty ... T, OCHUIIUDPYIONINX WHTErPAJIOB.

JIuteparypa

[1] Apxumnos I'. 1., Kapamy6a A. A., Hybapukos B. H. Teopust kpaTHbIx
Tpuronomerpudecknx cymm. M.: Hayka, 1987.

|2] Kapmoymkuu B. H. PaBHOMepHBIe OTIeHKE OCTIMIIMDYIOIIUX HHTErPa-
JI0B ¢ mapabosimaeckoit uiau rurepbosmaeckoit daszoit // Tpymasl ce-
muHapa uM. U. I'. [lerpoBckoro, Beintyck 9, Uz, MI'Y, 1983, ¢. 3-39.

3] Kapuymkun B. H. Pasnomepnbie onenku obbemos // Tpyisr
MUAH, . 221, M.: Hayxa, 1998, c. 225-231.
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JVHAMUNYECKUE CUCTEMBI U UHBAPUAHTHI
BACUJIBEBA BTOPOI'O ITOPSIJIKA

Kupun H. A. (Poccus)
KI'TIN

Kirin_ N_A@mail.ru

Omnucanne aBuzKeHus: Buxpeit Jlekapra Ha IJIOCKOCTH SIBJISIETCS CJIOXK-
HOIT 3aj1a49eil, KoTopas /10 KOHIIa He pernreHa. Kirtaccmaeckunii mojaxoa K u3y-
YEeHUIO JJUHAMUKUA BUXPENA IMIPUBOUT K PACCMOTPEHUIO TaMUJIBTOHOBOM CHU-
CTE€MbI C TaMUJIbTOHUAHOM

1
H=—-—— Z e logri;.

1<i#j<n

Kak 6b110 TIOKa3ano B 3|, Takoil raMuIbTOHUAH TIPEICTABIISIET MHU-
MYIO 9aCTh MHBapuaHTa Bacuibesa mepBoro rnopsjka, 3a/laHHoro 1-urepu-
POBaHHBLIM MHTerpaJjioM Hena ot jiorapudMudeckux uddepeHuaIbHbIX
dbop™m w;; = %, ¢ koabdbunuentamu X;;. 9T KoapUIIEenTs 1pe-
CTaBJIAIOT COOOI c]bopMaﬂbele IepeMeHHbIE, YIOBJIETBOPSIOIINE YCIOBUAM
[ Xij;s Xk + Xig) = 0, vie @ # j # k # i. 31€Ch, 10 OIPE/IEJICHUIO, KOMMY-
tatop [A; B] = AB — BA.

O60061masT KJIACCUIeCKIil MOAX0/, MOXKHO B KadeCTBE I'aMUJIbTOHHAHA
BBIOpATh MHUMYIO YacTh MHBapuaHTOB BacuiabeBa 0oJiee BBICOKOTO TIO-
psiKka. BeiOpaB nogaxojidriyio BecoByto cuctemy W s KoddpuimeHToB
UTEePUPOBAHHBIX MHTErPAJIOB, MOXKHO 3a/aTh JBUKEHUE BUXPeil Ha I1J10C-
KOCTH.

Kak mn3BecTHO, KOCBI 13 . HUTEN MIPEJICTABIISAIOT TPOCTPAHCTBEHHO-BPE-
MEHHYIO JJUarpaMMmy JIBFXKEHUsI N BUXpell Ha ItockocTu. B cBoio ode-
peJib, MHBapuaHThl BacuibeBa 103BOJISIIOT pa3inviaTh HEU30TOITHbIE KOCHI,
a, CJIeJ0BATE/IbHO, MOT'YT pa3/jindaThb MPUHIMIUAILHO PA3JIUIHBIE THUIIbI
JBUZKEHUA BUXPEI.

B nanHoii ctaTbe 00CyzK/IaI0TCA CBOMCTBa 6A3UCHBIX TUHAMUYIECKUX CH-
CTEeM C TaMIJILTOHHAHOM, IIPEJICTAaBIEHHBIM NHBApUaHTOB BacuibeBa BTO-
POTO TIOPSIIKA.

Pabora nognepxkana PODU, npoekt 07-01-00085.
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KJIACCUDPUKAILIMSA CJIVUAEB JIOKAJIbHOU
VIIPABJIAEMOCTU JJIs1 CEMENCTB JIBYMEPHBIX
BUJINHAMNYECKUX CUCTEM

Komapo M.A. (Poccus)
Bnagumupckuii ['ocyrapcTBeHHBIN Y HIBEPCUTET
kami9@yandex.ru

Ha ryrajikom MHOr0oOpa3um noauduHaMU%ECKas CUcCmema 3a1aéTcs KO-
HEYHBIM HADOPOM TVIQJIKUX IOJIell CKOPOCTE TPU €CTECTBEHHOM ITPEJIIIOo-
JIO’KEHUHU, 9TO YUCJIO CKOpocTeil B Habope He MeHee JIBYX. YIIPaBJIeHHE
TaKOI crCTeMOil IIpejicTaBysieT cob0i BBIOOP B MOC/Ie0BaTEIbHbBIE MOMEH-
ThI BpEMEHU OJIHOTO U3 ToJieil Habopa JUId JIaJIbHENIIero JIBUKEHU.

[TosmunamMudecKass crucTeMa HA3BIBAETCS A0KAADHO YNPABAAEMOT B
Touke P MHoOroob6pasud, ecian jid Joboit okpectHoctu U Toukm P u
HekoToporo 1' > 0 Haiinércs Takass okpectHoctb V' C U 3Toit TOYKH,
gyro Vp € V MOXKHO HOCTPOUTH KYCOUYHO TJIAJIKYIO 3aMKHYTYIO KPUBYIO
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(1mKT), TIesTUKOM JiexKartyto B U 1 pOXOJISILy o Yepe3 ToUku P u p, y9Iact-
KU TJIAJKOCTH KOTOPO# — oTpe3kn (ha30BbIX KPUBBIX MOJIEH CUCTEMBI, CO-
OTBETCTBYIOIIHE HEKOTOPOMY YIIPABJICHUIO, TPUIEM BPEMs JIBUKEHUS I10
IMAKJTy MeHbIte 1.

Ha miockocTu ciy4an JiokaabHOMN yirpaBisiemoctu nsydensbl A. A. Ja-
BBIJIOBBIM [2] Jyist TUNM9HBIX TOManHaAMuYeckux cuctem u JI. Asese-
70 [1] 1t THOMYHBIX OJIHOTIAPAMETPUIECKUX CeMENCTB OMJIMHAMIIECKUX
cucteM. Bcroy 3/1ech o1 munuytsimM CEMEHCTBOM Mbl TIOHUMAaEeM CeMeii-
CTBO U3 HEKOTOPOI'O OTKPBITOI'O BCIO/IY IIJIOTHOIO MHOYKECTBA B IIPOCTPAH-
CcTBe ceMeiicTB, CHaOKEHHOM TOHKO IJIaJIKOI TOIIOJIOIHEIA.

Jlokna/1 TMOCBAMEH KJAACCUMUKAIIUA TUMTHUIHBIX CJIYYaeB JIOKAJIHHOMN
YIPaBJIAEMOCTH I JIByITapaMETPUUECKUX CEMEUCTB OMIMHAMUYIECKIX
CUCTEM Ha TIJIaJKOM JByMepHOM MHOTooOpasuu. Ilom munuvwrbmu
O0OBbEKTOM MbI TOHHMaeM OObEKT U3 OTKPBITOI'O BCIOJAY ILJIOTHOI'O
MHO>KECTBa B IPOCTPAHCTBE OOBEKTOB, CHAOKEHHOM TOHKOM TIJIaJIKOM
TOIOJIOTUEH.

HerpyHo 3aMeTuTh, 9TO ecim OuanHaMudecKas cucTemMa 0bJ1a1aeT Jio-
KaJILHOI yIIPaBJ/ISIEMOCTBIO B TOUKE, TO 9Ta TOYKA HE SIBJISIETCsT 0CODO# 115t
ojiHOrO U3 eé moyieit (em. [1]), moaromy BOIM3M TAKON TOYKHU ITO MOJIE MOK-
HO TJIaJIKO BBIIIPSIMUTD, CJAEJaB €ro, HAllPUMED, eIMHUIHBIM BJI0JIb BTOPOIA
KOOP/IMHATHI, & CAMy TOYKY B BBIIPAMJISIONINX KOOPJANHATAX B3ATH 3a Ha-
JaJ10 KoopauHaT. TeM caMbIM, BOIIPOC O CJIyYasX yIPaBISIEMOCTH B HAIIEM
cemelicTBe OyJIeT CBEJIEH K BOIPOCY 00 yIpaB/IsieMOCTH B HyJIe CEMeicTBa
CUCTEM BHU/JIA

{v=1(0,1); w=(wy,ws)}. (1)

Ha, [IJIOCKOCTH.

Hasee, n3BeCTHO, YTO €CJIM B M3y4aeMOi TOUYKe 00a I0JIst HEHYJIEBbIE,
1 (hasoBbIe KPUBBIE OJHOTO KACAIOTCH (PA30BLIX KPUBLIX JIPYTOrO ¢ KOHEY-
HBIM [OPSIKOM, TO JIOKAJbHAs yIPABJIAEMOCTb B 3TOH TOYKE eCTh TOT/A,
1 TOJIBKO TOIJA, KOTJIa B 3TON TOYKE 0JIs IPOTUBOIIOJIOMKHO HAIIPABJICHDI,
a MOPsAJIOK KacaHus uX (ha30BbIX KPUBBIX HEUETHBIN (cM., Hanpumep, [1]).
BaMeTuM, 4TO JJIs TUIIMYHOIO ABYIIapaMeTPUUIECKOro ceMeiicTBa OuinHa-
MUYECKUX CHCTEM 3TOT HOPAIOK HE IIPEBOCXOIUT 4.

Nrax, ocraércsd M3ydnTh Caydad JIOKAJILHON yIPaBIAeMOCTH BOJIM3U
HyJIsl JIJI CUCTeM M3 TUIUIHOrO cemeiicTa (1) B cuTyanuu, Korjia HyJb —
ocobast TOYKa BTOpOro 1oJist. Mbl Oyz1eM paccMaTpuBaTh CEMERCTBO CUCTEM
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€ TOYHOCTBIO JI0 TVIAJIKOI OpOUTAILHON SKBUBAJIEHTHOCTH, 3aK/II0YAIOIIEii-
Cs1 B TOM, YTO Pa3PEIIeHO

(a) memaTh TIajKue 3aMeHbl KOODJIMHAT, IJIAJIKO 3aBUCSIIIE OT Mapa-
MeTpa,

(6) nenarb nuddeomopdusMbl OCH TTapamMeTpa ceMencTBa, u

(B) yMHOXKATB T10JIs1 Ha TJIajIKUe HEeHyJIeBbie (BO3MOXKHO, pa3Hbie) (yH-
KM OJHOIO 3HaKA.

OueBuHO, UTO TpeobpazoBanus (a)—(B) COXPAHSIIOT JOKAJIBHYIO YII-
PaBJISIEMOCTD B TOYKE, T.€. €€ HaJmdre Jub0 OTCyTCTBHE.

O6o3HaYNM Uepes3 W, MaTPUILY JMHEAPU3AIUH I0JId W B HyJIE, a 9epe3
D — JUCKpUMHUHAHT €€ XapaKTepUCTUIEeCKOI0 MHOIOMIEHA.

Teopema. /Jlasa cucmemvr U3 MUNUYH020 J8YNAPAMEMPUHECKO20 Ce-
metiemea (1) enpasedauso odro us deyx:

1. aubo cucmema obaadaem A0KGALHOT YNPABAAEMOCTIBIO 6 moyuke P
(= nyae), w(P) = 0, u moada ona 6rodum moavko 6 0dur u3 CACOYIOUUT
dsyx xaaccos:

(F) auneapusdayuy noas w 6 nwyae docmasaaem ocobyto mowky muna
Aubo poxryc aubo yenmp, m.e. D < 0 u cobcmeeHnvle WUCAA MATPULDL W
ne ABAAIOMCA BEULLCTNEEHHLMU;

(Z) pocmox cucmemw, (1) 6 nyae 2aadko opoumMarvHO IKGUBAAEHMEN
pocmry 6 nyae cucmemovt (0,1), (y,ws) ¢ we,(0,0) =0 < w4, (0,0);

2. aubo cucmema He 0baadaem A0KANHOT YNPABAAEMOCTIBIO 6 TOYKE
P (= nyae), w(P) =0, u mozda ona 6xodum moavko 6 0dun u3 caedyro-
WUT MPET KAACCOB:

(N P) mampuya AuUHEapU3aUuUL Wy UMEEM GEULLCTNEEHHDIE PASAULHDLE
cobcmeennvie wucaa, m.e. D > 0;

(NJ) auneapudayuy noas w 6 Hyse doCmasasem ocobyo mowky munda
orcopdanos ysea, m.e. D =0, a caed mampuyst w, nenyseot;

(NZ) pocmox cucmemui (1) 6 Hyse 2aadko opouUmMasbHO IKEUBAAEHMEN
pocmry 6 nyae cucmemovt (0,1), (y,ws) ¢ we(0,0) =0 > wy,,(0,0).

3awMedanu e Cucrembl, Jijid KOTOPHIX B HEKOTOPOI TOYKE JITOO
0ba 1oJig HyJIeBble JTUOO BOJIM3M TON TOUKHM CHCTEMa IJIaJIKO OpOUTAIb-
HO 9KBUBAaJIEHTHA cucTeMe u3 ciaydaes (Z) wiu (NZ), He BCTpEUarOTCs B
TUIUIHBIX OHOITAPAMETPUIECKIX CeMefiCTBax.

Pabora BbITIOTHEHA TPU YACTUIHON (DUHAHCOBOH MOJIJIEPXKKE TPAHTOM

PO®I1 06-01-00661a.
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TUINNYHBLIE OCOBEHHOCTU BLII'OJbI
OJAHOITAPAMETPNYECKUX HUKJ/IMYECKNX [TPOLIECCOB
C OMKCNUMPOBAHHBIM ITEPVO/J0M

Kykmuna E. O. (Poccus)
BragmMupcKuii rocyZ1apCTBEHHBI YHUBEPCUTET
kukshina@yandex.ru

YupaiigeMas CUCTEeMa Ha OKPYKHOCTH 3aJaeTCA TJIaIKIM BEKTOPHBIM
[1oJIeM, IJIaJAKO 3aBUCAIIUM OT YIIPABJIAIONICIO IIapaMeTpa, KOTOPLIA IIpo-
OeraeT KOMIIAKTHOE IJIaJIKOe MHOIooOpa3ue W MMeeT He MeHee JIBYX pas-
JIMYHbIX 3HAYEHUI.

Jlonycmumvim deusicernuem CUCTEMbI Ha3bIBAETCA abOCOIOTHO HEIpe-
PBIBHOE OTOOparkeHme IIPOMEXKyTKa BPEMEH! B OKPY2KHOCTb, Y KOTOPOI'O B
TOYKaX CYIICCTBOBAHUA IIPOU3BOJHON CKOPOCTH IIEPEMEICHUA 10 OKPY K-
HOCTU JIE?KUT B BBIIIYKJION 000JIOYKE MHOXKECTBA JIOIYCTUMBIX CKOPOCTEit
B 9TOM TOYKE.

[Tpn HaMaIUM Ha OKPY2KHOCTH TJIaIKOM (HenpeprBHoﬁ) IIJIOTHOCTU BbI-
rojibl f JIONyCTUMOE JIBUZKEHUE CUCTEMbI Ha IIPOMEXKYTKE [to, to + T] , J10-

CTaBJIdEeT BbIFOrZLy
to+T

pP= / Fla(t) dt

U CPeJIHIOI BhITOIy A = %.
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Maxkcumuzaiust cpejiHeil BBINOJAbI ITUKJIMIECKOIO SIBJISIETCS OIHON 13
BasKHBIX IIPUKJIAHBIX ONTUMUBAIINOHHLIX 3a1a49. B. 1. ApHobaoM mpe/-
JIOYKEH HOBBIH II0/IX0/I K PEIIeHUI0 TaKUX 3a/1a4, OCHOBaHHBII Ha MeTO/Iax
Teopun ocobenHocreii [1].

B jtokitajie paccMoTpeH ciydail, Korjaa meprojl MUKJITIECKOrO ITPOTIec-
ca 3aJlaH, a CKOPOCTHh €ro Pas3sBUTHUsI MOXKET BapbUPOBATHLCHA, TOUHEE 3a-
BUCUT OT BbIOOpa 3HAUEHMsI YIIPABJISIONIErO HapamMerpa. 3aJadl TaKoro
THUIIa, BCTPEYAIOTCS IIPU aHAJINU3€e Mojiesieil pa3/jIMIHbIX TEeXHOJOIMIECKUX
IIPOIIECCOB.

OcHoBHOIT pe3ysibTaT paboThl — 9TO CjeayIomast KiacCuuKaIus TH-
IIIYIHBIX OCOOEHHOCTE HAMOOJIbINEl BBINOAbI JJIsi OJIHOIIapPaMEeTPUIECKUX
UKJINIECKUX IIPOIECCOB ¢ 3aIaHHBIM IIEPUOIOM.

Teopema. Ha oxpyotcrnocmu 0as munuwnoz20 24a0%020 00HONAPAMEM -
PUNECKO20 CEMETCMBA NADP NAOMHOCMEN 6612000l U YNPABAAEMBLT CUCTILEM
C NONOACUMENDHBIMU CKOPOCTNAMU POCTOK HaUbOALULET 8612000, J0CTNA6-
AAEMOT dsuMHCeHUEM C 3a0aHHBILM nepuodom obopoma, 6 AWOOM 3HaMe-
HUU NaApamempa, 0onyYcrarowem maxue JeUNHCEHUL, eCMb POCOK 8 HYle
pyrruuy pasrot nyao npu p < 0 u 0dnol us Gyrryut 6mopo2o cmosb-
ua mabauuv npu p = 0 ¢ mownocmvlo 0o IKEUBANEHMHOCTNU, YKAZAHHOT]
6 3-m cmoabue. Boaee moezo, das munuyurol napvt u 4100017 6,AU3K0U K
Hetl epagur 6v200v, Modtcem bvimvb nepeseden odun 6 dpyzot 2sadkoti I'-
IKBUBANEHMHOCTNDGIO OAUKOT K MOdAHCIECNBEHHOT].

No | Ocobennocts | DKB. | YcaoBud
1 0 R* #U > 2
2 0,p=>0 R* #U > 2
3 p? Rt | #U >2
4 p2 I | #U >2
5 p? R* #U > 3
6 p? Rt | #U >2
7 —p? I' | dimU >0

DTa KIaCCUPUKAIUS OTINIACTCS OT aHAJOTMIHOM JJIsT CIydasi CO CBO-
60tHBIM 1IepuoIoM (cM. [2]), XoTs 1 TIepeceKaeTest ¢ Heil 10 3HAYUTETLHOMY
qnciay ocobeHHocreil. 3aech #U — 4ncI0 pa3/IMIHBbIX 3HAUEHUI yIIpaBJisi-
IOIIEro ImapamMeTpa.

Pabora BhIIOIHEHA IPU YACTHYIHOM (PUHAHCOBOI I10/I/IePKKE I'PaHTaMU

PO®I1 06-01-00661a, m THTAC 05-1000008-7805.
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[JIOBAJIbHBIE U JIOKAJIbHBIE KPAEBBIE 1 OBOBIIEHHBIE
NHAEKCHI OCOBEHHOCTEWN ITAPKI ITOJIEN 1 UX
[TPUJIOZKEHN A

Kynakosckas O. B. (Poccus)
Boponexcknit rocy1apCTBEHHBIN YHUBEPCUTET
ovk@math.vsu.ru

B paborax [2]-[6] FO. I'. Bopucouuem 1 aBTopoM OBLIO IPENPUHSITO
CHCTEMaTUIECKOE UCC/IEOBAHIE Ha, IJIAJKOM KOMIAKTHOM OPUEHTUPOBAH-
HOM MHOIooOpasuu ¢ KpaeM MOHSTHH rI006aabHOr0 M JIOKAJIBHOIO TOIO-
JIOTHIECKOTO MHJIEKCA KpaeBoit 0cobeHHOCTH 1-hopMbl (BEKTOPHOTO 1MOJIsI )
(BBemennoro B. U. Apnosbgom B 1] juta cirydas n3oimpoBaHHON Kpae-
Boit ocobenHocTH). CyIecTBeHHOI YacThio 1I00aIBHOM KOHCTPYKITUN $1B-
JIETCsT TIOCTPOEHHBIN aHAJIOr (COOTBETCTBYIONIUI ape IJIajJKuX CeueHui
BEIECTBEHHOTO OPUEHTUPOBAHHOIO €BKJIMJIOBA BEKTOPHOI'O DPACC/IOCHUA)
wHjIeKca 1-hopMBbl BIOJIb THIIEPIIOBEPXHOCTH, BBEJIEHHOTO Takxke B [1].

PaccmarpuBaemble KpaeBble W BHyTpeHHEE (TJI0OAJbHBIE U JIOKAJIb-
HbIE), a TakKe 0DOOIIEeHHbIE MHIEKCHI Hapbl cedennii (oy,0y) obaagaror
€CTECTBEHHBIMU CBOWCTBAMU TOMOTOIMYECKOW WHBAPUAHTHOCTH U aJJIH-
tuBHocTu. Teopemy B. . Apnosnbia

I{w) + I (w) = x(M)
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O paBEeHCTBE CyMMBbI MHJEKCOB 1-popMbl w Ha MHOroobpasmu M ¢ Kpa-
em OM sitnepoBoit xapakrepuctuke (M) muoroobpasust M (obobierme
TeopeMbl Xorda) MOKHO 3alucaTh Kak

I{w) + L(w) = I(=df),

rje HeoTpunareabHas riagakas oyukmus f: M — R 3amaer ypasnenue
Kpag Mooroobpasus M. Taxoil BapuanT 3ammcu moMor nepeiiTu Jis napbl
TJIQJIKUX CcedeHuit (oq,09) BeKTOpHOTO paccioenus (E,p, M) panra n =
dim M k GoJiee ob1eit popmyiie

B(O’l,O'g) = ](0’2) — ](—0'1),

O3BOJISTIONIE CBsI3aTh B3aMMHOE MOBeJIeHne ToJieil (cedenuit) Ha Kpao u
ux ocobernrocTu B int M. 3mech B(01, 09) — MI00aIbHBII KPaeBOil WHIIEKC
mapsl moJieit (o1, 0y), OTJIMYne KOTOPOro OT HyJisi TapaHTHPYeT CyIIeCTBO-
BaHUe KPaeBBIX OCOOEHHOCTEl Maphl cedeHuit (0i,09), T.e. TAKUX TOYEK
x € OM, B KOTOPBIX BEKTODHI 01(x) U 02(x) KosmuHeapHsl. [ (0;) — BHYT-
peHHuit uHjeKC cedenus o;; upu I(o;) # 0 cedenune o; obpalaeTcs B HyJb
B HEKOTOPOil Touke int M.

Ddra Teopus OKa3aJaCh MOJIE3HON IMPHU HWCCIEIOBAHUU AKYCTHICCKUX
BOJIH B KPUCTAJLJIE [IPOU3BOJIbHON cunronun (cM. [5]), tie ¢ ee OMOIIbIO
YIaJI0Ch OIEHUTDh CHU3Y (YUCJIOM 3) TIOJIHOE KOJUYECTBO HAITIPABJICHUI
IPOJIOJBHBIX BOJIH, & TaKyKe yKa3aTh COOTHOIICHUS MEXKJIy JIHCIaMU Ha-
paBJIEHUIT TIPOJIOIHLHBIX HOPMaJIeil Pa3JInIHbIX TUIIOB.

[Tocrpoensl GeckoneanoMepHbie ananoru [2|, [6] ommcannoit Teopun
JIJIS TIapbl HEJIMHEHHBIX OIepaTopoB (M3 HEKOTOPBIX JOCTATOYHO IITUPOKUX
KJIACCOB) B cenapabesibHOM I'IJIbOEPTOBOM MPOCTPAHCTBE U B CIIEIHAAIb-
HBIX KJIaCCax 0aHAXOBBIX IIPOCTPAHCTB. Ha 9ToM myTH 1oy YeHbl TeopeMbl
CyIIECTBOBaHUST 00OBIIEHHBIX COOCTBEHHBIX BEKTOPOB T: Fy(x) = AFi(x)
apbl HEJTUHEHHBIX orepaTopoB (FY, Fy), yTOUHSIONIE KIACCHIECKIE TEO-
PEMbI TAKOTO BHJIA.

B noksajie OyyT npuBeieHbl U ApyTUe TPUIOXKEHUsI BBEJIEHHBIX WH-
JIEKCOB.

JIuteparypa
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TOTTOJTIOTUYECKAS CTPYKTYPA JIOITOJTHEHUU
KOH®UT'YPAILIMN TUIEPIIJIOCKOCTEN B C" 1
N30MOHOJPOMHBIE JEPOPMALINN ACCOLIMUPOBAHHBIX
OYKCOBBIX CUCTEM
JIekcun B. II. (Poccus)

KI'TIN

lexine@mccme.ru

B komiekcuoMm smmHeiinom npocrpancrse C™ co cTaniapTHBIM 3PMUTO-
BBIM [IPOU3BEICHUEM (U, V) = Y .| U;V; PACCMATPUBAIOTCS KOHMDUTY DAL
runieprutockocteit H = {H,, = ..., Hqa, }, OllpesiessieMble KOHEIHBIMU Ha-
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bopaMu HeKoJUIMHeapHbIX BeKTopoB R = {a,...,ay} C C", nopoxia-
romux C". Kazknas runepiuiockocts H,; OpTOroHajbHa BeKTOpy . [le-
dopmanuu HaOOPOB BEKTOPOB R ompenesnsor jgedopmaliun KoHPUrypa-
it ruriepiiockocreit ‘H. I[Ipu yeioBusix Ha jgedopmaliim, KOTopble He 13-
MEHSIFOT TOMOTOIIMIECKOT'0, TOIIOJIOIMYECKOro min AuddeoMopdHOro TUIla,
morosiaernst C™ \ Ujvzl H,;, paccMaTpPHBAIOTCS ACCOMUUPOBAHHBIE JITHEH-
Hble pykcoBbl cuctembl Ha C" ciieytomniero Buia

aw(z) = (30 Dedle2) ) g ) ()

acR (&7 Z)

rie B, = hoa" ® a, a € R, h € C gaBisiorcst TUHERHBIMEA OlIepaTOpaMu
ma C" panra omun, a mMmenno, B,(v) = hy(a,v)a u nesaBucar or Ire-
PEMEHHBIX 2 = (21,...,2,) (X HazpiBarOT KO3bduimeHTaMu GyKCOBOi
cucrembl). Oyuknust ¥ npunumaer 3uadenus B C". Ilpuomurest onuca-
HIUE YCJIOBUI Ha HAOOPHI BEKTOPOB [, KOTOphIE 00eCIIeYnBaIOT BBITIOJTHEHUE
ycsoBuit marerpupyemoctu @pobennyca Jjist cucreMsl (). B criermaibHbIx
cydasix, Korjaa Habop BEKTOPOB R sBJIeTCs CUCTEMOI KOpHEl HEKOTOPOit
KOHEYHOM KOMIIJIEKCHOU I'PYIIIBI OTPpaKeHU, JJaHO OIMCaHue IIpe/icTaBIe-
HIIT MOHOIPOMUH (DYKCOBBIX cucTeM (). O6CYKIAI0TCST pA3TUIHbIE BapH-
AHTBI TOCTAHOBKM 3a/1a91 00 M30MOHOIPOMHOIT JiehopMaIinu cucreM ().
[IpuBojsTcs yciaoBus Ha jiecbopMariuu Habopa BEKTOPOB R, KOTOPHIE JTAI0T
pa3/InIHbIe THITBI W30MOHOAPOMHBIX jiedpopMmariuii cucreMbl (). Jlokaza-
HO, UTO B KJIACCE ONKMCAHHBIX BBIIIE PYKCOBBIX CUCTEM C KO PUIMEeHTaMI
paHra OJUH He CyIIECTBYyeT HETPUBUAJbHBIX OJIHOIIAPAMETPUIECKUX U30-
MOHOJIPOMHBIX JedopMaliuii, T.e. JedOopMaIuil OTIUIHBIX OT YMHOYKEHUS
BCEX ITapaMeTPOB CUCTEMBI h, Ha CKAJIAPHbIE MHOXKUTEIN, 3aBUCSIINE OT
napamerpa aedopMaIlim.

Pabora Benercs mpu coyieiicTBrm rpanTa npesujienta Poccun mojiiepx-
Kk BeaymumxX HaydHbrX mkoa HII-6849.2006.1 m rpanta PODPU 07-01-
00085.
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MVYJIBTUIIJINKATUBHBIE ®YHKLIWN BMECTO JIOTAPU®MA

JIepuep 3. 0. (Poccus)
Kazanckuii rocy/1apCTBEHHBIIT YHUBEPCUTET
lerner@ksu.ru

B [1] B. . Apnosibj paccMOTpes CIeIYIONLYIO JINHAMUYECKYIO CHCTe-
My, TTIOPOXKJIEHHYIO OllepaTopoM KoHedHOro juddepentupopanust. [lycTs
T — 3aMKHYTas II0CJIeI0BATEIbHOCTD U3 7 3JIEeMEHTOB KOHEYHOIO 1oJid Fy,
(3a n-M 3JIeMEHTOM OISATH Cjeryer mepsbiii). [lycts M — MHOXKECTBO BCex
TaKux mocjenopareabHocTeir. Oupeneaum onepanmio A: M — M kax 1ie-
PeXo/ OT T K TOC/IeI0BATE/THHOCTH PA3HOCTEH COCETHUX IJIEMEHTOB U3 I.
Jnunamuaeckasi cucreMa A 3a1aeTcss OPUEHTHPOBAHHBIM rpadoM ¢ Bep-
IITUHAME, TTOMeUeHHbIME T, © € M. VI3 KaxK 101 BEPIIUHBI T BBIXOIUT POB-
HO OZHO pebpo (Bemytmiee B Ax). ATTpaKTOPHI JTUHAMHIECKONW CUCTEMBI
A TIpeJICTaBIISIIOT CODO# KOHEUHBbIE MUKJbL. K KaxKa0#l TOUKe aTTpakTo-
pa BeJeT JepeBo OnHOro m Toro ke Buga (cm. [1]). Apmosbm nccremno-
BaJl Ipadbl AMHAMHYECKONH cucreMbl A st ¢ = 2 u ¢ = 3. 3ameuy,
9TO pacueThbl, OCHOBAHHbIE Ha AJIOPUTMe U3 |2|, MO3BOJIMIN BBIIUCATH
s1u rpadbl s Beex 3Hadenuit n < 300 u n < 150 coorBeTCTBEHHO (CM.
http://kek.ksu.ru/kek2/myArnold.htm). Paccmorpenue stux rpados mos-
BOJINJIO YTOYHUTDH TUIIOTE3bI APHOJIBIA U Jajiee J0Ka3aTh UX.

[IpousBosbHBIE TUHEIHBIE OlTlepATOPBI A, IIpEICTABUMbIE B BUJIE CYMMBbI
Yoo aiAl a; € Fy, Gynem Ha3bIBATH TPAHCIISIMOHHO-NHBAPUAHTHBIMA.
Ecm ay = 0, To omeparop A Oymem Ha3wBaTh AuddepeHITnaIbHBIM.
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B. 1. Apnosbz B [1| 3a1aBat KOMIIOHEHTHI HAYAIBHOTO BEKTOPA T € TIOMO-
b0 pasanaabix dyukiwit f: z; = f(i). Ecin x npunamrexur obiactu
MPUTSZKEHUsT TUKJIa HarOOJIbINero mnepuoja (st 3aaHHOrO0 0TOOparKe-
Hus A), IpudeM Npenepuost TocaeIoBaTe/bHocT T, Ax, A%z, ... Mak-
CHMAJIbHO BO3MOXKEH, TO (GpyHKIMA [ Ha3bIBaeTCs caMoil cao:KHOM. Fcm
YK€ T IPUHAIJIEXKUT 00/ IaCTH IPUTAXKEHNS IINKJIa HAnOOJIBIIEro IEPUoIa 1
[IPE/IIIEPUO/L Ha €TMHUILY MEHbBIIEe MAKCUMAJILHOTO, TO [ HA3BIBAETCS IOUTH
CaMOW CJIOZKHOIA.

ApHOJIBT BBLABUHYJ THUIIOTE3Y, 9TO IPpU ¢ = 2 U N + 1 paBHBIM HEKO-
TOPOMY IIPOCTOMY YHCJIY T ajiredpamdeckas JorapudmMuieckas QyHKIIN,
3ajiaBaeMasd PoOPMYJI0it

0, ecysm ¢ — KBaJpaTUYHBII BbIYET 11O MOJLYJIIO T;

1) = . . 1
1) 1, ecnm ¢ — KBaJIpaTUIHBIIT HEBBIYET 110 MO/IYJIIO T, (1)
SIBJISIETCST CAMOM CJIOYKHOM WJIM ITOYTH CaMOI CJIOXKHOM /17151 oreparopa A.
K coxkasienuro, sTa TuIore3a HeCIIPaBe/INBa P HEKOTOPHIX 3HAYECHU-
sx n, Hanpumep npu n = 17. Tem He Mmenee B [2]| jqokazaH ciemyromuii

daxr.

Teopema 1. Ilycmv n = r — neuemmnoe npocmoe wucao. Tozda dyrk-
yua f, 3adannasn gopmyaot (1) npu 1 < i < n— 1 u doonpedesennan
kax f(n) = f(0) = 0, asasemca camotl carooicroli Gynryuets 1106020
MPAHCAAYUOHHO-UHBAPUGHMHO20 onepamopa A mozda u moavko mozda,
K020a 0AA HEKOMOPO20 UeA020 k BLINOAHEHO:

aubo n =4k +3 uw HOH (¢, k+ 1) = HOZ (¢q,2k + 1) =1,

aubo n =4k + 1 uw HOJL (¢, 2k) = 1.

HeecrBennocts mpoomnpeesennus jorapudma dhopmyoit f(0) = 0 (Hob
— CYIECTBEHHO 0c00ast TOYKa OOBIYHON JlorapudMudecKoi hyHKIUH) 0~
CJTy2KUJIa B |2] IpUYIrHON OMCKA, CJIOKHBIX (PYHKITHIA, /71T KOTOPBIX TAKOEe
Joonpeienerne obmenpuusaTo. Iycrs n — npocroe dnciao. Oyukimio f u3
{1,...,n — 1} B F, HazoBem mynbrummkarusaoit, ecam f(ij modn) =
f(@)f(j) mast m00BIX ¢, j U3 06JIACTH ONpEJIe/IeHus, TPUIeM f OTJINIHA OT
koncranTol. [lonoxkum f(n) = 0.

Teopema 2. I[Ipu HO/ (n,q) = 1 npousgosvhas Myssmuniukamue-
HAA QYHKUUA ABAAECMCA AUOO CAMOTE CAOAHCHOT, AUOO NOUMU CAMOT CAOIHC-
Holl Ppynkyuett oan 100020 duddepernyuarvroz20 onepamopa.
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MCCJIEAJOBAHUE I'EOJE3NYECKOIO IIOTOKA HA T'PVIIIIE
COXPAHAKOIINX OB BEM JUODPEOMOPDOU3MOB
C UCIIOJIbBOBAHUNEM OIIEPATOPA
KOIIPUCOEJUHEHHOI'O JIENCTBUA
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B noknane pasbupaercss MOX0J K IMOCTPOECHUIO PENIeHuil ypaBHEHU
MaTeMaTUIeCKOl (3K, OCHOBAHHBIN Ha IIOIPY2KEHUN KOHMUI'YPAIIOH-
HOI'O IIPOCTPAHCTBA OIKMCHIBAEMOTO (DU3MIECKOI'O 00bEeKTa B HEKOTOPYIO
6eckoneunomepuyto rpyiiy Jlu—D@perie G ¢ anredpoii JIu g. Biepsbre Ta-
Kas KOHCTPYKIs Obiia npumenena B. W. Apuonbgom [1] jis rpyrmist
coxpaHgmnx obbem auddeomopdnu3MoB.

[Ipeamosaraercss, 9ro B ajredpe JIu g nmeercsa cKaJgpHOE IIPOU3BE-
nenne (u,v), KOTopoe MHIynupyer Ha rpyime Jlu G jeBo-(wmm mpaso-)
MHBAPUAHTHYIO METPUKY B 3aBUCUMOCTHU OT (DUBUIECKOI'O CMBIC/IA 3 IaMN.
[eonesuteckue 910 METPUKHU SIBISIOTCA PeIleHUsAMI ypaBHEHU Ditiepa

na rpymue JIu G.
ou

ot

= adu*u(—adu*u).
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it aHasM3a IOBEIEHMsI PEIeHnil ypaBHeHU Diijiepa IIOJIe3HO yCTaHO-
BUTH BHU/I OIIEpaTOpa KOIPUCOEINHEHHOrO JieficTBust adu®.

PaccmarpuBatorcest ypaBHeHust Jitjiepa Ha rpyiie guddeomMopdu3Mon
Diff,, (M), coxpansiomux 3j1eMeHT 00beMa KOMIAKTHOIO OPHEHTHPOBAH-
HOT'O PUMaHOBa MHOT000pasus M, SIBJIAIONIErOCsT 00JIaCTbIO TEUEHUS UJIe-
aJIbHOM HecykuMaeMoit Kujkocru [2|. M3BecTHO, 4T0 U3 Buja onepaTopa
ad u* MOXKHO IIOJIyYNTH IIPOCTOE BBIParKeHUe JJIsi CEKIIMOHHBIX KPUBU3H
Dift, (M) B ciyuae, xkorga M JIOKaJIbHO €BKJIHIOBO [3].

B nokitajie pasbupaercs Jipyras TpyIIia IMPUJIOYKEHHWH, CBI3aHHBIX C
BujioM adu”. Bepercsa pazjiokeHne B HEKOTOPOM OPTOTOHAJILHOM Oasuce
{er} C g mons ckopocreit u' = >, uley, ngeasbHON HecKNMAEMOI KU/~
koctu. [lokazano, 9To mpousBogHbIE KOIMDMUIIMEHTOB STOI0 PA3IOKEHNS
VJIOBJIETBOPSIIOT OIEHKE

t
ouy,

S| < Clen)llul)

Orcrona cieyeT, KoappUIMEeHT Ut yI0BJIEeTBOPAIOT yCa0BUIo JIummmia
’ k

Ha BCEM IIPOMEXKYTKE CBOEro CyIIeCTBOBaHUsI, IpudeM Hopwma Jlummunia

3aBHCUT TOJBLKO OT HadadbHBIX ycaosuit u'. I1oj00HbIE OIEHKH Hepe Ko

CTPOSITCsl B JIOKAJBHBIX TeopeMax CyIIeCTBOBaHUs U €JIMHCTBEHHOCTH [4],

HO HOpMa, JIumiuia TaM 0OBITHO OIIpejiesieHa, JIUIIb JIOKaJIbHO. BoJiee 11o-

JIpobHO pazdupaercd ciaydail n-mepHoro Topa 1. B kadecTBe e, 6epercs

O6a3muc U3 HPOCTHIX TapMOHUK, Te k € Z™. Ilonydena oneHka ijisi BbIpa-

JKEHUSI

1 |Out |’

| Tk

k|| Ot

= I¥]

C MazKOPaHTOM, HEe3aBUCAIIIEH OT BpEMEHH t.

B cityaae ypasuennst HaBbe—CToKca aHaIOTTIHbBIE OIIEHKHT YIA€TCsT T10-

ou
JIy9UTH 111 KO(DDUIMEHTOB Pa3/IoKeHus BEKTOPHOro 1o — — vAu,

ot

rae UV — BA3KOCTDb 2KNJIKOCTH.
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BEPCAJIBHBIE JE®@OPMALIMU MATPUILL: IIPUJIOXKEHUSA U
YUCJIEHHBIE METO/IBI

MaiinpibaeB A. A. (Poccus)
MI'Y um. M. B. Jlomonocosa

mailybaev@imec.msu.ru

JIoka1 TOCBSIIEH MPUIOXKEHUSIM TEOPUU BEPCAJbHBIX JAedOopMaIimii
MaTpuil, paspadborannoit B. 1. Apunonbaom B 1971 roxy. B noknae 6y-
YT IIPeJICTaB/IeHbl IIPUIOXKEHUsT BepCaJIbHBIX JAedopMalnii K mpobeme
YUCJAEHHOI'O OIIpe/ie/IeHnsd KPaTHBIX COOCTBEHHBIX 3HAYEHUN JIJIsT MATPHII,
3aBUCSIINX OT ITapaMeTPOB, NPUIOKEHNA K TEOPUU YCTONIMBOCTHA U TEO-
pun yupaBjeHUsT MHOTOIIapaMeTPUIEeCKUX CUCTeM. ByayT mpejicTaB/ieHbl
dusnueckue 3pPeKTh, ONUCAHNE KOTOPHIX BO3MOXKHO IIPU IIOMOIIU TEO-
pUM BepCaJIbHBIX J1epOpMAaIlnii.
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OB YPABHEHHUAX CO CBOUCTBOM O;

Mup3sos dxk. . (Poccus)
A ipireiickuii ToCyIapCTBEHHDBIN YHUBEPCUTET
mirzov@adygnet.ru

Paccmorpum ypaBuenue
u” + a(t)|u]" signu = 0, (1)

rien >0, a: R, — R, jokajgbHO cymmupyeMas ¢pyukius. Hac Oymuer
MHTEPEeCOBaTh MOBEJIEHIEe TPABUIbHBIX peliennii ypaBuerusi (1) B oKpect-
HOCTH +00. HeoOXouMble MOHSITUS ¥ OIlPeJe/IeHIs] MOXKHO HaiTu B [1]
win [2].

®. B. Arkuncon (3| mokazas, aro ecim n > 1, To i KosebeMocTn
BCEX ITPABWJIbHBIX DellieHuii ypaBHeHus (1) HEOOXOIUMO ¥ JIOCTATOYTHO,
YTOOBI

/ +oo ta(t) dt = +oo. 2)

1. Besoroperr [4] yeranosui, uro ecyim 0 < n < 1, 1o jijist KoJiebiemo-
CTU BCEX NPABUJIbHBIX pellienuii ypasHenus (1) HeoGX0 MO U JIOCTATOYHO,
ITOOBI

/+OO t"a(t) dt = +oo. (3)

N3BecTHO, UTO /151 TUHEHHBIX YPABHEHUI BTOPOIO MOPSIKA HET MHTE-
I'PaIbHBIX IPU3HAKOB KOJI€0JIEMOCTH PEIICHU, aHAJJOTTIHBIX KPUTEPUIM
®. B. Arkuncona u 1. Benoropma. Ilosromy, 3amerns, aro ecomm n — 1
ycaosue (3) “npubsmkaercss’” K (2), MpeIcTaBIsieTcs KHTEPECHBIM BOTIPOC:
qeM sBJIgeTcd yesosue (2) s ypasaenus (1) mpu n = 17

OTBeTry Ha 9TOT BOIIPOC IIOCBSIEHa JaHHasi padbora.

Ckaxkem, uto ypasuenue (1) obsamaer cpoiictBom (Op, ecin Kaykioe
ero MpaBWIbHOE pernerne U (1) sBIsSeTCs KOO TIOMUMCs JTHO0 MOHOTOHHO
CTPEMUTCA K OECKOHETHOCTH 1IPHU ¢ — —+00.

Teopema. [Tycmv n = 1. Tozda (2) ecmv neobxodumoe u docmamou-
noe ycaosue 0z nasuvus ceoticmsa O1 y ypasnenus (1).

AHajiornaHoe yTBep K IeHue TOJIYIeHO U I JIBYyMEPHBIX HEJTMHEHHBIX
JudpepeHnnaIbHbIX CUCTEM.
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OIITUMAJIbHBINI CUHTE3 B 3AJJAYA 'EOMETPUU
INTPUXOB HA TIJIOCKOCTH

Momucees U. B. (Uranms)

International School for Advanced Studies, SISSA —ISAS, Trieste

moiseev@sissa.it, moiseev.igor@gmail.com

B pansOil 3a1a4ue paccMOTpeHa MOJIEJIb IJIOCKOCTU ¢ KaXKJI0i TOYKOI
KOTOPOIl CBsI3aH BEKTOD, 3aIalOlIUil HalpaBJIeHUE JIBMXKEHUSA. DTa KOH-

CTPYKIMA €CThb YaCTHBIN Cjay4Yail KOHTAKTHOW CTPYKTYPbI 3aJ[aHHON Ha

TPeXMEepHOM MHOroobpasun nosiHoropust, cM. [1]. Ilomobuble Moaenn BO3-
HUKAIOT B MHOYKECTBE MPUKJIQJHBIX 3a/ad, HAPUMED B MOJEJSIX BH/Ie-
aust [4] u pobororexnuxe [5|.

[IpousBeieHO TOCTPOEHKE ONTUMAJLHOTO CHHTE3a TPAEKTOPUHU B 3a-
Jade yrpaBJieHnst U IIPOBEJICHBI UCCJIeI0BAHIsT OCOOEHHOCTEl 9KCIIOHEHITH-

aJIbHOrO 0ToOparkeHust. [IpuMeps! OIOOHBIX MCCIEI0BAHUI MOXKHO HANTH
B cTaThsx (2|, [5] u [6]. B pabore usyuatorcst ocobenHOCTH CyOPUMAHOBOI
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cdepnr. CybpumanoBa cdepa nMmeer JaBa TUIIA OCOOEHHOCTEH, 3TO caMoO-
1epeceveHnsT 1 MHOXKECTBa TOYEK BO3BpaTa. llepBbIii Tl ocobeHHOCTEH
coOoTBeTCTByeT cTparaM Maxkcsesnia, a BTOPO#l TUIT KAYCTHKAM.

[Ipu mocTpoeHnn ONTUMAJIHLHOIO CHHTE3a B 3ajade yIIpaBJIeHUs HAH-
OoJiee BaXKHBIM BJIFAETCS TIEPBOE caMollepecevdeHre CyoOpuMaHoOBOM cepbl
I MOMEHT ITOTEePHU TJIODAJBHON ONTUMAJILHOCTH TPACKTOPUU CUCTEMBL.
U3 obimeit Teopur KOHTAKTHBIX CTPYKTYDP, cM. [1], [3], aroT MOMenT Bpe-
MEHM OIIEHMBAETCSI MOMEHTOM IIOTEPH JIOKAJILHON ONTUMAJIHLHOCTH, COOT-
BETCTBYIOIIMI TOYKAM KayCTUKI.

['naBHBIM pe3yabTaToOM PAOOTHI SIBJASETCS IOCTPOEHUE CUHTE3a OITH-
MaJIbHOTO YIIPABJIEHHSI, 9TO CBOJUTHCSA K JTOKA3aTEeILCTBY ABYX (PaKTOB.

1. XapakTepucTuka BpeMs pa3pe3a W IOTePU TPACKTOPUAME OIITH-
MaJIbHOCTM.

a. Bpewmst paspesa t = t(0y| p, ) ecTb KOpeHb CJIEIyIONMX YPaB-
HEHU

x Cuty(t,00|p, ) =m+2x — 0, — 6y, Bcaygae p>1

x Cuto(t,00 | p, ) =7+ 6, — b, B cay4dae p < 1
6. Bpewms paspes3a mHBapHaHTHO OTHOCHTEJILHO Bapuallmii
Buby:t=t(p).
B. t € {%K(%), %K(%)}, B caydae p > 1,
t =2K(p), B ciaydae p < 1.

rjae K (m) ecTb HMOJHBIH 9JUIMITHYECKUIT HHTErpaJjl epBOro Po/Ia.

2. DKcTpemaJsu Oe3 Touek rnepernda He IMEOT COPAXKEHHBIX TOYEK, T.e.
OCTAIOTCs JIOKAJIbHO OIITHUMaJIbHBIMU BCIOJLY.

JIuteparypa
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KAHOHUYECKHNE U 'PAHUYHLIE IIPEJACTABJIEHUS HA
CUMMETPUYECKUX [TPOCTPAHCTBAX

MostuanoB B. ®@. (Poccus)
TamOoBCcKUii TOCy/1TapcTBeHHbIN yHUBepcuTeT uM. [ P. /lep:kaBuna
molchano@molchano.tstu.ru

Kanonuveckue npejcraBjieHus Ha SPMUTOBBIX CUMMETPHYECKUX TIPO-
crpanctBax (G/K Obuin Beesenbl Bepesnnsiv u BeprkoMm, [esbdanmom
u ['paeBbIM — Jjisi 1iejiefi KBaHTOBaHUsI W KBAHTOBOW TEOPUU IIOJIS.
OHu yHUTAPHBI OTHOCUTEIHHO HEKOTOPOTO MHBAPUAHTHOTO HEJIOKAJIbHOTO
CKaJIIpHOTO TipousBesienns (dopma Bepesuna). Mol gymaem, 910 ObLIO
OBl eCTeCTBEHHBIM PAcCMaTPUBATh KAHOHMYECKHE ITPEJICTaB/IeHUs B 0ojiee
IIIIPOKOM CMBICJIE: HAJI0 OTKA3aThCsl OT YCJIOBUSI YHUTAPHOCTU U TI03BOJINTH
IIpeJACTaBJIEHUAM JIefiCTBOBATh B JIOCTATOYHO MIMPOKUX IIPOCTPAHCTBAX
dYHKIMI U cevyeHuit TMHEHHBIX PacC/IOeHn, B YACTHOCTH, B TIPOCTPaH-
crBax 0000IIEeHHBIX QyHKIMNA. [loHATHE KaHOHMYECKOIO IIpeICTaBICHMSI
(B 9TOM HMIIPOKOM CMBICJIE) MOYKET ObITh PACIIPOCTPAHEHO HA JPYTHe KJIAc-
ChI TIOJIYIPOCTBIX CHMMETPUIeCKUX TpocTpaHcTB G/ H, Kak PUMAHOBBIX,
TaK W IICEBJIO-PUMAHOBBIX. boJjiee TOro, MHOTIa OKA3bIBAETCS IOJIE3HBIM
paccMaTpUBaTh Cpa3y BMECTe HECKOJIbKO mnpoctpancTs G/ H;, BO3MOXKHO
¢ pasHbiMU H;, BJIOXKEHHBIMU KaK OTKPbITbIe (G-OpOUTHI B HEKOTOPOE
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KOMITAaKTHOe MHOTOOOpasue (), Ha KoropoMm (G JeiicTByeT, Tak 4TO () eCTh
3aMbIKaAHUE O0bEJIMHEHUSA STUX OPOUT.

Kanonuueckue mpeJicTaBjIeHist MOXKHO OIIPEJICJIUTh CJIeJyIOIM o0pa-
som. [lycte G — rpymnma, comepxamas G (“maarpymnma’), Ry, A € C, —
cepusi IPeJICTaBICHUN TPYIIIIbI G , MHJ1yIIMPOBAaHHBIX XapaKTepaMH HEKO-
TOPO#i TapabOIMIecKoil TOArpyibl P, cBst3annoii ¢ npoctpanctBoMm G/ H,
u geficteyromux B gynknuax Ha ). Kanonmdeckue npejcrasienus [y
rpymnbl G — 9TO orpanmvenns npejcrapaenuit 2y na G. Boobme rosops,
nupejicrapiaenns Ry u Ry MOTyT elle 3aBUCETb OT HEKOTOPOI'O JTUCKPETHOTO
apamerpa.

Jlpyroit BapuaHT COCTOUT B TOM, 9TO MBI eIfle orpannamBaemMcs Ha G-
opbuty Ha ).

Nsy4aenne mnpencrapaennii B (GyHKIUSIX Ha BceM {) OKa3bIBAeTCs B
HEKOTOPOM CMBbIC/Ie O0JIee eCTeCTBEHHBIM, YeM HM3yUeHHue IIpeJICcTaBIeHui
B (OYHKIMAX Ha OJHON opduTe. B 9acTHOCTH, MOXKHO JIETKO HAITUCATh
oOpaTHBIl omepaTop s mpeobpaszoBanHusa bepesmna (Jy: OH ecTh
npeobpazoBanne bepesmna ()_y_, e N — HEKOTOpPOe HYHCJI0. IDTO
MO3BOJISIET TOJIyIuTh pasioxkenue (“dopmyny I[lranmepens”’) dopmbl
Bepesuna 151 Bcex A B IBHOM U ITPO3PAYHOM BHJIE.

Kanonndaeckue mpescTaBieHns MOPOXKIAIOT I'PAHUYIHBIE IIPEICTaBIIE-
HUsI — JIBYX TUIIOB: IIPEICTABIEHNSI OHOTO TUIIA AEHCTBYIOT B 0000OIIEHHBIX
PYHKIUAX, COCPETOTOUYECHHBIX HA T'PAHUIIE, IIPEJICTABICHNsST BTOPOTO THUIIA
JIEHCTBYIOT B CTPYsIX, TPAHCBEPCAJIBHBIX K I'paHuie (B Kod(hhuimeHTax
Teitopa OTHOCUTEIHLHO TPAHUIIDI).

B nacrosiimee BpeMmsi siBHbIEe (DOPMYJIbI JIJIsI PA3JIOXKEHUST KAHOHUYIE-
CKUX 1 TPAHUYIHBIX IIPEICTABJIEHUI MOTyIeHbl I MHOTUX CHMMETPHTIe-
CKHUX IPOCTPAHCTB PaHra OJINH, B YACTHOCTH, JIJIsI TUIEPOOJIMIECKUX TPO-
CTPAHCTB.

Paccmorpum, Hanpumep, npocrpasctso Jlobadesckoro G/ K, rie G =
SOp(n —1,1), K = SO(n — 1). Ono ecTb 0/HA TI0JIa JBYIOJIOCTHOTO T'HU-
nepbostonyia £ B R, 3a1aBaeMbiM ypaBaeHueM —x2 — ... — 2 | 412 =1,
Ero pazmepnocts paBHa n — 1. B kadecTBe HaAIpyImmbl Mbl OepeM G =
SO¢(n, 1). Dra rpynna jeiicteyer B npocTpancTse R koTopoe nosy-
yaercs jodapiaenneM K R” KoopamHaThl Xg. I'pymma G coXpaHsieT OMIm-
Heitnyto opmy [z, y]] = —oyo — - .- — Tp_1Yn—1 + TpYn. IIpencrapnenns
Ryr,, N € C, v = 0,1, — sro npezacrasienus rpyunsl (G, CBA3aHHBIE C
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konycoM ||z, x]] = 0. Ouu geitcrBytor B npocrpanctse D, (2) dyukimii
gernoctu v u3 D(Q) (D = C*), rue 2 — cedeHne KOHyca THUIEPILIOC-
KOCTBIO T, = 1, 9T0 — eauHUYHasA cdepa pasMmepHoctu n — 1. I'pymma
G umeer Tpu opburhl Ha : ase nosycdepbl QF (rg = 0) um sksarop
Q0 (2o = 0). TunepGosons; £ MOKHO OTOKJIECTBUTH C 3TOM cdepoit 6e3
sKBaTopa. Kanonmueckne npejcrasienns [y, rpynnsl G — 9TO orpaHu-
yennsd Ha (G IIpecTaBIeHUI EA,,,. Anpo npeobpazoBanus bepesuna ectb
[[u,vJ]]}, re J = diag{—1,1,...,1}, c MHOXKUTE]IEM.

Kanonmdeckoe npejcrasienue [?y, MOXKeT OBITH PACIPOCTPAHEHO Ha
mpoctparcTBo D! () obobmiennbix dyukimit w3 D(€)) gernoctn v. OHO
OPOXK1aeT I'PaHUYHbIe IpecTaBieHnd Ly, u M) ,, cBA3aHHbBIE C I'DaHH-
neit Q° muoroo6pasuit Q. Ilepsoe uz nHux, T.e. Ly,, €cTh OrpaHudeHUe
npescTaBieHus Ry, Ha IPOCTPaHCTBO 0000mmenubx Gynkmuit n3 D) (12),
cocpenorodennbix Ha skBatope (0. Bropoe, T.e. M), neficTByer B pagax
Teitnopa 1o ug dyuxuit uz D, (€2).

Mp1 pazjiaraem B SSBHOM BHUJIe KAHOHUYIECKUE IIPEICTABICHNS Ha HEIIPH-
BOJIMMBbIE COCTaBJISIONINE, pa3jiaraeM ¢popMmy bepesnHa Ha cOOTBETCTBYIO-
X [IPOCTPAHCTBAX U pasjiaraeM I'PDaHUIHBIE TIPEICTABICHUA.

Pematomiyio posib B pa3jioxKeHUH UTPAIOT OIeparopsl Py, , u I, ,,
o € C, cuneraronie KAaHOHIYIECKUE MIPEJICTABICHUs C IIPEICTABICHUSIMI
T, rpymmbl (G, CBsI3aHHBIME ¢ KOHYCOM (MBI Ha3bIBaeM WX Ipeodpa3oBa-
ausivu [lyaccona u @ypre). [omrockl 10 0 9TUX MpeobpasoBaHUil JAIOT
pasjioyKeHne TPaHUIHbIX mpejcrapieHuii. [Toockr mepBoro mopsiaka aa-
0T JUArOHAJN3AIMI0 [IPEJACTABJICHUN, /I ITOJI0COB BTOPOIO IOPSIKa B
PA3JI0’KEHNH TTOSIBJIAIOTCST 2KOP/IAHOBBI KJIETK.

B paszioxkeHnn KaHOHMYECKHUX IIPEJICTABJICHUN YIaCTBYIOT YacTH I'pa-
HUYHBIX IIPEJICTABICHN, KOJIMIECTBO HEIIPUBOAUMBIX YacTell 3aBUCUT OT .

Pabora nopnep:xkana Poccuiickum @onmom OyngamenTaibabIX ccte-
nosanwuii: rpanTol No. 05-01-00074a u No. 05-01-00001a, I'oyutangckoit Op-
ranmsareii Hayamsix Uccrenosanmit (NWO): rpant 047-017-015, Hay«-
ubiMu [Iporpammamu “Passurne Hayanoro Ilorennumasia Broicmreit I1Iko-
ser’”: poekT PHIIL.2.1.1.351 u Temmian No. 1.5.07.
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PACUYET HECTALIMOHAPHBIX MAIHUTHBIX [TOJIEN
B IIPOCTPAHCTBE C MHOI'OCB$I3HOW TPEIINHOU

Haymenko 4. A. (Poccus)
FOxwubiit Hayunsrit neatp PAH
jan@novoch.ru

B pabore paccMmarpuBaeTcss BEKTOPHOE OIllepaToOpHOE ypaBHEHUE, BO3-
HUKAIOIEe B IPUJIOKEHUSX MPH MOJEIUPOBAHUN HECTAIMOHAPHBIX Mar-
HUTHBIX II0JIell B OJIHOPOJIHOM IIPOCTPAHCTBE C JIEKTPOIIPOBOIAIIEH Tpe-
IIWHOIA.

Paccmorpum Lo (S;R?) — npocTpaHcTBO JIBYXKOMIOHEHTHBIX BEKTOD-
dyHKINIT Ha PUMAHOBOI MHOTOCBSI3HON IMOBEPXHOCTHU S, CYMMUPYEMBIX C
KBaJpaToM. Byliem cunTaTh, 9TO OBEPXHOCTH S U ee T'PAHUII [ SIBJISTIOTCS
snmunesbiMu. Hopmasb K S 0003HaUYMM N, a HOpMaJb K [, JeXKallyo B
KacaTeJbHOI K S IIJIOCKOCTU KaK V.

Cornacno Beitmo [1], [2], npocrpancTBo Ly (S;R?) nonyckaer pasiio-
JKEeHHe B IPAMYIO CYMMY OPTOTOHAJIBHBIX ITOIIIPOCTPAHCTB:

Ly (S;R?) =LV @ £.

[IpocrpancTBo 0600MIeHHIBIX 10 Beitmo norenrmaabupix moseit L) mo-
JKeT pacCcMaTpHUBaThCs KakK 3aMblKaHue 1o Hopme Lo (S;R?) muokecTBa,
3JIEMEHTaMH KOTOPOI'O SBJISIOTCA I'DaJUeHTEl (DYHKIUH 13 00(1) (S). Ilpo-
CTPAHCTBO OOOOIEHHBIX COJICHOUIATBHBIX TOJIEl £ B CBOIO OYepe b MOXKET
OBITH IIPEJICTABJIEHO B BUJIE:

e=6a¢ LY.

31ech B — KOHETHOMEPHOE IOAIPOCTPAHCTBO TAPMOHUYIECKUX Ha S TOJIeit,
Pa3sMepPHOCTh KOTOPOTO SIBJIIETCSA TOIMOJOINIeCKUM HHBAPUAHTOM ITOBEPX-
HOCTU S, Ha €JIUHUIy MEHBIIUM ee. B 9acTHOCTH, ec/in IMOBEPXHOCTH S
oaHoCBA3Ha, To & = &. Beegem opronpoekrop P uz Ly (S;R?) na mnoj-
npocrpancTso £. Beegem Takxke opromnpoektop P = P*PS, rne PS o6ny-
JIsIeT HOPMAJIBHYIO K S KOMIIOHEHTY IIOJIA.

Byem paccmaTpuBaTh ciieyroliee oepaTopHoe ypaBHEHNUE:

0
5 = A7 K8+ £(t). (1)
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1
Bnecs K =PT F§:4—/ §
m S T'NM

napamerp; S — JAByMepHasl TPeIInHa; 0 — HEM3BEeCTHAsI BEKTOPHOS ILJIOT-
HOCTH IIOTEHIIHaJIa IIPOCTOro cjlod. Bynem cunrtarh Takxe, uro ||f|| . ecrs
orpannvenHast pyHkiysi Bpemenu mupu ¢ € [0, 00).

CoiicTs omeparopa K, mokasanHbxX B [3], 70cTaTOIHO, 9TOOBI CIIEKTD
ero ObLT JJUCKPETEH, a cOOCTBEeHHbIE (DYHKIINN 00Pa30BhIBAJIM B IIPOCTPAH-
crBe &£ IOJIHYIO OPTOHOPMaJIbHYIO cuctemy. Ha ocHoBe 3TOro, mpu Jo-
CTATOYHO MINPOKUX IIPEJIITOTOKEHUSIX OTHOCUTEIBHO IJIaIKOCTH (DYHKITUN

dSn; A — HEKOTOpPBIII BeleCcTBeHHbIH

|f]| ¢ MOKa3bIBaeTCA CylleCTBOBAHNE, €JMHCTBEHHOCTD U YHCII€HHAs YCTOI-
9uBOCTE perterns ypasaenus (1). CTpouTcs 9uCaeHHBI METO/T €ro perre-
Hust. [IpuBo/IATCS IPUMEPBI PacYeToB.

JIuteparypa
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SAIAYA PUMAHA JI YPABHEHUN MEJIKOM BO/bI
HA CTVYIIEHBKE
ITerpocsan A. C. (Poccus)

WNuacturyT Kocmudecknx nuccaeaoBanuii PAH
apetrosy@iki.rssi.ru

PaCCManI/IBaeTCﬂ penienne 3aJia9m1 Komu ¢ KYCOYHO IIOCTOAHHBIMHA Ha-
YJaJIbHbIMU JaHHbIMHM J1JIA ypaBHeHI/IfI MEeJIKOI BOIbI Ha CTYIIEHBKE. IToka-
3aHa MHOXKECTBEHHOCTDLb PE2KMMOB 00TEeKaHUA CTYIIEHbKN B 3aBHCHUMOCTU
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OT COOTHOINEHNSI T'UIPOIUHAMUIECCKIX [IaPAMETPOB U BBICOTHI CTYIIEHHKH.
[Ipemozkena anmmpokcuMalinsl ypapHeHnil Diljiepa KBa3uIBYXCJIOMHON MO-
JIeJIbIO MEJIKOI BOJIbI, IIO3BOJISIIONIAs HANTH OJHO3HATHOE PEeIlleHne 3a,/1a4n
Pumana juta TeveHuit TA2KeI0i KUIKOCTHA B T0JI€ CUJIbI TSXKECTH.

METOZ JIMHUN YPOBHS U AHAJIN3 OCOBEHHOCTEN
TEYEHUN YKUJIKOCTU U I'A3BA

PorioB A. U. (Poccus)
Nucturyr maremarnku um. C. JI. Cobosesa CO PAH, HoBocubupck
rylov@math.nsc.ru

AHnanuTrudecKue MCC/IeIOBaHUS TeYeHUN »KUJKOCTH U Ta3a B 3HATHU-
TEJIbHOW CTEIeH! OIMUPAIOTCH Ha Pa3/JIMIHble T€OMETPUUYECKNE MeTOJIbl U
no/xob! [1]-[4]. Meros simnnit ypoBHS OCHOBaH Ha aHAIM3€ JTMHUIT YPOBHS
Takux rmap pyHKIWA , KaxKasi 13 KOTOPhIX MOHOTOHHA BJIOJIb JIMHUH YPOB-
He apyroit dyukiuu [4]-|7]. Kak okasbiBaercs, B 06/1aCTH 3/ IMITUIHOCTI
CBO#ICTBOM MOHOTOHHOCTH 00J1a/iaeT PelleHne IIPON3BOJILHON OIHOPOIHO
CHUCTEeMBI JIBYX ypaBHeHHii nepBoro nopsiiaka [5]. BaxkubiM sramom B pas-
BUTUU METO/1a ABJISIETCS MTOCTPOEHHE aJrOpUTMa IIpeodpa30BaHns HEOTHO-
POJIHBIX CUCTEM B OJJHOPOJIHBIE [5], MO3BOJIMBINETO BOBJIEYb B PACCMOTDE-
HUE PAJ, HOBBIX Hap (YHKIWMMA, UX JUHANA YPOBHSI U HOBbIE (DU3MIECKUE
0O'bEKTHI, HATIPUMED, ocecuMMeTpudHe Tedenus [5|-|7] u ap..

MeTto,1 ocoberHo 3hpHeKTUBEH TP COBMECTHOM aHAaJII3e OCOOBIX TOYEK
(beckOHEYHO y/IaJeHHON TOYKM, TOUYEK BETBJIEHUS, TOUEK TOPMOXKEHUS W
pa3pbiBa KPUBU3HBI Ha OOTEKAEMOM TeJIe U T.JI.) U CBA3AHHBIX C HUMHU JIVi-
HUl ypoBHs. B psijie cirydyaeB Takoil aHaM3 IMTO3BOJSIET COTIOCTABUTEL 00Te-
KaeMOMY TeJIy CTPYKTYPY OCOOBIX TOUEK U XapaKTePHBIX JUHUN YPOBHS U
BBISIBUTH IIPUHITUIINAIBHBIE CBOMCTBA T€IEHNUI.

Ormyckast psij pe3yJIibTaToOB sl IJIOCKUX BUXPEBBIX TEUYEHUN MEXK Ly
tesoM u yaapuoit BosHoit (Hukombekuit 1949, [udpun 1966, 69, Poi-
708 1991-2003) u ocecummMeTpudHbIX OTeHIHATBHBIX Tedennil (Iudpun
1971, Pouios 1995-2003) 6ostee OAPOOHO OCTAHOBUMCS HA MCCJIEIOBAHUN
0COOBIX TOYEK OOpallleHus B HYJ/Ib BEKTOPa YCKOPEHUSA W CBA3aHHON C HU-
MU CTPYKTYPbI JUHUN HYJIEBBIX 3HAYEHUI KOMIIOHEHT BEKTOPA YCKOPEHUSI
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B 3aJladax J03BYKOBOTO obTeKanus Tej. C ncrnosib3oBanneM 0003HaYEHU M
M — vucno Maxa m p — IUIOTHOCTBH, CUCTEMa ypaBHEHUI Ha IIJIOCKOCTH
norennuasa (p, 1) takosa [6], [7]:

kU, —Vy =0, Uy+V,=0; k=(1—M?)/p*

3neck U m V' ¢ TOYHOCTBIO JIO MOJIOXKUTETHHBIX COMHOXKHUTEJIE PaBHBI,
COOTBETCTBEHHO, MPOJIOJIBHOM (BJ0JIb JIMHUU TOKA) U MONEPEYHON KOMIIO-
neutaMm F' u G BekrTopa yckopenus. [lannas cucrema m dyakiuun U n
V' ocobeHHO MHTEpEeCcHbI TIPU U3YYEHUN JIMHWI HYJIEBBIX 3HAUEHUH KOMIIO-
HEHT BeKTOopa yckopenusd. JIuausg V' = G = 0 umeer u sacHblii pusndeckuit
CMBICJI, JTUOO KaK JIMHUS TOYEK Mepernda JIMHUN TOoKa, OO0 KakK IpsMast
JmHus ToKa. Ananans ymanit ' = 0 u G = 0 jIe2KuT B OCHOBe CJIeIyIoIeit
TeopeMsl [7].

Teopema. /3 xaocdoti 0coboli mouku i 6He 0OMEKAEMO20 MENAL Gbl-
zodam wemmnoe wucao N(i) aunut F =0, G # 0 u N(i) aunutg G = 0,
F # 0, N(i) sasucum om nopadka ocobeHHoCIMU U 0M M020, ABAAECMCA
AU MOYKa i beckoHeuno YoarenHot mowkot uiu Hem.

CaencrBue. Ecau mouku pacmexanus u croda naxodamcs na obme-
Kaemom mene (KAGCCUNECKaR CTema 00MeKanus ), mo 6ce YKa3aHHbLe A-
HUU NPUTOOAM HA MEno. Anarus 2eomempuu meaa, mouex pa3pviéa Kpu-
BU3HDL, PACMEKAHUA U CT00a N0360AAEM 0Uuehumd 3navenue S =Y N (i)
U YKA3amv Ha NPUHUUNULALHBLE C80TICMEa meueHUul.

Pabora nomgeprkana MexK IuCIUIIMHAPHBIM HHTEIPAIIMOHHBIM IIPOEK-
tom CO PAH “Akryasibable IpobeMbl Teopun MYHKIIAA U THIPOIAHAMI-
kn” (mpoekt Ne 117).

JIuteparypa
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[3] Busemann A. Gasdynamik // Handbuch der experimentalphysik
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[5] Poutos A. U. CroiicrBa MOHOTOHHOCTHU PEIIEHUN SJITUIITUIECKIX CU-
CTEM TIEPBOIO MOPAJIKA U UX MPUIOXKEHUSA K YPABHEHUAM MEXaHUKU

xujgkoern u raza // [IMM. 1995. T. 59. Bemr. 5. C. 758-766.

|6] Poutos A. 1. O cBoiicTBax 0JHOPOJIHBIX CHCTEM YPABHEHUI Ta30BOii

JTIMHAMUKH JIJIsT KOMIIOHEHT BeKTopa yckopenus // Cub. K. WHIyCTD.
marematuku. 1998. T. 1. Ne 2. C. 169-174.

[7] Poutos A. U. Tonostorust inHuiA HyJI€BbIX 3HAYEHUN KOMIIOHEHT BEK-
TOpa yCKOpeHHs B JI03ByKOBBIX Teuenusx // IIMM. 2006. T. 70.
Bemm. 3. C. 400-411.

JIOKAJIBHBIE 3AJAYN AHAJIN3A 110 APHOJIB/IY:
PAIIMOHAJIbBHOCTDL PAJOA IITVAHKAPE U TEOPEMA
TPECCE

Capkucsan P.A. (Poccns)
QunancoBast Akajemust npu [IpaBurenscre PO
voidcaller@mail.domonet.ru

B pa6orax B. . Aprosba [1] (3amaqda 1994-24) u [2| 6bL1a npeiozxe-
Ha 3a/1a9a UCCe0BaHNs PAIMOHAJILHOCTH psjia [[yankape B T.H. «JIOKaJIb-
HBIX 3aJla9ax aHaJm3ay. B JoKIa/1e ¢ TOMOIIbIO TeXHUKN Oa3ncoB [ 'pebue-
pa crpoutcd cTpaTr V' HanOOJbINell pa3MepHOCTH JIjist TPOU3BOJILHOTO JIeii-
CTBUS TICEBJIOTPYIBI JI1, KOTOPBIT OKA3bIBAETCS OTKPBITHIM BCIOJLY ILJIOT-
HBIM MHOKECTBOM B COOTBETCTBYIOIIEM ITPOCTPAHCTBE OECKOHEUHBIX CTPY il
J° ( 9TOT CTpPAT SIBJIAETCS JIOMOJHEHNEM K [IePeCeYeHHUTO MOJXOIAIIEr0 Ha-
6opa runeprioBepxuocreii). JlokasbiBaeTcst panmuoHaabHOCTD psija [lyanka-
pe MOCTPOEHHOTO cTpara, V-peryasgpHocTb TOYEK crpata V, cipaBejin-
BOCTH TeopeMbl Tpecce Jijis BCEX TOYEK TOrO CTpaTa U PsiJi IPYTHUX pe-
sysbraroB. (Touka o nogmuoxkectsa S C J* Has3bIBaeTCs S-PEryJisipHOIL,
€CJIN CYIIECTBYET OKpeCcTHOCTh U 9TOil TOUKM Takas, 4To pajabl [lyankape
y Beex Touek u3 U NS cosmaaror.) Ha nmpumepe kiaccudukarmm cTpyit
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BEKTOPHBIX 110JIefi Ha MHOroobpasuu (npumep 2 u3 [1]) memoncTpupyer-
csi, aTo BHe cTpara V (00pa3oBaHHOTO CTPYSIMU HEOCOOBIX TIOJIEit) Kap-
TUHA YCJIOXKHAETCA: UMEIOTCA OTKPBIThIE B Npocrpanctee G = J* — V
00JIaCTH, COCTOLAIINE M3 TOYEK, He dABJdronmxcsad G-peryiaspabivu. Kaxk-
JIO «JIOKaJIbHOM 3aJia4e aHaJin3a» COOTBETCTBYET JICVCTBUE CBOCH I'PYIIIILI
nddeomMopdu3MOB, T.€. TMOJAXOAIIEH IICeBAOrPYIIIbI JIu. 9To 1103BOJISIET
JUI TaKUX 337129 MOJYIUTh CTPAT HAUOOJIbINENH Pa3sMEPHOCTH M TEOPEMY
Tpecce n3 TPUBEIEHHBIX BBIIIE OOIINX PE3YJIHTATOB.

JIuteparypa

[1] Arnold V. I., Mathematical problems in classical physics, Trends and
Perspectives in Applied Mathematics (Appl. Math. Series, V. 100),
Springer, 1994, 1-20.

2] Bamaun Apnomnbna, M., «DA3UC», 2000.

HEKOTOPBKIE KJIACCHI HEJIMHEWHBIX
I'MIIEPBOJIMYECKUX YPABHEHUM
C KBASHUITEPNO/JINYECKVUMHN PEINEHNAMUA

Caxapos A. H. (Poccus)
Hwukeropoackuit rocy1apcTBEHHBIN YHUBEPCUTET
nMm. H. 1. JlobaueBckoro
dynamicOmm.unn.ru
Cunopos E. A. (Poccus)
Hwukeropoackuit rocy1apcTBEHHBIN YHUBEPCUTET
nMm. H. 1. JlobaueBckoro
dynamicOmm.unn.ru

Bonpoc 0 nmeprogumdecKnx, KBa3uIePUOAMYCCKAX PEIICHUAX pPa3JInd-
HOI CTPYKTYPBI /I OIPEIC/ICHHBIX BUAOB YPABHEHUA B 9aCTHDLIX IIPOU3-
BOJIHBIX PacCMaTPHUBAJICS BO MHOIEX paborax, Hampumep, B [1|-[4]. [Ipes-
CTaBJISAIOT UHTEPEC CJIydan CyIeCTBOBAHUS JIMCKPETHOTO MHOXKeCTBa (KO-
HEYHOI'0, CYETHOI'0) COOTBETCTBYIONIMX PEeIIeHUil CIIeNUajbHOr0 BUJIA —
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aHAJUTUYECKUX KBa3UIIEPUOANIECKNX MIn OoJjiee obiiero sua. Huke BbI-
JIEJISIIOTCST YPaBHEHUsI B 9aCTHBIX IIPOU3BOIHBIX B KOHCTPYKTHUBHOU (POp-
Me, IMEIOIINe 3a/[aHHbIe MHOXKECTBA TAKUX PeIlieHuil (epuoiaecKux uin
KBA3UIIEPUOMIECKUX 110 BCEM IepeMeHHBbIM U T.1.). EcrecTBeHHO, 9TO B
caMIX ypaBHEHHSIX IBHO OTParkKeHa CTPYKTYpa PEelIeHHil.

Unmerorcst BBUy JBa ciaydas: 1) BOIPOC O 9HCJIE COOTBETCTBYIONTUX
pellleHnii paccMaTpUBAETCA B IIPOCTPAHCTBE aHAJUTUIECKUX (PYHKIUI C
burcrpoBaHHbBIM HAGOPOM YACTOT (OTIEIBHO JJIsi BEIIECTBEHHOTO M KOM-
IJIEKCHOTO CJIYYaeB), 2) MOCTAHOBKA 3aJIadU O YUCJIE COOTBETCTBYIOITIX
peleHnii OTHOCUTCS K 3apaHee YKa3aHHOMY IIOAIIPOCTPAHCTBY (DYHKIIHIA ¢
JIOIIOJTHUTEJIbHBIMU YCJIOBUSIMU, HAIIPUMEDP, HEOTPUIIATEIbHOCTh UHIEKCOB
B KOMILIEKCHOM pa3zjioxkeHnn Pypbe. B 00onx cirydasx NCXOIHBIM sIBJIAET-
sl JIMHEITHOe ypaBHEHNE B YACTHBIX ITPOU3BOJIHBIX OTHOCUTENBHO U (T, Y):

Lu = 0. (1)

[IpuBeem HEKOTOPHBIE TTOJIyUeHHBIE pe3yabTarhl. Ciaydait 1.

Teopema 1. ITycmov ypasnenue (1) umeem nempusuasvHbie KEA3U-
NEPUOOUMECKUE PEWEHUA C HACTROMAMU W1, . . . , Wy NO T U Y. Bubepem
maxoe 0010 (daa kpamrocmu) pewernue u = o(x,y). Ilpednososcum, wmo
conpasicennoe ypasruenue L*u = 0 umeem nempusuaivhoe keaszunepuoou-
weckoe pewernue v = P(x,y). Hocmpoum duddepenyuarvroe ypasrerue,
UMEIOWEE N PASAUMHBLT KEAZUNEPUOOUNECKUT PEUeHUuti 6 NPoCmpPancmee
AHAAUMUYECKUT Keasunepuoduueckux dynrkuut H(wy, ..., wy,) 6 eude

n

Lu = B(a,y)|[ [ (u - arola, )| 2)

k=1

Tozda dpyeux, omauunvir om ux = arp(x,y), K6a3UNEPUOIUNECKUT petue-
nutll ypasrerue (2) ne umeem.

Cayuaii 2. 3/1ech BIOUpaeTcs MPOCTPaHCTBO H KBa3UIIOJIMHOMOB BHIA
u = E Py (z)e!Asme))
k

rje, Ar — MaTpHIIBI, JIEMEHThI KOTOBIX — HATypaJsbHble dncia, r € R™.
PaccmarpuBaeTcst BOIpoc 0 9uc/ie pelieHnit B mpocTpancTee H ypaBHeHUst
(3) (cm. HIKe).
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Teopema 2. [lycmov ypasuenue (1) umeem nempusuasvHoe pewenue
u=p(x) € H. Toeda ypasnerue, anarozuyroe (2)

n

Lu=[[(u - arp()) 3

k=1

ne umeem dpyeux pewerut us npocmpancmea H, omauvwnoir om app(x).

JIuteparypa
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nmuHeiHOTO Teerpaduoro ypasaenus // Jluddepenrmaibabie ypas-
nenus. 1991. T. 27. Ne 5. C. 815-826.

Murtpomnosbeknit FO. A., Xoma H. I'., Xoma C. I'. ['najgkue perrerust
sajaun Jdupuxie 1y KBasUIMHEHHOTO TUIIEPOOIMIECKOrO ypaBHe-
HUsI BTOPOro mopsiika // Ykp. mar. xkypaas. 2000. T. 52. Ne 7.
C. 931-935.

Komecos A. 1O., Mumenko E. @., Pozos H. X. dpnenne OydepHo-
CTH B PE30HAHCHBIX CHCTEMAaX HEJIMHEHHBIX IUIepOoInIecKuX ypaB-

wennit // YMH. 2000. T. 55. Ne 2. C. 95-120.
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ONTUMAJIBHOCTD SUJEPOBBLIX S/JTACTUK

Caukos FO. JI. (Poccus)
Nuacruryt nporpammubix cucrem PAH, IlepeciiaBib-3asecckuin
sachkov@sys.botik.ru

B 1744 r. Jleonap Ditjep paccMOTPeJI CJIEAYIONIYIO 3a/a9y O CTaI[lo-
HAPHBIX KOH(MUT'YPAIUAX YIIPYTIOro crepxkudgd. aH ynpyruii crep:kKeHb Ha,
IJIOCKOCTHU, ¥ KOTOPOT'O 3aKPEeIJIeHbI I0JI0KEHNS KOHIIOB, & TaKKe YIJIbI
HaKJIOHA Ha KOHIaX. T pebyercs onpeaenTh BO3MOXKHBIE ITPOMUIN CTEPHK-
Hsl IIPU 3aJaHHBIX I'PAHUYHBIX YCJIOBUAX. Diljiep moydmi auddepeHiiu-
aJIbHbIE YPaBHEHUS JIJIsI CTAIlMOHAPHBIX KOH(MUTY DA CTEPXKHS U OITUCAJ
X BO3MOKHbBIE KAU€CTBEHHBIE TUITHI. DTH KOH(MUTYPAIUN HA3BIBAIOTCS ii-
JIEPOBBIMU 3JIACTUKAMH.

DilJIepOBbI JIACTUKHU CyTh KPUTUIECKNE TOUKH (PYHKIIMOHAJIA YIIPYTOit
SHEPI'UHU Ha IIPOCTPAHCTBE KPUBBIX ¢ (PUKCUPOBAHHBIMU KOHIIAMHU U Kaca-
TeJIbHBIMU Ha KOHIaX. BoIpoc o ToM, Kakue U3 9TUX KPUTHIECKUX TOYEK
SIBJIAIOTCS] TOYKAMU MUHUMYMa (JIOKAJIBLHOIO UJIH TJI00AIBLHOIO), OCTaBaI-
¢ OTKPBITBIM. /lanHast paboTa MocBsIeHa UCCIeI0BAHUIO STOTO BOIIPOCA.

DKCIIOHEHINAJIbHOe OoTOOparkeHne B 3ajade Jiijepa IapaMeTpu3yerT-
csa yukimamu fxkobu. Ha ocHoBe aHa/m3a JIMCKPETHBIX CUMMETPHl 3TO-
ro oToOparkeHns MOJIYIeHbI OIEHKN JJIsT TOYeK pa3pe3a U COIPSIzKEHHBIX
TOYEK (T.e. TOUEK, B KOTOPBIX IKCTPEMAJIbHBIE TPACKTOPUH TEPSIOT CO-
OTBETCTBEHHO TJIODAJBHYTO U JIOKAJIBHYIO OINTUMAJILHOCTE). B gacTHOCTH,
pelieHa 3aj1a49a 00 yCTOMYNBOCTH SMI€POBBIX 3JIACTUK.

Pabora BhITIONTHEHA TIpU (pbrHAHCOBOM TTOjIep2KKe Poccuiickoro cdhon;ia
dbynaamenTanbubix uccaepopanuii (nmpoexr 05-01-00703-a).

JIuteparypa
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ACHUMIITOTUKA PEIIEHUN MATPUYHBIX
NHTEIPO-IUPPEPEHIUAJIBHBIX YPABHEHUN

CrubneB M. C. (Poccus)
Nucruryr maremaruku um. C.JI. Cobosrea CO PAH
sgibnev@math.nsc.ru

PaccmarpuBaercs cuctema mHTErpo-uddpepeHnnabHbIX ypaBHEHU N
X0 + 3" A Xjm(t) = > Kij Xjm(t) + Fun(t), >0, (1)
Jj=1 j=1

i=1,....,n,m=1,...,ny, rae X;,(t) — nenzsecrusie byuxiuun, A;; € C,
Ki;(t), Fyn(t) — KOMILIEKCHBIE H3MepUMbIe (DYHKIUN TaAKWE, 9TO TPH HEKO-
Topom v € R marerpanst [ €| Ky (t)|dt u [ €| Fyy(t)] dt konedmsr;
CUMBOJI * O3Ha4YaeT CBepTKy dbyHKnuil. 3ammiiem cucremy (1) B Marpud-
HOIT (hbopme

X'(t) + AX(t) = K« X(t) + F(t), t>0. (2)

[Iycrs (), > 0, — nosyMmyabTuILIMKaTuBHas GyHKIEs, T. €. (X)) KO-
HedHa, 0JIOKNTe/IbHA, U3MepHUMa 110 Bopestio U yI0BJIeTBOPSAeT YCAOBUAAM:
e(0) =1, p(z+y) < p(x)p(y), x, y = 0. U3BecTrO, 4TO

1 1
ri(p) = xh_{go ngi(x) = 3161">1f0 ngz;(x) < 00

[Ipenmosoxkum, aro ri(p) > —oo. g npousBosbuoit dyukmm ¢(t),
t > 0, obosHaumM depe3 g(s) ee MPOU3BOAAIILYIO (DYHKITHIO MOMEHTOB:

Homyctum, uro MHOXKEeCTBO Z = {S1, S2, ..., S} KODHEil XapaKTepucTu-
9ECKOTO yPaBHEHNUS R

det[A — sI — K(s)] =0, (3)
nexanwx B nosymtockoctu II(¢) = {s € C : Res < r.(p)}, xoHeu-

1o. MbI He uckmovaem ciaydas Z = (). Ilonoxkurensroe 1esoe qucio my
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Ha3bIBAETCS KPATHOCTHIO KOPHH S; XapPaKTEPUCTHIECKOTO ypaBHeHH (3),
ecjn

A~

det[A — sI — K(s)] = (s — s5)™ g(s), g(sj) # 0.
O6oznaunm 1depes |K(t)| marpuny (|K;;(t)]). Ilycrs s, € Z u

/ tmieResit K ()] dt < oo, / ™ eResit R ()| dt < oo.
0 0

[Tooxkum R R

H(s) :=[A — sI — K(s)]'[X(0) + F(s)].
Omnpegiesium Marpuunble Koaddunuentsl B, k=1, ..., m;, u3 acumn-
TOTUYECKOTO PA3JI0XKEHU s

m;

HQ):EZbe—E&BE+0( ! ), sos. ()

S — S
k=1 J

Teopema. ITycmov @(t), t > 0, — NOAYMYALMUNAUKAMUESHAA PYHK-
uus makas, wmo gynxuua o(t)/e+P t >0, ne yowmsaem. Ilycmo Z =
{s1,...,81} — MHOooCECMBO BCex KOPHEUT TAPAKMEPUCTNUNECKO20 YPABHE-
nus (3), aesrcawux 6 noaynaockoemu I(p). Obosnavwum wepes my, ...,
my KpamHuocmu kopwet Si, ..., S coomsememeenno. Ionoowcum N paes-
HBLM MAKCUMAALHOT KPATMHOCTU KOPHET 9M020 YPaSHEHUM, AEHCAULUL HA
npamoti {s € C : Res = ri(p)} (ecau makxuzx xopuetds na yxasannot
npamot ne umeemcs, mo N :=0). Ipednoaoorcum, wmo

/OOO t2N90(t)|K(t)| dt < oo, /Ooo tNQO(t)\F(t)‘ di < oo,

Tozda dan pewenusa X(t) ypasnenus (2) ¢ navarvhomy snavernuamy 0,
X(0) cnpasedauso acumMnmomuueckoe pasroicerue

—Sjt

X() = D3 By + A

j=1 k=1

6 Komopom mampuunvie Kodfduyuenmo, By, onpedessromen us acumn-
momuueckozo padasoncenus (4), a ocmamox A(t) ydosaemsopsaem coom-
HOWEHUIO

lmﬂmA@mﬁ<m.

Kpome mozo, (t)A(t) — 0 npu t — oo.
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AHnajoruvHblil pe3ysbTar JUid “0JIHOMEPHOro” MHTErpo-auddepeHIm-
aJIbHOTO ypaBHeHus (n = ny = 1) GbuI MOIyYeH B padore [1].

JIuteparypa

[1] Crubues M. C. Acumnroruka perieHuil mHTErpo-auddepeHimaib-

HOTO U WHTerpajbHoro ypasaenuit // udd. ypasuenus. — 2006. —
T. 42, N 9. — C. 1222-1232.

O HEKOTOPBLIX OBOBIIEHUAX HEPABEHCTBA
Kollinm-BYHSIKOBCKOTI'O

Cutnauk C. M. (Poccus)
Boponexckwnit mnctutyt MB /I
mathsms@yandex.ru

Cpen HETPpUBHAJIBHBIX 000DIEHU JTUCKPETHOTO HepaBeHcTBa Ko
— BynsakoBckoro ojHuM U3 HanbOOJIee U3BECTHBIX PE3Y/IbTaTOB SBJIAETCS
teopema Kapsmma — Dumesepa — Isitkuna (CDE)(cm. [1]-[2]), koTopyto
MBI I1epeOPMYIUPyEM C HCIOJTb30BAHIEM CPETHUX.

Teopema CDE. Ymounenue duckpemmozo nepasencmea Kowu — By-
HAKOBCK020 6Uda

(Zm%) < (Z f2($k,yk)> ‘ (Zgz(fk,yk)>
(50 () !

BHINOAHAECMCA MO020a U MOoAvKo mozda, Kozda eeauvunv, f(x,y), g(z,y)
ABAAIOMCA NAPOT NPOUIBONLHBIT 63AUMNO CONPAACENHOT cpednur [4-6],
YI0BAEMBOPAIOUUT  C60UCMEAM  00HOPOOHOCTNU U  MOHOTMOHHOCTU O
KaHCOOMY apaymenmy.
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Jannast popMyJIMPOBKaA B TePMHUHAX CPEIHUX JiejaeT 60Jiee ITOHITHBIM
OPUTMHAJILHBIN pe3y/IbTar, KPOMe TOTO CHAOXKAeT ero O'POMHBIM YHCIOM
KOHKPETHBIX IIPUMEPOB C KCIIOJIb30BAHUEM MHOIOYMC/IEHHBIX M3BECTHBIX
cpennux [4-6]. [Ipororumom Teopembr CDE moctyzkummo n3BecTHOEe HEpa-
BercTBO MumtHa [2-3].

Paccmorpum unrerpasbabiit anasor reopembl CDE. Oka3biBaercs, 4To
CHPABEJINB CJICAYIOMNIA HEOXKUJAHHBIA Pe3yIbTar: COXPAHSETC JIAIID
JIOCTATOYHAS YaCTh TEOPEMbI.

Teopema 1. Ilycmo M — npoussosvroe 00Hopodroe, MOHOMOHHOE NO
Kaotcdomy apeymenmy abecmparmmoe cpednee (HeobA3amesvHo CUMMEM.-
puunoe!), M* = zy/M(x,y) — conpasicénnoe cpednee (cm. [4-6]). Toeda
cnpasedauso 0bo0bweHue unmezparvbro2o Hepasencmea Kowu — Bynakos-
cK020 6uda

[ ) e

2

< /ab(M(f, 9))* dx /ab(M*(f, 9))* dx

VAN

)2 de [ (o) da. B
[ a |

Mou sro0umble CJIeICTBUSA U3 9TOM T€OpPeMbl II0JIyIal0TCsl IIPU BHIOOPE
apu@dMeTUKO-TeOMeTPUIECKOTo cpejHero laycca m MakcuMyMa—MHIHU-
MyMa.

CaeacrBue 1. Cnpasedsueo nHepaseHcmaeo:
- Q2

2

[ rgtor) < [ | et &

2
b _ 2 b b
x/a (min(f, g))*( K \/1— (%) dxé/a dex/a g° du,

ede K(x) ecmv noanwvit aasunmuseckutls unmeepan Jleotcandpa 1 poda.

OTMeTnM 3K30THIECKHT XapaKTep MTOCIeTHET0 HEPABEHCTBA: 9TO Hepa-
BEHCTBO MEKLY NPOoU3EOAbHMY DYHKITUSIMEI, HO KOTOPBIE CTOAT IO/, 3Ha-
KOM KOHKPEMHOUT Cneyuasvhoti (YHKINA — SJTUNTHIECKOIO0 HHTerpaJia
Jlexkanpal
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CaeacrBue 2. Cnpasedsuso HepaseHcmaeo:

</abf($)9($) dx)2 < /ab[max(f, 92 dz - /ab[min(f, o) dr
S /abe(f)diU'/abf(x) da. 3)

JL1st mHTErpaJbHOrO Cirydas Heobxoaumast dacTh Teopembl CDE He BbI-
IIOJTHSIETCsI, UTO CJIeJIyeT U3 CYIIeCTBOBAaHUS HalICHHBIX aBTOPOM JIPYTUX
obobmmennit HepaBencTBa Korm — ByHsKOBCKOTO, KOTOpBIE HE MPUBOISATCS
K By (2), & IMEIOT UHYIO CTPYKTYDY.

PaccmarpuBatoTest puioyKeHns MOy Y€HHBIX PE3YJIbTATOB K OIEHKAM
crienuaJIbHbIX (pYHKIMH 1 perennii quddeperimaibHbIX ypaBHEHHA.
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Kommu — BynsikoBckoro // Bectnuk Camapckoil rocynapcTBeHHOMN
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BETBJIEHUE COBCTBEHHBIX 3HAYEHUN 3AJJAYU
OPPA-3OMMEP®EJIbIA

Ckopoxonos C. JI. (Poccus)
BIT PAH

skor@ccas.ru

Usyuaercs 3aaua Oppa — 3ommepdenbia va orpeske y € [—1, 1]:

1

— [so(m(y) — 207 " (y) + O/‘so(y)] - [U (y) - A} [w”(y) —a?o(y)

+U"(y) p(y) =0,

¢ kpaeBbiMu ycsoBuamu ¢(+1) = ¢’(£1) = 0. 3aecs mapamerp R > 0 —
aucsio Peitrosbica, o > 0 — BostHOBOE unciio, U(y) — dyHKIMs CKOpOCTH
OCHOBHOI'O [IOTOKA, YKUJIKOCTH, A U (1) — UCKOMbBIE COOCTBEHHbBIE 3HAYEHUS
(C3) u cobcrBennble (DYHKIHUH.

st ipoduiist ckopocru U (y) pacemarpusator redenune Kysrra U(y) =
y, Tedenne Ilyazeiina U(y) = 1 — y?, jubo obmiee Tedenne Kysrra —
[yazeiina U(y) = ay?® + by + c.

g pemenns 3aaun pa3paboTan METOI, UCIIOJIL3Y IOl IpeacTaBIe-
Hre ©(y) B BUJle KOMOUHAIIMK YeThIPDEX CTEIEHHbIX PA3JIOKEeHUil B OKPeCT-
HOCTY I'PAHUYHBLIX TOYEK:

, 4
P2y Z d(l Y (y+1)*2, PEaY) = Z ,533 )(1 )2 (1)
k=0 k=0

re s KoapdurieHToB dy = di (R, a, \) n e, = ex(R, a, A) mosrydensr pe-
KyppEeHTHBIE ypaBHeHus 1mecToro nopgaiaka. C momompio Teopun Ilyanka-
pe — Bupkroda nccieioBaHa aCUMIITOTUKA pelleHuit dy u ey upu k — 00.
[Tokazano, uTo B ciydae Tedenna Kysrra — Ilyazeitng acumnroTnka Ko-
schdunmentos dj, u e, umeer Bus dy,/dy_, ~ k12
Kysrra — dj/dp_1 ~ k723, To ecrs paapr (1) 3a1a10T 1esbie byHKIIIN.

[Ipecrasisis pemenne p(y) B Buje KomOnnanun pasiozxkenuii (1) n ocy-
IIECTBJIsAsSE CIIUBKY DEIIeHuit B HEKOTOPOit Touke ¥y, € (—1,1), mosyaaem
ypaBHEHUE JIJIs BDOHCKAAHA,

Wr(A) = Wr(p1, p2, 03,045 A; ys) = 0; (2)

, a B cJIydae TedeHUs
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9TO ypaBHEHUE sIBJISETCS OCHOBHBIM JIJIs1 BBIUYUCJIECHUS MCKOMOTO CIIEKTPA
An(R).

s caygas redenus Kysrra geranbho uccseoBans Tpackropun C3
An(R) upn wsmenennn wmciaa R € (0, 10°). Yucrenno nokasano, 4ro
byukimn A\, (R) ©MEIOT B OKPECTHOCTH Y3JI0BOM TOUKH A\, = —i/v/3 cuer-
HOEe MHOYKECTBO TOYEK BETBJIEHWsI Ry BTOPOrO ITOPSJIKA, B OKPECTHOCTH
koTopbix mapa C3 A, (R) u A, (R) mMeer moBe/iemnme

Aom(R) = £ /R — Ry, U(R) + ®(R),

rie V(R) u ®(R) — perysspabie (DYHKIMA B OKPECTHOCTH TOYKU R = Ry.
[Ipu nHenpepbiBHOM yBeaundenun uncia R > 0 napet C3 A\, (R) u A\, (R)
cHadaJja obpasyror npu R = Ry nsoiinbie C3 Ha MHHMOII OCH, KOTOPbIE
3aTeM PaCIaIaloTcs Ha mapbl TPOCThIX C3, CHMMETPUIHBIX OTHOCHTE/IHHO
MHIMOI ocu. Ilpn manbreitmem ypeamdenun uncia R st npocreie C3
IPUOINKAIOTCS K CBOEMY IpPeIelbHOMY I'pady — ABYM CHMMETPUIHBIM
orpeskam Lq u Lo, COeTUHSIONNAM TOUKY N\, = —i/ V3 ¢ Toukamu A = 1
un\= —1.

[Iporecc obpaszoBanusi u paciajia JBoitHbIXx C3 cOOTBETCTBYET Iiepe-
xoay C3 ¢ HUXKHEl BEeTBHU CIIEKTPa, PACIIOOXKEHHON Ha MHUMON OTPHUIA-
TEJIbHOW OCH, Ha YeThIPE JPYTHUX BETBU, OKANMISIONNX OTpe3kn L1 n Lo.
Kapruna pacupenesnenuss C3 B COBOKYIIHOCTH COCTaBJISIET TOpTpeT " CIrek-
TPaJILHOTO rajicTyka'.

st Beraucsenus: Todek Bersiienust Ry u asoitnbix C3 A, o, (Ry) 6bL1
pa3paboTaH crenuaJIbHBII UTePAITMOHHBIN METO,T, TIO3BOJIMBIIUN HAUTHA UX
¢ To9HOCTBIO 710 100 AecaTuIHbIX 3HaYAMUX IdP BILIOTH 10 unces Peii-
HOMTBICa R = 109.

[IpuBeeM 3HAYUEHNST IEPBBIX YETHIPEX TOYEK BETBICHUS Ry 1 TBOMHBIX
C3 A\, m(Ry) mnst redennst KysrTa ¢ BOJTHOBBIM IHCIOM o = 1:

Ry =61.917759, A3 4 = —0.79983498: ;

Ry = 65.520229, A1 o2 = —0.38816096¢ ;
Ry =205.777781, X¢.7 = —0.665270097;
Ry = 214.403383, Xg,7 = —0.647397677 .
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IIpoBeieHHbI YMCAEHHBIN aHAJIN3 IIO3BOJISIET IIPEJIIIOJI0XKUTH, YTO BEp-
Ha

I'uioreza. Cobcmeennvie snavenus A, (R) s3adavwu Oppa — Sommep-
deavda oas mevenus Kyamma, paccmampusaemvie xKax GUHKUUUL YUCAQ
Petinoavdca R npu durcuposannom o > 0, umerom cuemmoe mHootce-
CMB0 Mmouex eemeseHus 6mopozo nopadka R > 0, 6 xomopwix deotinvie
C3 A, m(Ri) wucmo mrumsvie ompuyamesvroie U cnpasedisueo

_ )
lim A, m(Rg) = ——=.
k—o0 \/g

Pa6ora Beimosinera tipu dpunancoBoil momaep:kke PODU (komabl mpo-
ekros 07-01-00295, 07-01-00503) u IIporpammer Ne 3 OMH PAH.

O AHI'MAHAX CVYIIEPAJITEBP JIU

Crykonun B. A. (Poccus)
JloHCKOIT rocyIapCTBEHHBIN TeXHUYECKUIT YHUBEPCUTET
stukopin@mail.ru

Paccmorpeno kBanToanue no B. I'. /Ipuadenbay nmoamHoMuaIbHbIX
(CKpYUEeHHBIX 1 HECKPYUIEHHBIX) aaredp TOKOB CO 3HAYECHUSIME B CyTIepaJ-
rebpe Jlu tuna A(m,n). Pesyaprar xBanTOBaHus (KBaHTOBas ajaredpa,
Ha3bIBaeMasl THIMAHOM), ONUCAH B TePMHUHAX OOPA3YIOMIUX W COOTHOIIIE-
Huii. B HEKOTOPBIX cjydasiX IMPOBEJIEHO BLIYHMCJICHUE YHUBEPCAJIbHONW R-
MaTpuIlbl. PaccMoTpeHbl BO3MOXKHBIE IIPUJIOXKEHUST B TEOPUU HHTETPUPYe-
MbIX MOJIeJIeil KBAHTOBOU TEOPUUN HOJIA.
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KOHKPETHASA TEOPUSA YUCEJI: [IEPBUYHBIE YUCJIA U
VINBUTEJIbHBIE CBOMCTBA YMCEJI REPUNIT

TapacoB B. B. (Poccus)
NucturyTt rermodpusuku CO PAH, HoBocubupcek
tarasov@itp.nsc.ru

1. IIyctb n > 0, k > 0 nenble gucia. Leable auciia Buga
En,k — (10(k+1)(n+1) . 1)/(10k+1 o 1)

Ha3oBeM nepBudHbIME (initial) yucaamu. Ilpn k = 0 mosmyvaem 1qucia rep-
unit (em.[3,4]) R,q = (10" —1)/9.

2. Jlnst umcest repunit JOKa3LIBAIOTCS CJICLYIONUE YTBEPIK ICHUA.

Teopema 1 (R,, Ry) = Rap), rie a > 1, b > 1 nessle uncia.

Teopema 2 Ilyctb p > 3 npocroe unciio, k >t > 1,t > s > 1 nesnbie
ancia. Torma ged(Ry. /Ry, Rys) =1

Teopema 3 Ilyctb a > 1, b > 1 nesable 4ncja, TOIAa CIIPAaBEJIINBbI
CJICJIYIONIUE YTBEPKICHUA

(1) Ecin (a,b) = 1, To ged(Rap, Ry Ry) = Ry Ry.

(2) Ecim (a, b) > 1, TO RaRb/R(a,b) < ng(Rab, RaRb) < RaRb.

Teopema 4 Yucio R, /(R,Rp) 1memoe Torma u TOIBKO TOTIA, KOTJA
(a,b) =1, tme a > 1, b > 1 nesible dnciia.

Jlemma 1 Eciun a = 3™, (b,3) =1, to R, = 0(mod 3"), no
R, # 0(mod 3("V).

Jlemma 2 /g nestoro uncia a > 1 cipaBeUIMBBI yTBEPKICHUS

(1) Ecm a newernoe, o R, # O(mod 11).

(2) Ecin a = 2(11™)b, (b,11) = 1, To R, = 0(mod 11™1), mo
R, # 0(mod 11772).

IIpeamnonoxkenue |O6mas dopmyna aasi ged( Ry, RoRy)| Eciu
a>1,b> 1 nenste uncna, d = (a,b), rne d = 3% - 119 - ¢, (¢,3) = 1,
(¢,11) =1, L >0, S > 0, To cripaBe/;yIuBbI PAaBEHCTBA :

— ecJm ¢ HeYeTHOe 1uci0, T0 ged(Rap, RoRy) = ((RoRb)/Riap)) - 3*

— ecJ ¢ getHoe ucio, 10 ged(Rap, RoRy) = ((RoRp)/Riap)) - 3% - 11°.

3. OcHOBHBIE OTKPBITHIE ITPOOIEMBI Yuce)I repunit, rae p > 3 mmpocroe
YUCIIO.
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IIpo6aema 1 (Prime repunit numbers [4]). Cymecrsyer jin Gec-
KOHEYHO MHOTI'O
IIPOCTBIX uuces 7

IIpobiiema 2 Bce i uncia R, ABIFIOTCA YUCJIaMUA CBOOOJHBIMU OT
KBaIpaToOB?

IIpobnema 3 Eciu uucio R, cBoOOJHO OT KBaJApaToB, TO HaiijgeTca
JIX 9UCJIO N, TAKOE, YTO YUCIO0 Ry CONEPXKUT KBajpaT’

JIuteparypa
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HOBAST KOMIAKTUOUKALIMST CXEMBI MOJIYJIEN
CTABUJIBHBIX BEKTOPHBIX PACCJIOEHUIT HA
AJITEBPAMYECKON [TOBEPXHOCTH

Tumodeesa H. B. (Poccus)
dApocitaBckuii rocy1apCTBEHHBIN Te1arornIecK it
yuuBepcuteT uMm. K. /1. YmumacKoro
ntimofeeva@list.ru

[Iycrns S — rmajkas HenpuBOUMas TPOCKTUBHAS ajredpamdeckas Mo-
BEPXHOCTH HaJl aJredOpamvdecknd 3aMKHYTBIM I10JIeM k HYJIE€BOW XapaKTe-
puctuku, H € Pic(S) — knacc obuabHoro gususopa wa S, Og(H) — co-
OTBETCTBYIONINI OOMJIBHBIN 0OpaTUMBIi IydoK. PaccMarpuBaercsa cxema
Mojtyseit My crabuibHBIX 110 ['m3ekepy BEKTOPHBIX paccjoeHuit F, mme-
formux bukcnposanubiii Muorowien I'mianbepra P(t) = x(E @ Os(H)®").
CumMBOJI Y O3Ha4YaeT SMJIEPOBY XapPaKTEPUCTUKY Iy UIKA.

B omyimyne oT KJIacCuIecKoil KOMIaKTU(UKAIIUN CXEMbI MOJTyJIeil cTa-
OMIbHBIX BEKTOPHBIX PACCJOCHU MTOTyCTaAOMIBHBIMU MTyYKaMu 0€3 Kpyde-
HUs, B IIpeJjiaraeMoii KoMmmakTudukanun cemeiicta nap (F,.S), rne E —
BEKTOPHOE PaccIoeHne n S — UCXO/Has HOBEPXHOCTD, IONOIHEHbI IIapaMu
(E,95), rme E — BeKTOpHOE paccyioenue, n S — MOBEPXHOCTD, sIBJISTIOIIASCS
Mo inpUKaIeil ToBEePXHOCTH 5.

IMycts M O M, — KomnakTudukams cxembl My no I'm3exepy — Ma-
pysame. Toukn cxeMbl M IpPeICTABIAIOT KJIACCH! OJIYCTaOMIbHBIX 11y YKOB
6e3 Kpydenus, nmeronux maOorowreH ['mibbepra, pasubiii P(t). Ilycrs
Y = M x S - TpuBHAJBHOE ceMeHCTBO mHoBepxHocTell, 1 E — yHuBep-
CaJIbHOE CEMENCTBO CTAOUIbHBIX ITyIKOB, COOTBETCTBYIOIIEE TOHKOMY ITPO-
cTpancTBy Momyseit M. B aToM ciayuae JoKazambl |2| ciremyromme pesyiih-
TaTh:

Teopema 1. Cywecmeyrom
(1) M — npoexmusnoe anzebpauneckoe MHo2000pasue;

~

.. ~ % —~
(1) X — npoexmuenoe mrnozoobpazue ¢ naockum moppuamom > — M,
CAOU KOMOPO20 COCMABAANM, CEMETUCMB0 NoBePTHOCMEL Had MHO2000Da-
auem M,

(1i1) H — cemeticmeo noaapudayuli Ha CAOAT Cemetucmaean Y, makoe, 4mo
~—1
mrozouner Lurvbepma X (Oz—1 g (tH|z1(5))) croa T (y) ne sasucum om

6uL60pa MOUKU 1Y € ]TI/,
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~

(1v) E — nokaavho c60600mbil nyuok Ha creme 5,

(v) mopdusm ¢ : M — M,

(vi) moppusm cemeticme noseprrocmeds P : DR 3
maxue, 4mo

i) Mopﬁusm ¢ OUPAUUOHANEN,

zz) cxema M codeporcum omrpwvIMmY10 nodcremy MO, maxyro, 4mo ¢l A

MO — My asasemcsa usomopphuamonm,
i11) moppusm ® bupayuonanen,
iv) moppusm P uzomopdro omobpasicaem omrpumyo nodcremy io =
#1 M, na nodezemy Yo, N
v) umeem mecmo pasencmeo nyukos (P.E)VY = E.

Ob6oznaunm 3a L, my4dok — 4ieH cemeiictsa E, coorBercTBytommit To4-
Ke Yy € M.

Teopema 2. (i ) C’yugecmeyem nywox udeanros J C O maxot,

MxS?
YIMO NPOEKUUS T Y= M npedcmasuma 6 6ude KOMNO3ULUUU

e pry; =
T8 MxS -2 M,

6 Komopoti 0 — mopdusm pasdymus 6 nyuxe udearos J, mophusm pr; —
NPOEKUUA HA NPAMOT COMHOHCUMEND. s

(17) Caoti npoexyuu T nad obwet moukold y € My uzomopger nosepx-
nocmu S. Caoti nad cneyuarvhot mowkot y € M\ My — npuodumas no-
BEPTHOCTND, KOMNOHEHMA KOMOPOT U30MOPHHA Pa3dymuro noeeEPTHOCU
S 6 nyuke nyaesvix udearos Pummunza Fitt’ (Ext!(Eyq), Os)).

Tak:ke yKazaHbl yCJIOBUS, IIPU KOTOPBIX KoMmmakTudukanud M ompe-
JIEJIIeTCsT OJTHO3HATHO 3aJIaHUEeM TI0JIIPU30BanHoOl ToBepxHOocTH (S, H) u
muOTOWIeHOM P(t).

B cayvae, korya M — rpy6oe IpOCTPAHCTBO MOJLYJIEH, pacCMaTPUBAET-
cs1 sTanbHoe okphitue {3; : B — M,i=1,..., N} cxemsr M, cHabxXKeH-
HOe TiceBioceMelicTBoM mydkoB {E;} B cMbIciie onpeenenus DuHICPY/Ia
u ['érrmre [1] HYCTB BZ'O = 61_1(61(31) N M()), Ez = BZ X S, EZ'O = BZ'O x S.
Hokazana,

Teopema 3. Cywecmeyiom
(1) M — npoexmuenas anrzebpauveckan crema,

(i1) amaavroe noxpwmue || B; — M,
(4i7) S — Habop KEA3UNPOEKMUSHUWT MH02000pa3UT, CHABHCENHHLT NAOC-
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KUMU MOPPHUSMAMU IR R-, CAOU KOMOPBLLT 00pasyrom cemeticmea no-
seprHocmet, N
(1v) H; — nabop cemeticme noaapusauut Ha CAOAT cemeticms X;, maxod,
umo mrozousern [uavbepma X(O%i—l(@(tHi‘%i—l(@)) croa 7; (YY) ne sasu-
cum_om ewibopa movuku y € By,
(v) E; — nabop a0kaavno c60600MuT NyHKOS 1A CTEMAT Sy,
(vi) mopdusm cxem ¢+ M — M,
(vit) moppuzm smarvhoir noxpomud ¢; : B; — B;,
(viii) mopdusm cemeticms noseprrocmets ®; : {5;} — {5},
maxue, 4mo
i) Mopgﬁusm ¢ bupayuoHaen,
it) cxema M codepotcum omrpviMYI0 nodcremy MO, maxyo, Ymo Mophudm
ol A MO — My Aasasemcs u3omophuamom,
ii1) MopgﬁusMbL oi 6upauuommbnm
i) Kaorcdas crema B, codepotcum omxrpumYy10 nodcremy Bzo, Maxyo, 4mo

mopdpusm ¢;| 5 By - Bq,o — Bjg ABAAEMCA UBOMOPHUIMOM,

v) mopusmor D; GupayuonaiLHYL,

vi) kaoicovl moppusm ®; omobpasicaem omrpumyO NOdCTEMY iy =
T, 1§Z~0 U30MOPPHO Ha nodcxemy o,

Vi) umeem Mecmo pasencmeo nceslocemelicme nyukos, 3adasaemoe Ha
anemenmax B; 9manvrozo nokpwvimus pasencmeom (@i*ﬁi)vv =E,.

JIuteparypa
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angew. Math., 467 (1995), pp. 1-49.

|2] Timofeeva, N. V. On the new compactification of moduli of vector
bundles on a surface, I. Preprint, Institut Mittag-LefHler, 2007, no. 13.
www.ml.kva.se
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['MIIEPBOJIMYHOCTL ABCTPAKTHBIX ®OYHKIIMOHAJILHBLIX
OIIEPATOPOB

Tpybouuko U. 0. (Bemapycs)
Bestopyccknit rocynapcTBennblii yuuBepeuret, MuHck
itrubnikov@gmail.com

IIycts B — GanaxoBa aJjrebpa, A — 3amkHyTas mogaaredbpa B B, a
T" — npejcraBieHne rpynnbl Z B B, m 19 HUX BBIIOJHEHBI CJIEIYIONIIE
AKCHIOMBI: R

1. TaT '€ A,ac A, tne T: a — TaT ™! ectb aBTOMOPhU3M aared-
pbr A.

2. Muoskectso B koneunbix cymm Y apT", ap € A, mioTHO 110 HOpMe
B B.

Torma rosopsit, uTo airebpa B mopoxaeHa ajaredpoit A n npencras-
neanem 1 rpynmbl Z, u obosuadatror B = B(A,T). B ciydae, korja
A u B ectb C*—anrebpnl, n npejcrapienne 1 yHUTaApHO, 0003HAYAIOT
B = C*(A,T). llpuBesieHHbBIE aKCHOMBI OTPaXKAIOT BayKHeiiIne cBoiicTBa,
(DYHKIIMOHAJIBHBIX OMEPaTOPOB, MOTOMY 3JieMeHThI airebpel B(A,T) na-
3BIBAIOTCS AOCMPAKMHBMU GYHKUUOHAADHOLMU ONEPAMOPAMU, 8 JTEMEH-
ThI Bujia a1 — abcmpaxmmuv.mu onepamopamy 6368euLeHo20 c06U2a.

Haimee, mycrs & = (E, M, p) — KOMILJIEKCHOE BEKTOPHOE DACCJIOCHIE
HaJ M pasMepHOCTH N, B KasKJIOM CJI0e KOTOPOrO 3aJaH0 CKaJIsIPHOE IIPO-
u3BejIeHNe, HEIPEePhIBHO 3aBHCcdIIee OT ToYku . HempepbiBHOE 0TOOpa-
)kenne (3 : € — & HA3BIBACTCS  AUMHETHOLM PACUWUPEHUEM OTODPAZKEHMSI
a: M — M, ecniu ipu orobpazkenuu [3 cjoit £(x) MuHERHO 0TOOparKaeTCs
B cioit &(a(x)). Jluneitnoe pacimpenne 3 HA3BIBACTCA  2UNEPOONUYECKUM,
€CJIN CYIIECTBYIOT MHBAPUAHTHBIE OTHOCUTEIHHO (3 HEIIPEPBIBHBIE ITOAPAC-
croernd £° u £, mocTogHHBIE C5, ¢, > 0 1 0 < 75,7, < 1, Takme, 91O

E=¢ o
Hﬁm(fy)ﬂ<087;n”y|‘7yefsam:LQ»---» (1)

168" W Z e ™Myl y € £, m =1,2,..., (2)

[Tospaccioenne £° HA3BIBAIOT CHCUMAIOUUMCA, Y — DPACTNALUBAIOULUMCH.
JlocTaTovHO IMUPOKO U3BECTEH PsiJT TEOPEM 00 SKBUBAJEHTHOCTHU 0OPa-
TUMOCTH ortepaTopoB Buja [ +al, a € A, rine T — onepaTop B3BEIIEHHOI'O
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caBura B mpocTpaHcTBe cedennit ['(§), u runepbOTMIHOCTH COOTBETCTBY-
FOITErO JIMHETHOTO pacimpenus otrobpaxkenus « ([1], ¢.266).

empio paboOThHI sABJIsIeTCSA IMOJIyYeHNe AHAJIONOB TaKUX TEOPEM M HX
CTIEJICTBUI 151 aOCTPAKTHBIX (DYHKIINOHAIBHBIX OIIEPATOPOB, B CIyYae ec-
A ecth npousBosbHas n-ogHopogHas C*—amrebpa. IIpexme mpu mo-
CTPOEHNM ACCOIMMPOBAHHOIO JIMHEHHOrO pacimpenns (3 UCIoab30BaINCh
nBa npemnosoxkenns: 9o A &~ HOM &, u aro aBromopdusm 7 = 1’ 3a1a-
eTCsl ¢ ITOMOIIBI0 HEKOTOPOI'o JIMHEHHOTO pacmmuperus 0, aeiCcTBYOIIEro
Ha BeKTOpHOM paccioernu &: 7(a) = foaof™, a € A. dru npemnonoxe-
HUsI B ODINEM CJIydae He BBITIOJTHEHBI.

B pabore npemoxKena HOBas KOHCTPYKIIASA aCCOIMAPOBAHHOIO JINHEM-
HOTO pAaCIIUpPEHNs, IPUMEHNMasl B Caydae aOCTPaKTHBIX (DYHKIIMOHAIb-
HBIX OIIEPaTOPOB.

Tpebyemoe msmeHeHne KOHCTPYKIIUU ITOJCKa3biBaeT Teopema Desnia,
yTBEP2KIaloIas, 9To st J1I000i n—omgHopogaoit C*—aaredpor A cyiie-
cTByeT aJireOpamdeckoe paccioerne &4 Haj mpocTpancTBoM M Makch-
MaJIbHBIX HIeasIoB ajreOpbl A, Takoe, uro A m3omopdHa agrebpe Helpe-
poiBHBIX ceuernii ['(£4). HamomuanMm, ato aszebpauveckum paccaoeHreM
HaJI IpoCcTpaHcTBOM M HaA3bIBAETCs PACCIOeHUe, Y KOTOPOIo CJIOEM SBJIsI-
ercd aaredopa marput, C" ", a cTpyKTypHO# I'PpYIIIOi — IpyIiia aBTOMOP-
dbusmos Aut(n).

[Iycrs I, = {u € ['(4) : u(xg) = 0} — MakcuMaIbHBII H/EAT ATTeOPHI
A. Tlpu aBTOMOpPdU3IME T ujeas [,, nepeiier B Hekuit ujeasa [, , Tem
caMbIM TIOpOxKtagd romeomopdusm « : M — M, [, — I,,. ABTomopdusm
T UHIyIApyeT orobpazkenue aKTop-aaredop 0 All, — A/lyg. Ho
A/l =~ C™" — ecrp cioiit Haj Toukoil x, a A/l ~ C™*" — cioit Hax
TOYIKOI o).

Taxum obpazom, ompeeIeHo acCOIMIPOBAHHOE JINHEHOE PACIITIPEHNE
(3, IeiicTByIoIIee Ha ajredpandecKoM paccjioeHuun &4 1mo popmyie

~

Bz,y) = (o), a(x)0(z,y)), v € M,y € Ea(x).

Teopema 1. ITyemv B = C*(A,T), A — n-odnopoduas C*—anzebpa,
omobpasicenue o deticmseyem na M monosozunecku c60600H0. Daemenm
b=1+dl,a € A, obpamum mozada u moasvko moada, k0200 GCCOUU-
uposarHoe AunetHoe pacwupenue (3, deticmeyrousee Ha aA2EOPAUMECKOM
paccaoenu 4, ABAAEMCA 2UNEPOOAUMECKUM.
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BEHIECTBEHHBIE YETHIPEXMEPHBIE KYBUKN:
KJIACCUDPUKALINA C TOYHOCTBLIO 1O JEPOPMALINN

@unammua C.M. (Typrws)
BanKHeBOCTOYHBINT TEXHUYECKUT YHUBEPCUTET
serge@metu.edu.tr

YerbipexMepHble KyOndecKre THIePIOBEPXHOCTHU TEeCHO CBsizaHbl ¢ K3-
[OBEPXHOCTSIMU, YTO MO3BOJIUIIO (B coBMecToii pabore ¢ B. XapiamMobim)
KJIACCU(UITNPOBATH BENECTBEHHbIE 4-MepHble KYOUKN U ONKUCATh B3anM-
HOE PaCIIOJIOXKEeHHE UX J1e(POPMAITMOHHBIX KOMIIOHEHT.

AJITEBPAMYECKUE METO/IbI OLIEHKU YMCJIA
[MIPEJAEJIbHBIX IUKJIOB IIJIOCKUX BEKTOPHBIX ITOJIEN

Yepkac JI. A. (Bemapycn)

Benopyccknit rocy1apcTBEHHBIN YHUBEPCUTET
NH(MOPMATHKI W PAINOIIEKTPOHUKH
cherkas@inp.by
I'punb A. A. (Berapycn)

['pognenckuii rocyapcTBennblilt yanusepcuteT uM. 7. Kymasbr
grin@grsu.by

ITycTh Ha OXHOCBA3HOM KOoMIakTe ) C R? ompeneseHO CTPYKTYPHO
yCTORYMBOE BEKTOpHOE 1ojie X = P($,y)a% + Q(:C,y)a%, P,Q € C*0),
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MMEIOIee eIMHCTBEHHYIO 0co0yIo TouKy — antucenio A. Torma cymecrsy-
ot umciio k < 0 u byuknus ¥(z,y) € C*(Q) rakue, uaro mis V(x,y) € Q
mveer Mecto D(V) = kVdivX + XW > 0. [Ipu sT70M 9mcsI0 npeesbHbIx
IUKJI0B 11oJist X B obJiactu €2 paBHo b mim b— 1, rie b — 4ncjo oBajoB Kpu-
n
Boit ¥ = (. CymiecrBoBanue dyukiun B Buge ¥ = > C;¥;(z,y),C; € R
j=1
paBHOCHJIbHO HepaBeHCcTBY max min ®(z,y,C) > 0, rue ®(x,y,C) =
|C51<1 (z,y)€R
n
D(¥) = > C;D(¥;). Bagada HaxoxkK/eHUs YKA3AHHOIO MAKCHMUHA C 110~
j=1

MOIIBIO €e JUCKPETHOI'O aHAJora CBOJUTHCS K CTAHIAPTHON 3ajade Jiv-
Hejinoro nporpammupoBanus [1]. @yuxmn V; MOKHO B34Th B BUJIE MHO-
rOYJIEHOB, ecjii 00/1acTh {2 HEOOJILIIOrO pasMepa, WK CILIaiiH-DyHKITHH.

JL1st CTPYKTYPHO YCTOMYIMBOTO IMapaMeTPUIecKoro ceMeiicTBa BeKTOp-
HbIX Tosieit X, a € €, C R™, ), — BBIIYKJIbIII KOMIIAKT, QyHKIHIO W
MOKHO HAHfTH, KCXO/sI U3 TOTO, UYTO €CJIM MAKCUMUH ITOJIOKUTEIbHBIN J11s1
M TOYEK (vq, . . ., Oy, U3 (), TO OHO BBIIIOJIHSIETCS Ha CUMILJIEKCE C BePIITnHA-
MU B 9TuX To4uKax. [Ipeamnosaraercs, aro X, JuHEHO 3aBUCHT OT «v. Torma
HaxoxKieHne pyHkimit W s cemeiictBa X, CBOIUTCS K UX HAXOXKICHUIO
Ha, HEKOTOPOIl ceTKe TO4YeK o € (1.

Jist BekropHOrO H0Js cucrembl JIbenapa L = (y — F(z))& — g(x)a%

MOKHO BeIOpaTh dynkmmio ¥ = > W, (z)y" " Tak, aro dynknua D(¥
i=1

3aBUCHUT TOJIBKO OT .

[Iycrs py u3MeHEeHUN TOBOPAIMBAIONIEr0 10JI€ CKAJIPHOrO ImapaMeT-
pa v IPOUCXOIUT POXKICHUE MTPEJIEIbHBIX IUKJIO0B U3 JIBYKPATHBIX MJIA UX
cnugnue. Torma cyimecTByer pasbuenue () Ha KOJIbIEOOpa3HbIe 00JIACTH
THUIA BXOJI-BXOJI, BBIXOJI-BBIXOJI, BXOJI-BBIXOJI, UTO JIJIA KaXKJ0 M3 00JIa-
cTell ePBBIX JIBYX TUIIOB IPUMEHUM IIPeAbLIyIuii moaxon. B obaactu 2
BXO/I-BBIXO/I C €JIMHCTBEHHOI OmdypKaimeil CausiHug JBYX IPeIeTbHBIX
IUKJIOB B JIBYKPATHBIi Jjisi €6 060CHOBAHUS UCIOJIb3yeTcs [2]

Teopema [lycmv svinoarenwv, Yciro8uA:

1) cywecmeyrom dynrkuu Cj(a), j = 1L,n+1, ¥ = > C;V,(x,y),
j=1

“mo D(\D) + Cn+1(Od)H2($,y,Oé> > 07 Cn—i-l(Od) 7é 07 (:T,y) S QOJ acl=
[, ], Hy = %(—P‘?{Hl) - %(QO}{H1>; H, = divX,, H= P>+ Q?;
2) npu o = g nose X, umeem 6 koavueobpasnot obaacmu 2y dea

NPEJeALHBIT UYUKAQ, NPU O = 1 NPEIEALHBIT UUKAOE HEM,;
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3) 02y mpancsepcarvra Xy v X, -

Tozda eexmopnoe noae X, umeem 6 obaacmu g He boaee 08YxT npe-
JeALHBIT YUKNO8.

Bropoit MeTos npumensiercs Jiist BeKTopHOro nosisa L, e F(x),g(x)
— anajqutndeckue dywkiun, rg(r) > 0, F(0) = 0 . BekropHoe moe
L samenoit u = (2G(:U))1{2signx, G(z) = [ g(p)dp cBomures k U =
(y — Flu)L — ua%, rie F(u) = F(V(u)), U(u) — byuknus, obparHas
dbyuxmuu u(x). Hogmedeno, aro B rpy0oit CHTYAIINN IUCIO TTPEIETbHBIX
IUKJIOB 1oyt U He NPEBBIIaeT Juc/ia MOJOKUTEIbHBIX Hyselt pyHKIimun

F(u), KoTOpOe paBHO YUCJIY PEIIeHUi CUCTEMbI

F(z) = F(y), Q(x) =G(y), v <0,y >0. (1)

T.e. ancsio perenuii cucremsl (1) MOKHO paccMaTpUBaTh KAK MPOTHO3-
HOEe YHCJIO MTPeJIeIBbHBIX IUKJI0OB BeKTOPHOTO 1oJist L (wmm U). DToT momxot
PaACCMOTPEH JIJTsT KBaIPAaTUIHOrO 11051 X, Korja P, () — MHOIOU/IeHbI BTO-
poii cTeneHn u st OOJIBIIIOr0 Habopa TaKUX MCCIEIOBAHHBIX BEKTOPHBIX
oJIeil TIPOrHO3HOE YUC/IO He npesbimaer Tpex. C nomorpio cucrembl (1)
TakKe perleHa 3aja4a O IMPOrHO3HOM JHC/Ie TPEJIeTbHBIX ITUKJI0B, POXKIa-
IOIIUXCsT TIPU BO3MYIIEHUH KBaIpaTUIHOTO TeHTpa. [Iporaos cormacyercs
C paHee IOJIyIYeHHBIMU Pe3yJIbTaTaMU 110 9TOH 3ajade.

JIuteparypa

[1] Yeprac JI.A., I'puab A.A. Anrebpamdeckne acrneKTbl HAXOXKCHUST
byukuun dronaka s MOJIMHOMUAILHBIX ABTOHOMHBLIX CHCTEM Ha,
mockoctu [/ Huddepentmanbubie ypasuenus. — 2001. — T.37. —
N3, C.384 — 390.

|2] Ipunb A.A., Yepkac JI.A. Dkcrpemymbr dyrkiwn AugpoHoBa—XoTI-
dba nmosmHOMMAbHON cucteMbl JIbenapa // duddepennuanbabre
ypasuenus. — 2005. — T.41. — N1, C.50 — 60.
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'MAPOJIMHAMUKA HA BPAILIAIOUIENCS] COEPE

Yynaxun A. II. (Poccus)
NucturyT rugpoannavuku um. M. A. JlaBpeatheBa CO PAH
chupakhin@hydro.nsc.ru

B pabore uccieayoTcss IBUXKEHUsI Ta3a B aTMocdepe Bpalarolieiics
IJIAHETHI U YKUJIKOCTU B MupoBoM okeane. 3y4darorcss KpynHoMmaciiTabd-
Hble JIBUXKEHUSI CILIOIIHON CPEJIbl, OIUCHhIBAEMbIE MOJIE/IHLIO MEJIKON BOIbI
Ha, Bpailnaloieiicss cdepe

Dv = w?ctgh + row cos 0 + (ro/2)*sin 0 cos 0 — fohg ,
Dw = —vwetgh — rovcos§ — fo(sinf)th, (1)
Dh + (sin@) 'h(w, + (vsinf)y) =0 ,

rie D = 9;4vdp+(sin ) 1wd,. Ypasuenns (1) sammucanbl B HeMHEPIIUATb-
HOI1, Bpallaiomieiica BMecTe ¢ IIaHeTol chepruiuecKoil cucreMe KOOpIMHAT:
0 < 6 < m — nmomosHenue J10 mMUpPoThl, 0 < ¢ < 27 — jJojarora, v U w
MepHUINOHAJIbHASA U JIOJITOTHAST KOMIIOHEHTBI ckopoctu, h > 0 — riyou-
Ha JKUJIKOCTH (BbICOTa armocdepsl). Bespasmeprbie mapaMeTpsl 7o u [
cBa3anbl ¢ ynciaamn Poccon Ry n Ppyna F:rg = R, Vf=F2

st ypaBaeruit (1) mOJIyUeHbI CJIeyIOMNe Pe3yIbTaThl.

1. MccnemoBaHbl IPOCTHIE CTAIIMOHAPHBIE BOJIHBI, B KOTOPBIX BCe (DYHK-
UK 3aBUCAT OT mupoThl 6. [{ist Takux perrenuit ypaBaenus (1) mponsTe-
I'PUPOBAHBI B KOHEYHOM BHUJIE, JIOKA3aHO, UTO KJIFOUEBbIM ypaBHEHUEM JIJIsI
aHaJIN3a PelleHnusd ABJIAeTCs JUCKPUMUHAHTHOE ypaBHEHME

2
Yo

sin® @

= (1—w’)h* — 0, (2)
e
v =1vo(hsinf)™', w=wy(sinf) ' +rysind . (3)

Bo3MoXKHBI 1Ba THIIA TAKUX PEIIEeHNH, PA3IHIAIONINXCs BBIITYK/IOCTHIO
npobuis h = h(f) u reomerpueit jmauit Toka. ONHO U3 HUX HABJISIET-
Csl CBEPXKPUTHIECKUM (CBEPX3BYKOBBIM ), BTOpoe — jokpuTraeckum. OHun
OIUCBHIBAIOT JIBMKEHUAE >KUJKOCTU U3 MCTOYHHMKA Ha OJHOM U3 IIOJIIOCOB
IJIAHETHI B CTOK, PACIOJIOXKEHHBI B ApyroMm moJioce. Ilpu yBemmuenun
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YTJIOBOI CKOPOCTH BpallleHUsl IJIAHEThI 00JIaCTh T€UEHHs PaCIIeIlIsieTCs
Ha JIBa OTJEJIBHBIX T0SICA B CEBEPHOM M I0XKHOM MoJyiapusx. OcobenHo-
CTSIMM THIIA UCTOYHHMKA U CTOKA B 9TUX CIydasX MOLYT ObITh U JIMHHH —
HapaJiie/in, Ha KOTOPbIX HEOrPAHUYEHHBIMEI CTAHOBATCS IPOU3BOHBIE UC-
KOMbIX (byHKIwmii. Perenus (2), (3) MOAe/UPYIOT UCTEUEHUS BO3/LYIITHBIX
MAaCC € IOJISPHBIX MIAIOK ILIAHETEL.

2. UcciteioBaHO BO3MOYKHOE BeTBJIEHUE perenuii cucreMsr (1) jist mpo-
cTefiux cirydaeB: cocrosiams paBHOBecuss v = w = 0,h.(0) = hy +
(12/8f5) sin? @ u Bosm Brmmosoit — Poccon w = wysinf,v = 0. Jloxkaza-
HO, 9TO OT JIAHHBIX PEIICHUI OTBETB/IAIOTCH TOYHBIC PEIICHUs YPABHEHU
(1), mMeromne KOHCTAHTHBINA MPOU3BOJ. [ OTK/IOHEHUST OT COCTOSTHUS
PABHOBECHS 9TO O3HAYAET, UTO CYLUIECTBYIOT HETPUBUAJILHBIE PEIEHUS CH-
cremsl (1), B Kotopsix h = h.(0), (v, w) # (0,0). [TocTpoenue Takux perre-
HUI CBOJMTCH K aHAJM3Y COBMECTHOCTH IIEPEOIPEICIEHHON CUCTEMbBI TPEX
ypaBHeHuii 11 aByX PYHKIUA — KOMIIOHEHT cKopocTn v 1 w. Ilepeonpe-
JIeJIEHHAsI CHCTeMa ypaBHEHUI MPUBEIEHA B MHBOJIOIMIO, HOJIyYEHbl BCE
YCJIOBUSI COBMECTHOCTH, HaiijieH mpousBoJi B pemennn. OyHKImy v 1 w
OIIUCBLIBAIOTCS AHATUTUICCKUMU (DOPMYJIAMU — KOMOMHAIMSAMU 3JLIAIITH-
YECKUX MHTErPAJIOB.

3. Uccnemosano pacupocTpanenne 3ByKOBBIX BO3MYIIEHUN B arMocde-
pe wianersl B pamkax mozesn (1). Cucrema (1) sBisiercst rumepbosinde-
CKOIi, JIJIs1 HEE IIPOMHTErPUPOBAHDLI YPABHEHHU 3BYKOBLIX XapaKTEPUCTHUK
Ha cocTosiHuu pasHoBecust (cm. 1. 2). Haiijiena rounas dpopmyia jijist xa-
PAKTEPUCTUIECKOIO KOHOMA B BUJIE KOMOMHAIMK JIMITUYCCKUX HHTE-
IpaJioB.

Mogesib (1) onuchIiBaeT IBUKEHUs CILIONTHO cpejibl Ha cepe B IEJIOM.
DTUM OHA& CYIECTBEHHO OTJIUYAETCS OT OOBITHO HCIIOJIB3YEMbIX MOJIe el
THna (G-IIOCKOCTH, B KOTOPBLIX PEHICHUE OIPEIEICHO JIAIL B OrPAHNYICH-
HOM 110 IIUPOTE IJIOCKOI 1moJIoce.

B pabotre 1oJiy4eHbl TOUHbIE PENIeHrs YPaBHEH THIPOJINHAMUKN Ha,
Bpalaoleiics cepe B MeJI0M, aHATU3UPYIOTCA WX CBOWCTBA W HAJIMYINE
0CODEHHOCTEN.

Pabora BoinosiHeHa 1ipu ¢punancopoit mogaep:kke PODU, rpart Ne 05-
01-00080, CO PAH, unrerpamuonssiii moext Ne 2.15 n IIporpammbr mos-
JIepPKKU BeayIux HaydHbIX 1mikos1, HI11-5245.2006.1.
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CJAVYAU MMOJTHOM MHTETPUPYEMOCTU B JMHAMUKE
YETBIPEXMEPHOI'O TBEPJIOI'O TEJIA
B HEKOHCEPBATVBHOM ITIOJIE CUJI

ITamosima M. B. (Poccus)
MI'Y um. M. B. Jlomonocosa

shamolin@imec.msu.ru

Kaxk 6buto ycranosseno B [1], [2], [3], [4] crpykrypa sunamumaeckux
ypaBHEHMIi JBUYKEHUs CBOOOIHOIO TPEXMEPHOI'O TBEPIOrO TeJja IIPU Ha-
anauu caensmeil cuibl Ha so(3) X R 1pu onpejiesleHHbIX YCIOBHIX CO-
XpaHgAeTCs IIPU IIepeHoce JMHAMUYIeCKUX CBOMCTB Ha cjIydail OoJibIneit pas3-
mepHocTu. Hacrosiiast pabora nocBsIleHa n3yIeHuio IBUKEHNs 9eThIPeX-
MEPHOI'0 TBEPJOrO TeJjla, HAXOMANIEIOCd B HEKOHCEPBATUBHOM IIOJIE€ CHJI
COIIPOTUBJIEHUsI C TaK Ha3bIBaeMOii nepeMeHHoi juccunanueii [1], [6].

[Ipemoaraercs: 9T0 Bee B3auMOJieiicTBre (YeThIpeXMepHOro) TBEPIO-
ro TeJjia CO CPEJIOi, 3al0JIHSIONIENl HeOIrPAaHNIEHHOE YeThIPEXMEPHOE IIPO-
CTPAHCTBO, COCPEJIOTOYEHO HA TOW YaCTU IJIaKON (TpPeXMEpHOii) oBepX-
HOCTH TeJla, KoTopas uMeeT gopmy (Tpexmepnoro) mapa K. Ilpu sTom
YIJIOBasi CKOPOCTD JIBUYKEHUS TaKOI'O Teja — 3JIEMEeHT aarebper so(4), a
CKOPOCTB TIEHTPa Macc — 3jeMenT R4

Eciu oneparop uHepnun B I€KapTOBOM CUCTEME KOOPAUHAT DI ToX3L 4,
CBSI3aHHOM ¢ TejoM (och Dy HaIpaBJIeHA BJOJIb OCH JIMHAMUIECKON CHM-
METpHH, a JIeKapTOBa cucTeMa DIsX3x, CBI3aHA ¢ TPEXMEPHBIM IIAPOM),
UMeeT JUaroHaIbHbIA BUI

dz’ag{]l, 12, 13,]4}, ]2 = ]3 = 14, Q € SO(4>

— MaTpUIa YIJIOBOH CKOPOCTU TBEPAOrO TeJja, TO Ta YacTh yPaBHEHU
JIBUZKEHMsI, KOTOpasi oTBedaer ajrebpe so(4), umeer ciaemytomuii sus [1],

2], [3]: , |
QA+ AQ+[Q, QA+ AQ] = M,

rae A = diag{)\l, )\2, )\3, )\4},

M= (—L+L+1I3+14)/2, ..., = (L + 1+ 13— 14)/2,
M — MOMEHT BHEIIHIX CHUJI, JIEHCTBYIONUX Ha Tejao B RY) crpoekTuposan-
HbIil HA so(4)), [, | — KommyTarop B so(4).
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[Toste cut ompeesisieM Mo aHAJIOTHN € MOJIEM, UCIIOJIB3YEMBIM TP MO-
JIeJIIPOBAHNH BO3JICHCTBIS COMPOTUBIIAIONIEHCS CPE/Ibl Ha TBEPJIOE TEJIO B
yesroBusx crpyitnoro obrekannus [1], [5], [6], [7].

B 6ostee pannux paborax B OCHOBHOM PaCCMATPUBAJIUCH TAKUE JBIZKE-
HUs IeTBIPEXMEPHOrO (MHOTOMEPHOIO) Teja, KOTJa MOMEHT CyMMAapHOi
CUJIBI, JEUCTBYIOIIEH Ha TeJo, TOXKJIECTBEHHO paBeH Hy:I0. /lanHasg pa-
boTa MPUHAJIEIKUT OJHOMY M3 COBPEMEHHBIX HAIIPABJICHUIT B T€OMETPUN
M MeXaHUKe, Pa3BUBAEMOEe aBTOPOM, B HCCJIJIOBAHUN YDaBHEHUI JIBUXKe-
HUs TBEPJIOTro Teja Ha so(4) X R (Korja MOMEHT BHEITHUX CHJI He PaBeH
TOZKJIECTBEHHO HYJTIO 1, 60JIee TOr0, HEKOHCEPBATUBEH ).

[Ipu HEKOTOPBIX yCIOBUSAX (HAJIMYHE IUKJINIECKUX MHTErPaJioB BUJIA
wi = w) = wy = wd = wy = 0w =0, a TakKe HEMHTErpUPYEMOil CBA3M
v = const) cucTeMa JIMHAMIIECKUX YPaBHEHUIT MOXKeT ObITh [Tpe/ICTaBIeHa
B CJIEJIYIONIEM BH/IE:

: 9 . . 9 9 . nCOSQr COS (v
&= —z3+onysina, 23 =nyv sinacosa — 2 , 2= 223

sin o sina’

ZZ.  COSQu

V1+22sinfy’

COS v

o =+/14 2zctgactg B, B =

= —z(2,2,) —MM—
P2 1(z, *)Sinasinﬂl’

rie 2 = /2 +23, zn = 2, ng = %, A,B,o > 0 (nocrosHuble
XapaKTepu3yole MOMEHT BO3JEHCTBUs CPEJIbI HA TBEPJIOE TEJO), 21
w3 COS By + ws Sin By, 29 = —wssin Fs cos B + ws cos (B cos 31 + we sin G,
23 = wssin By sin B — ws cos Posin B1 + wg cos By, («, 1, B2) — chepude-
CKHe KOOPJIMHATHI, CBA3aHHbIe ¢ mapoM K3, v — CKOpOCTb IeHTpa Iapa,
K3 oTHOCHTEILHO CPeJIbl.

[IpuBeenHast BBIIIE CHCTEMA IIECTOrO IMOPSIAKA B yKa3aHHBIX KOOP-
JIUHATaX Paclajach, COOTBETCTBEHHO, Ha HE3ABUCUMYIO CUCTEMY TPETHETO
MOPsIIKA, HE3aBUCUMYIO CHCTEMY BTOPOTO MOpsIKa (KOHEYHO, MOCje 3a-
MEHBI B Hell He3aBUCUMOTO ITIEPEMEHHOI0), & TaKKe OJTHO IMPUCOETUHEHHOE
ypaBHEHHE.

Teopema Paccmampusaemas cucmema uecmozo nopadka obaadaem
NOAHBM HAOOPOM MPAHCUEHIEHTMHBLE (6 CMBICAE KOMNACKCHO20 GHAAU3A,)
NEPEHLT UHMEZPANOE, BBPANCAIOULUTCA YEPES KOHEUHYIO KOMOUHAUUIO dAe-
MEHMAPHVLT HYHKUUL.
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HOJIyquHaH METO/JMNKa MHTEIPUPOBaHNA PaCCMaTPUBaCMbIX JUMHaMU-

YECKUX CHCTEM MOXKET OBITh PACIIPOCTPAHEHA U Ha IPOCTPAHCTBO SO(n) X
R"™ 1pousBOILHOIO JIMHAMUYECKH CUMMETPUYIHOIO N-MEPHOIO TBEPIOIO

TeJIa.

Pa6ora Boimostaena mpu durancooit nojepkke PODU (rpantsr 05—
08-01378-a u 05-01-00401-a).
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AJITEBPEI OIIEPATOPOB JIAKCA U X HEHTPAJIBHBIE
PACHINPEHNA

HTeitaman O. K. (Poccus)
Maremaruuecknit uactutyT um. B. A. CreksoBa PAH
HezaBucuMblit MOCKOBCKHIT YHUBEPCUTET
sheinman®@mi.ras.ru

Aurebpnl onepaTopos Jlakca — HOBBIHM KJ1acc ajredp TOKOB Ha PUMaHO-
BBIX IIOBEPXHOCTAX, BOSHUKINNI Beie 3a addunabiMu ajaredpamu Kara—
Mymu n anredopamu Kpruesepa—HoBukosa. Kaxktas Takas aaredpa oTse-
JaeT PUMAHOBOM ITOBEPXHOCTHU U TOJIOMOP(MHOMY BEKTOPHOMY PaCCI0CHUIO
Ha Heil. BBojsiTcad OopTOroHajbHBIE M CUMILIEKTUYECKHE aHAJIOTU Ollepa-
TopoB Jlakca u cooTBeTCTBYyIOIKE aaredpbl TOKOB. V3ydeHbl IOYTH Ipa-
JIYUPOBaHHAA CTPYKTypa U JIOKaJbHbIE IeHTPaJbHbIE PACIIUPEHUs] STUX
aJireop.

[Iepeducientnoe sIBJIgETCS PE3yJIbTATOM COBMECTHON pabOThI aBTOPA
¢ 1. M. Kpudaesepom n M. IlIimxenmaitepom.

OBIIVE B-TUIEPCUHI'YVIAPHBIE UHTEIPAJIBI

HTuinkuna 3. JI. (Poccus)

Boponexkckasi rocyiapcTBeHHasl TEXHOJIOIMYIECKasd aKaIeMUsd
ilina_dico@mail.ru

BynyTr upeacraBieHbl TeopeMbl 00 OOpallleHUMH MHTErpaJioB Tuila B-
noTeHuaJioB Prucca obmumu B-runepcuHryisspHbIME MHTErDaJIaMU.
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OB OCOBEHHOCTSX TIEPEXOIA
K JETEPMVHNPOBAHHOMY XAOCY B HEKOTOPDBIX
I'MJIPOJINMHAMNYECKUX CHUCTEMAX

IMIBer A. FO. (Ykpanna)
HTYY “KueBckunil moJIMTeXHUIECKUN UHCTUTYT
alex.shvets@bigmir.net

[Ipu n3yvyennn BOSHUKHOBEHUS JETEPMUHUPOBAHHOTO Xa0Ca B JIMHAMU-
JeCKNX CUCTeMaX OJIHIM U3 CAMbBIX HHTEPECHBIX SIBJISIETCsT BOIIPOC O CIIEHA~
pHUsIX Iepexojia OT OJIHOIO THUIla YCTAHOBUBIINXCS PEXKUMOB K Jpyromy. K
HACTOSIIEMY BpEeMEHN OOHAPY>KEHO U OIIUCAHO DOJIIIIOE KOJIMIECTBO TUIIOB
XaOTUIECKUX aTTPAKTOPOB B IUHAMUYIECKUX CUCTEMAX CaAMOI Pa3HO IIpU-
posbl. OIHAKO YUCIO U3BECTHBIX CIIEHAPUEB IIePexXoia MeK Iy YCTAHOBUB-
IIIMKCS PEKUMAMU Pa3HBIX TUIIOB OCTAETCsI CPABHUTEIBHO HEOOJIBIITIM.
[TosToMy OOHApY:KeHHE HOBBIX CIIEHAPUEB IIePexo/ia K XaoCy SIBJISeTCs MH-
TepPecHOM 1 aKTYyaJbHOW HaydIHOM MpoOJIeMOil HeJIMHEITHON JTHHAMUKH.

Hacrosmas paboTa nmocssineHa n3yYeHUIO CBOMCTB yCTaHOBUBIITUXCS, B
TOM YHCJIE U XaOTUIECKHUX, PEXKUMOB B3aMMOJIECTBU KOJIeOaHUT CBOOO,I-
HOII TIOBEPXHOCTH >KUJIKOCTH B IIMJIMHIPUIECKUX KECTKIX DaKax U IIPOIec-
ca BpallleHUs BaJia JIeKTPOABUTATE s OTPAHUIEHHON MOIIHOCTH, BO30Y K-
JIAOIIEr0 IIPOCTPaHCTBEHHBIE KoJiebaHus Oaka. PaccmaTpuBaemasi cucreMma
ABJIdeTcd JIeTePMUHUPOBAHHOM JIMHAMNYECCKON CUCTEMON ¢ OrPaHUYCHHbIM
BO30ykKaeHrneM. CyIecTBoOBaHNE Xa0TUIECKUX PEKUMOB IIPU OIPpaHUIEeH-
HOM BO30y2K/IeHnn Oaka BIiepBble ObLIO J0KasaHo B pabore [1]. Oxrako B
9TOI paboTe JI0Ka3aTe/IbCTBO CYIIECTBOBAHUS TAKUX PEXKUMOB OBLIO IIPO-
BEJICHO TOJIBKO JIJISI OJHOTO YACTHOIO CJiydasi KoJieOaHuii ¢BOOOJIHOM I110-
BEPXHOCTH KUJIKOCTHU. llosIB/IeHIE XaOTUIECKUX PEKUMOB B ODIIEM CJIy-
Jae IPOCTPAHCTBEHHBIX KOoJieOaHUil CBOOOIHOM ITOBEPXHOCTH YCTAHOBJIEHO
B pabore [2]. Pasnoobpasne BOSMOKHBIX TUIIOB XA0TUIECKIX aTTPAKTOPOB
U CIIeHApHUEB Iepexojia OT PEryJspHbIX PEKUMOB K XaOTHIECKUM U3y da-
J0ch B pabore [3].

B npocrpancTBe mapamMerpoB pacCMaTPUBAaeMOil cucTeMbl OOHAPYKEH
HOBBII CIleHapuii mepexosa Thma "xaoc—xaoc". DToT crieHapuit OTHOCUTCS
K THUIIY IIEPEXOI0B K Xaocy Uuepe3 mepemezkaeMocTb. OH dBjigeTcst 0000111e-
HUEM M3BECTHOT'O CIeHAPHs Iepexo/ia OT IPEeIeTbHOr0 MUK K XaoCy tTe-
pe3 nepeMexkaeMocThb 1o [Tomo-ManueBumo. [Ipn HOBOM crieHapuu poJib
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MCYe3aloIIero MmpeiebHOro MukKia ciienapues Ilomo—ManueBusiss urpaer
nucyuesaronuii, mpu OudypKalmu, XaoTUuIecKuii arTpakTop. JlamuaapHoit
dazo0ii 0OHAPYKEHHOI IIePEMEXKAEMOCTHU ABJISIOTCS XaOTUIeCKUe JBUKe-
HUA TPAEKTOPUil, BOSHUKAIOIIEI'O HOBOI'O aTTPAKTOPa, B OKPECTHOCTH TPa-
eKTOPHIl MCUYe3aI0Iero XaoTHIeCKOro arrpakropa. 1'ypOyaeHTHO#N dazoit
SIBJISIIOTCS HEIIpe/ICKa3yeMble Hallepe yXO/bl TPAeKTOPHU B OT/Ia/IeHHBIE
obJtacTu a30BOro IIPOCTPAHCTBA.

[IpoBeseHo jgerajibHOE HMCCJIEIOBAHUE YCTAHOBUBIIUXCA XAOTUIECKUX
PEXKUMOB CUCTEMBI 0 W T1ocjie Touku Omudypkanmu. [locTpoensr u mpo-
aHAJIM3UPOBAHBI (Da30BbIE IOPTPETHI, cedeHns u orobpakenus [lyankape,
pacipeeieHnst CIIeKTPaabHOM IIJIOTHOCTU U MHBAPUAHTHON Mepbl B OOHA-
pyzKeHHOM Irepexoje "xaoc-xaoc".

Ha pucynkax mnpupejieHbl (pa30Bble IOPTPETHI IPOEKIN Xa0TUIECKUX
aTTPAKTOPOB WJLIIOCTPUPYIOIINE BBIMIEYIIOMSIHYTYIO IePeMezKaeMOCTh
“xaoc—xaoc’.

P2 P2

P1 P1

JIuteparypa

[1] Kpacuonosbekas T.C., [lIser; A.FO. Perysisipabie n xaoTudeckue mo-
BEPXHOCTHBIE BOJIHBI B YKHMJIKOCTU IIPU OIPAHUIEHHOM BO30Y K ICHUN
kosiebanuit nuauHIpuaeckoro 6aka // Ilpukia. mex.- 1990.-T. 26,

N8.-C. 85-93.

|2] Krasnopolskaya T.S., Shvets A.Yu. Chaotic surface waves in limited
power-supply cylindrical tank vibrations // J. Fluids &Structures.-
1994.-V.8, N1.-P.1-18.
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[3] IIser; A.FO. Crenapun nepexojioB “Hopsyiok—xaoc” mpu pe3oHaHC-
HBIX KOJIEOAHUSAX KUJKOCTH B IInHIprIeckux 6akax // C6. Tpy/i0B
Nucturyra maremarnkn HAH Vikpawmasr.—2006.-T.3, N1.-C. 216-
249.
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SINGULAR CURVES AND INVARIANTS OF GEOMETRIC
STRUCTURES

Agrachev A. (Russia, Italy)
Steklov Mathematical Institute
SISSA

agrachev@sissa.it

Given a submanifold V of the tangnet bundle to a smooth manifold M,
we consider “admissible curves” on M whose velocities belong to V. Among
examples are parametrized by the length curves on a Riemannian manifold
and integral curves of a vector distribution. The boundary map sends
a curve into its endpoints. “Singular curves” are critical points of the
boundary map restricted to the space of admissible curves. They give
nice and efficient tools for the investigation and classification of many
intersting geometric structures.

PROJECTIVE GEOMETRIC THEORY OF DIFFERENTIAL
EQUATIONS: LINEARIZATION CRITERION

Aminova A. V. (Russia)
Kazan State University
asya.aminova@ksu.ru

Aminov N. A.-M. (Russia)
Kazan State Technical University
asa@ksu.ru

While developing the theory of spaces with a projective connection,
E. Cartan stressed persistently its importance for the study of differen-
tial equations (see, for example, [1, ¢. 57]). The methods of differential
geometry, in particular, the methods of Cartan’s theory provide tools for
developing a systematic geometric approach to defining and studying point
and non-point symmetries of large classes of ordinary differential equations
and partial differential equations and to obtaining their solutions.
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Devoted to the fundamentals of this approach are papers [2-5] where
the group properties of the equations of geodesics on an affine or a pseudo-
Riemannian manifold M™ are considered, in particular, when these are
written as a system of second-order differential equations (resolved with
respect to the second derivatives) with third-degree polynomials in the
derivatives of the unknown functions on the right-hand sides. Each point
symmetry of such systems is proved to be a projective transformation.
A connection between projective transformations in pseudo-Riemannian
manifold M™ and symmetries of Hamiltonian systems and Lie-Backlund
transformations of Hamilton - Jacobi equations with quadratic Hamilto-
nians is discovered. The dimension of the maximal symmetry group for a
system of n second-order ordinary differential equations is found, and this
group is proved to be the projective group; this result is an extension of a
well-known theorem of Lie relating to n = 1. In [6-7] the group properties
of systems S of second-order differential equations resolved with respect
to the second derivatives and with the right-hand sides cubic in the first
derivatives of the unknown functions are studied. No preliminary assump-
tions are made on the existence of a geometric structure (Riemannian,
affine and so on) in the space of dependent and independent variables of
the system. We show that certain combinations of the coefficients of the
system are transformed as the components of a projective connection. It
is remarkable that every projective connection on n-dimensional manifold
M can be obtained in this way and every differential system S defines an
(associated) projective connection on M. In other words, the theory of
systems § of differential equations is the theory of projective connections.
The notion of equivalent differential systems is introduced and necessary
and sufficient conditions are found for a system S to be reducible by a
change of variables to a system whose integral curves are straight lines.
Symmetry group of differential system S is proved to be a group of pro-
jective transformations of dimension r < n? + 2n in n-dimensional space
with associated projective connection.

In the frames of developed projective geometric theory of differential
equations linearization criterion for general system of second-order differ-
ential equations: 7 = F (t, %, %) (¥ € RY), is found, that is, necessary and
sufficient conditions are found for a system to be reducible by a change
of variables to a system whose integral curves are straight lines and are
expressed by n linear parametric equations or n — 1 linear equations with
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constant coefficients. For n = 2 this implies the linearization conditions
deduced by Tresse (1894) for the second-order differential equation. As an
application a classification is given of linearizable systems of two second-
order differential equations admitting four-dimensional solvable symmetry
groups of Lie-Petrov type VI;. For each type explicit forms of equations
of a system together with basic vector fields and structure equations of the
corresponding symmetry Lie algebra are obtained as well as linearization
conditions and linearizing changes are stated.

The work was partially supported by the Russian Foundation for Basic
Researches (grant no. 06-01-00765).
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ENUMERATING STAIR-SHAPED YOUNG TABLEAUX

Baryshnikov Yuliy (USA)
Bell Laboratories
ymb@research.bell-labs.com

Up-down permutations — permutations where increases and decreases
alternate — feature prominently in Arnold’s work, see e.g. [1, 2]. One
can view these permutations as standard Young tableaux with stair-like
Young diagram shapes.

The problem of enumerations of standard skew Young tableaux of given
shape is rather nontrivial (existing explicit formulae are unwieldy and do
not lend themselves readily to asymptotic analysis). In this work we count
Young tableaux filling a natural family of stair-like Young diagrams whose
north-western and south-eastern boundaries are parallel to the bisector of
the first quadrant (we use the orientation where the entries of the tableau
increase left-to-right and top-to-bottom). We will encode such Young
tableaux by the vector of column heights; examples of Young diagrams
and their encodings are shown below:

1222221 [2 333 3]

Figure 1: Stair-like Young diagrams and their height vectors.

To find the number of Young tableaux with stair-like shapes we adopt
a variant of the transfer operator method generalizing the approach of [3];
it leads to a problem of diagonalization of the certain integral operator.
Thus, for the shapes with typical columns being of height 2m, the
operator acts on the subspace of even totally antisymmetric functions in
L3([-1,1]™) as
Sz, z2y .. x) = (1)
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1—.73m 1—xm71 1—$1
:/ / / f(yla...,ym)d’ymdym_l.,_dy17
0 0 0

The operator S is diagonal in the orthonormal basis
m/2 ijxl
Jry koo (T1, Ty - -, T) = 2777 det COST (2)
l,j=1...m

Qm(_l)zj(k’j—l)/?
T Hj k’j

Similar approach works also for shapes with odd typical column
heights; here the eigenfunction are the determinants

with the eigenvalues Ay, k,.. k., =

det (sin(mhjzi))y, pye.och,
without restrictions on the parity of k’s.

These general results lead to dozens of theorems on enumeration of
stair-like Young tableaux for small values of column heights. For example,
for the shape with the vector [44 . ..4] (n columns altogether), the number
of Young tableaux is

Es, 2 Eon—o  Eopyo
Ny = (4n)! (((Qn)!) 2 =21 (2n+ 2)!) ’

E2nz2n
(2n)!
This and many others of the resulting identities beg for a combinatorial
explanation.
This is joint work with Dan Romik, Hebrew University.

where FE,, are the Euler numbers, given by sec(z) = Z
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FINITE RANK APPROXIMATIONS OF CHAOTIC DYNAMICAL
SYSTEMS WITH NEUTRAL SINGULARITIES

Blank M. L. (Russia)
Russian Academy of Sci., Inst. for Information Transm. Problems
blank@iitp.ru

In 1960 S. Ulam [1] has formulated a hypothesis about the possibil-
ity of an approximation of an action of a chaotic dynamical system by
means of a sequence of finite state Markov chains and proposed the sim-
plest scheme which can be described in modern terms as follows. Let T
be a transfer-operator corresponding to the dynamical system (7, X), i.e.
T*u(A) := u(T~1A) for any Borel set A C X and a probabilistic measure
p. Let A := {A;} be a finite measurable partition of X with the diame-
ter 6. Consider an operator acting on probabilistic measures (generalized
functions): Qau(A) := Z —(m(zz) )
imation can be written z;s a superposition of the operators QA7 and
his hypothesis says that for a “good” enough map and a “good” enough
partition A statistical properties of the original dynamical system can be
obtained from the limit properties of the operators Q\7™ when the par-
tition diameter vanishes. Observe that numerically the complete spectral
analysis of the finite stochastic matrix corresponding to QA 7™ is a routine
procedure.

It turns out that for a broad class of dynamical systems having some
hyperbolicity properties (piecewise expanding maps, Anosov torus diffeo-
morphisms, random maps) one might show that both the corresponding
transfer-operator and its perturbation are quasi-compact, which leads to
the direct operator analysis of the spectrum stability with respect to per-
turbations generated by the operator Q.

Strictly speaking even for a very “good” hyperbolic dynamical system
some additional assumptions are needed to prove the hypothesis for the

1(A;). Then the Ulam’s approx-
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complete spectrum. Surprisingly, a similar statement about the leading
eigenfunction turns out to be extremely robust. In fact, the only known
counterexample [2] given by the map:

1 - 5
T =< —2r+1 if1—52<$<%

5+ % otherwise.

is not only discontinuous but this discontinuity occurs at a periodic turning
point (compare to instability results about general random perturbations
3)).

Up to now there were no mathematical results about the nonhyperbolic
situation and our aim is to show that despite the conventional technics
mentioned above no longer works in this case, yet the stability of the
leading eigenfunction can be proven. Consider a family of expanding maps
with neutral singularities. A typical example of this type is the so called
Manneville-Pomeau map T,z := = + 2*(modl) from the unit interval
X :=10,1] into itself with a > 1. It is known that the map T,, possesses
the only one SRB measure p, which is absolutely continuous (but has an
unbounded density) if 1 < a < 2, and is the Dirac measure at the origin
1?0} if « > 2. The following result demonstrates that the Ulam scheme
works correctly for this nonhyperbolic map.

Theorem. For any @ > 1 and small enough 0 < 0 < 1 the Markov
chain generated by the transfer operator (A7 is uniquely ergodic and
its unique invariant distribution pa satisfies the relations: (a) pa(Ap) <

Co** Va =1, (b) ua(A1)/d 0o Va > 1, (¢) pa =9 Iiyy Va>2.
Here A; is the element of A containing the origin.

To prove this result we developed a completely new approach based
on the analysis of the action of the corresponding transfer operators on
“monotonic measures” u defined by the property that u(A) > p((A+x)N
X) for any Borel set A C X and z € X.

We shall discuss also the generalization of the above result for a much
more general class of piecewise convex maps with neutral singularities.
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CAUSTICS OF INTERIOR SCATTERING

Bogaevsky I. A. (Russia)
Moscow State University
bogaevsk@mccme.ru

The geometric optics of linear short waves is described by a Fresnel
hypersurface, which is defined by an eikonal equation and situated in a
contact space. A Fresnel hypersurface can have conical singularities, which
are locally diffeomorphic to the product of the two-dimensional cone and a
real vector space. Its Legendre submanifolds describing the propagation of
wave fronts can have singularities as well because the Fresnel hypersurface
itself is not smooth. V.I.Arnold has discovered that there are two types of
typical conical singularities of a generic Fresnel hypersurface up to contact
diffeomorphisms - elliptic and hyperbolic. Besides, he has found a normal
form of a typical Legendre submanifold in a neighborhood of a hyperbolic
conical point of the Fresnel hypersurface. We describe all typical caustics
of this Legendre submanifold in three-dimensional space.

124



SYMBOLIC DYNAMICS OF ALMOST COLLISION ORBITS OF
THE ELLIPTIC 3 BODY PROBLEM

Bolotin Sergey (Russia)
Steklov Mathematical Institute, Moscow
bolotin@mi.ras.ru

Suppose Sun of mass 1 and Jupiter of mass p move with period 27
along ellipses with eccentricity €, and an Asteroid of negligible mass moves
in the gravitational field of Sun and Jupiter. For p = 0 Jupiter disappears
and we obtain Kepler’s problem. We prove the existence of chaotic al-
most collision orbits of the Asteroid which, as u© — 0, shadow chains of
collision orbits of Kepler’s problem. Periodic orbits of this type were first
considered by Poincaré for the general 3 body problem.

One of the results is as follows. Let G be the angular momentum of
the Asteroid and E the energy. For ¢ = 0 Jacobi’s constant J = F — G is
a first integral. Let Q = {(g,h) : ¢?/2 —g —1 < h < —g} be the set of
(g, h) such that Kepler’s orbit with G = g and J = h is an ellipse crossing
the unit circle which is Jupiter’s orbit for e = pu = 0.

Theorem 1. Let p > 0. There exist C,eq,0 > 0 such that for any
e € (0,¢9), any p € (0,0€) and any sequence (g;, h;)52_ . in Q, there exists
an almost collision orbit of the elliptic 3 body problem and a sequence
()2 such that 0 < t; — t; 1 < Ce ™ and |J(t;) — hi| + |G(t;) — gi] < p

for all .

Thus the angular momentum and Jacobi’s constant wander “randomly”
in €. In fact J changes much slower than G. In contrast with regu-
lar perturbations of an integrable system for which “diffusion speed” is
exponentially slow, the rate of change of J is of order e.

The proof is based on a reduction to hyperbolic dynamics of skew
product of almost integrable symplectic maps fj of the annuli:

fr(t,h) = (t+ px(h) + O(e), h + O(e)), t mod 2w, ap < h < by.
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ABELIAN FUNCTIONS AND SINGULARITY THEORY

Buchstaber Victor M. (Russia)
Steklov Mathematical Institute, RAS

Theory of Abelian functions was a central topic of the 19th century
mathematics. In mid-seventies of the last century a new wave arose of
investigation in this field in response to the discovery that Abelian func-
tions provide solutions of a number of challenging problems of modern
Theoretical and Mathematical Physics.

In a cycle of our joint papers with V. Enolskii and D. Leykin we have
developed a theory of multivariate sigma-function, an analogue of the
classic Weierstrass sigma-function.

A sigma-function is defined on a cover of U , where U is the space of
a bundle p: U — B defined by a family of plane algebraic curves of fixed
genus. The base B of the bundle is the space of the family parameters and
a fiber J, over b € B is the Jacobi variety of the curve with the parameters
b. A second logarithmic derivative of the sigma-function along the fiber is
an Abelian function on Jj.

Thus, one can generate a ring I’ of fiber-wise Abelian functions on U.
The problem to find derivations of the ring F' along the base B is a refor-
mulation of the classic problem of differentiation of Abelian functions over
parameters. Its solution is relevant to a number of topical applications.

The talk presents a solution of this problem recently found by the
speaker and D. Leykin.

A precise modern formulation of the problem involves the language
of Differential Geometry. We obtained explicit expressions for the gen-
erators of the module of differentiations of a ring of Abelian functions.
The families of curves, which we work with, are special deformations of
the singularities y™ — z°, where ged(n,s) = 1. The choice of this type of
families allows us to use methods and results of Singularity Theory, espe-
cially Arnold’s convolution of invariants and the theorem of Zakalyukin
on holomorphic vector fields tangent to the discriminant variety.
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POINCARE SERIES AND THE MONODROMY ZETA
FUNCTIONS

Campillo Antonio (Spain)
Valladolid University

Poincaré series associated to multi-index filtrations are studied in joint
work with F. Delgado and S. Gussein-Zadé. One gets that for some natu-
ral filtrations associated to the inner structure of several singularity types,
the Poincaré series provides direct information on the geometry or the
topology of the singularity. For quasi-homogeneous singularities W. Ebel-
ing and S. Gussein-Zadé have shown that the Poincaré series associated
to the weight filtration is related to the monodromy zeta function. This
leads to consider also multi-index filtrations for given embedded singulari-
ties, and their associated Poincaré series, which is done in current work by
A. Lemahieu. Thus natural Poincaré series for singularities, both non em-
bedded and embedded ones, can be studied. We review those results and
show how any of those Poincaré series has significant information on the
geometry or topology of the singularities, and compare such information
in several cases. In particular, relations with monodromy zeta functions
are emphasized.
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ON THE INDEX OF THE SUBGROUP GENERATED BY
THE HEEGNER DIVISORS

Castano-Bernard C. (Italy)

ICTP (Trieste)
ccastano@ictp.it

Let E be an elliptic curve defined over Q and assume E has rank
one. So there is a non-trivial morphism p : X (N) — E defined over Q
such that ico — Op € E, where X (N) is the quotient of Xo(N) by the
Fricke involution wy, and N is the conductor of E. Denote by J; (V) the
Jacobian of X, (N) and let P be a generator of the subgroup generated
by the set of p.(y}) € E(Q), where yj; € J5(N)(Q) runs through all
Heegner divisors as in [2]. (Cf. [1].) This talk is about a conjectural
relation between the index [F(Q) : ZP] and the real locus X, (N)(R) of
the quotient curve X (N) suggested by new numerical evidence.

References
[1] Borcherds, R.E., The Gross-Kohnen-Zagier theorem in higher di-

mensions, Duke Math. J., 97 (1999), no. 2, p. 219-233.

[2] Gross, B.H., Kohnen, W., and Zagier, D.B., Heegner points and
derivatives of L-series. II, Math. Ann. 278 (1987), no. 1-4, p.
497-562.

SINGULARITIES OF DYNAMICAL SYSTEMS:
A CATASTROPHIC VIEWPOINT

Chaperon M. (France)
Université Paris 7
chaperon@math. jussieu.fr

The idea of stratifying function spaces is not as familiar in dynamics
as in differential topology or in the theory of singularities of smooth maps.
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The aim of this talk is to present in that framework various results, some
of which are quite recent, and various questions, some of which must be
very hard and might be ill-posed.

An aspect of the subject is that the birth of invariant circles in the
“Hopt” bifurcation generalizes to generic families in dimension 2n, de-
pending on at least n parameters, as the birth not only of invariant n—tori
[1] but also of various other higher dimensional compact invariant mani-
folds [2,3,4,5], the largest of which are (2n — 1)—spheres. Their study has
to do with Lotka-Volterra systems, on which it brings some apparently
new information [3].
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ARNOLD MULTIPLICITY AND BIRATIONAL AUTOMORPHISMS

Cheltsov I. (Russia)
University of Edinburgh
cheltsov@yahoo.com

Arnold multiplicity is a local invariant of a holomorphic function de-
fined by the square-integrability of fractional powers of the function. In
one complex variable, it agrees with the ordinary multiplicity. But for
holomorphic functions of several complex variables, Arnold multiplicity
is a more subtle invariant which has connections with many problems in
various areas of mathematics. Arnold multiplicity can be defined also for
holomorphic sections of line bundles on complex manifolds. We will dis-
cuss relations between this local invariant of holomorphic sections of line
bundles and global birational geometry of Fano varieties.

LINKING AND CAUSALITY IN GLOBALLY HYPERBOLIC
SPACETIMES!

Chernov V. V. (USA)
Dartmouth College
Vladimir.Chernov@dartmouth.edu

We construct the invariant alk that is the generalization of the linking
number to the case of nonzero homologous submanifolds and apply it to
the study of causality in globally hyperbolic spacetimes (X, g). The space
N of null geodesics in (X, g) is identified with the spherical cotangent
bundle ST*M of a Cauchy surface M. All the null geodesics passing
through x € X form a sky S, C N = ST*M of x.

Low observed that if the link (&,, &,) is nontrivial, then z,y € X are
causally related. We show that in many cases (&,,&,) # 0 if and only
if x,y € X are causally related. We show that z, y in a nonrefocussing
(X, g) are causally unrelated iff (&,,8,) can be deformed to a pair of
Sm=1fibers of ST*M — M by an isotopy through skies. Low proved that
if (S, g) is refocussing, then M is a closed manifolds. We prove that the
universal cover of M is also a closed manifold.

'based on a joint work with Yuli Rudyak
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TRIGONOMETRIC SUMS IN THE NUMBER THEORY AND
ANALYSIS

Chubarikov V. N. (Russia)
Lomonosov Moscow State University

This talk is devoted to trigonometric sums in the number theory and
analysis, in particular, to the P. L. Chebyshev moment method which is
known in the theory of probabilities.

From one side, this method permit to describe some properties of a
function on its moments. Often the computation of moments is a simple
problem of analysis. From an other side, if the function is large, it is
large on the set of the positive measure. These arguments often give the
solution of a problem.

I. M. Vinogradov defined the place of analysis in the number theory
as follows. He wrote: “Analysis makes it possible to extend considerably
the range of problems of the number theory and provides for a more rapid
development of this science. I also want to point out one more useful
feature of the analytic methods in the number theory. While solving new
difficult problems, analysis itsef develops and gets more perfect. Dirichlet’s
series and the theory of ((s) function can serve as examples as well as some
properties of Bessel’s functions of a complex variable (for instance, the
theorems of Lindel6f, Phragmen, Mellin), discontinuous sums and integrals
etc. Thus, the application of the analytic method to the number theory
enriches the science with new valuable achievements and, at the same
time, develops and perfects the analysis itself”.

We will discuss:

The I. M. Vinogradov Mean Value Theorem

The Moment Problem for Multiple Trigonometric Sums
A upper bound for Weyl sums

Multiple Trigonometric Sums on Primes

The distribution of values of short trigonometric sums

6. Estimates of trigonometric integrals and complete rational trigono-
metric sums

7. Some Unsolved Problems.

AL
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VASSILIEV INVRIANTS THAT DO NOT DISTINGUISH
MUTANT KNOTS

Chmutov S. V. (USA)
Ohio State University
chmutov@math.ohio-state.edu

The purpose of this presentation is to describe all Vassiliev invariants
that do not distinguish mutant knots in terms of their weight systems.
Namely, a (canonical) Vassiliev invariant does not distinguish mutant
knots if and only if its weight system depends on the intersection graph
of a chord diagram only.

Joint work with Sergei Lando.

LOCAL INVARIANTS IN REAL GEOMETRY AND REGULARITY
CONDITIONS

Comte Georges (France)
University of Nice-Sophia Antipolis
comte@math.unice.fr

For germs of subanalytic sets, we define two finite sequences of new
numerical invariants. The first one is obtained by localizing the classical
Lipschitz-Killing curvatures, the second one is the real analogue of the
evanescent characteristics introduced by M. Kashiwara. We show that
each invariant of one sequence is a linear combination of the invariants of
the other sequence. We then connect our invariants to the geometry of the
discriminants of all dimension. Finally we prove that these invariants are
continuous along Verdier strata of a closed subanalytic (actually definable)
set.
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LIMIT CYCLE BIFURCATION IN THERMOHALINE
CONVECTION BOX-MODEL

Davydov A. A. (Russia, Austria)
Vladimir State University
International Institute for Applied Systems Analysis (IIASA)
davydov@iiasa.ac.at
Melnikov N. B. (Austria, Russia)
International Institute for Applied Systems Analysis (ITASA)
Central Economics and Mathematics Institute
of the Russian Academy of Sciences
Lomonosov Moscow State University
melnikov@iiasa.ac.at

The thermohaline convection box-model proposed by Welander [1] can
be written as

t=1-z—qz)r y=61-y)—q)y (1)

where z = —z 4+ 1y, 0 < d < 1, and 1 < r. Self-sustained oscillations
numerically found in this model [1] were used to analyze and explain
interdecadal ocean oscillations in general circulation models described by
PDEs [2]. Here we prove existence of the limit cycle in the system (1)
for a wide class of nonnegative nondecreasing transfer functions ¢ which
represent turbulent fluxes. First, we note that for any continuous transfer
function the system (1) has at least one steady state, and all its steady
states belong to the square IT = {(z,y) e R*: 0 <z <1, 0 <y < 1},
which is an invariant set of the system (1).

Theorem 1 [3,4] Let the family q = Q(.,\), A > 0, of continu-
ous transfer functions converge point-wise outside zero as X — 0+ to the
function x,,0 > 0, such that x,(z) =0, z < 0, and x,(2) = o, z = 0.
Then for sufficiently small \ there exists a unique steady state (Z,q) in
the system (1). If additionally this function is differentiable at the point
Z, 2 = —& +ry, and the inequality ¢'(2)2 < —1 — § — 2q(2) is true, then
this steady state is a hyperbolic repeller.

Poincare-Bendixson theorem yields the following

Corollary [3,4] Let the function q satisfy the assumptions of Theorem
1, so that there is a unique steady state (Z,v) which is a hyperbolic repeller.
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Then the system (1) has a limit cycle inside the square I1 that encloses
the steady state (Z,7).

Consider the flip-flop model, i. e. the transfer function has a jump
at zero. Solutions to the system (1) with ¢ = x, are understood in the
Filippov sense.

Theorem 2 [3,4] Let 1 <r < 1/6 and 6(r —1)/(1 —1d) < o then the
system (1) with ¢ = x, has the unique steady state

1—d0r 1-=9r
(x’y)_(1—5’7~(1—5>)’ (2)
and this steady state is topologically equivalent to a stable focus.

The result preserves if we allow for nonzero left and right derivatives
of the transfer function at zero.

Theorem 3 [4] Let 1 < r < 1/§, and q is a piece-wise differentiable
transfer function continuous outside of zero with a jump at zero such that
q(0—) < é(r—1)/(1=ré6) < q(0+). Then the point (2) is the unique steady
state of the system (1) and it is topologically equivalent to a stable focus.
Moreover, the 2-get of the respective Poincare map at the point (2) does
not depend on one-sided derivatives of the function q at zero.

Consider now a family Q(.,A), A > 0, of differentiable transfer func-
tions that smoothes a function ¢ from Theorem 3 and satisfies Theorem 1.
Then on A coming out of zero a limit cycle bifurcation takes place analo-
gous to the classical soft loss of stability.
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SELF-AVERAGING AND CRITICAL EXPONENTS IN RANDOM
SPIN SYSTEMS

De Sanctis Luca (Italy)

ICTP
lde@math.princeton.edu

We illustrate a quite general setting in which it is easy to obtain typical
results in random spin systems such as mean field and finite connectivity
spin glasses. From stochastic stability we can obtain self-averaging with
respect to the Gibbs measure and as a consequence a family of constraints
on the distribution of multi-overlaps, which are the physical quantities
encoding the thermodynamic properties of the models. From the self-
averaging with respect to the quenched-Gibbs measure we obtain further
(and stronger) factorization properties. The same convexity arguments at
the basis of the stochastic stability provide information on the free energy
from which one can find the critical points and exponents of the overlaps.

SYMPLECTIC SINGULARITIES OF VARIETIES: THE METHOD
OF ALGEBRAIC RESTRICTIONS

Domitrz Wojciec (Poland)
Institute of Mathematics, Polish Academy of Sciences
domitrzOmini.pw.edu.pl

This is the joint work with S. Janeczko and M. Zhitomirskii. We study
germs of singular varieties in a symplectic space. In [1] V. Arnol’d dis-
covered so called “ghost” symplectic invariants which are induced purely
by singularity. We introduce algebraic restrictions of differential forms to
singular varieties and show that this ghost is exactly the invariants of the
algebraic restriction of the symplectic form. This follows from our gene-
ralization of Darboux-Givental’ theorem from non-singular submanifolds
to arbitrary quasi-homogeneous varieties in a symplectic space. Using al-
gebraic restrictions we introduce new symplectic invariants and explain
their geometric meaning. We prove that a quasi-homogeneous variety N
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is contained in a non-singular Lagrangian submanifold if and only if the
algebraic restriction of the symplectic form to /N vanishes. The method of
algebraic restriction is a powerful tool for various classification problems
in a symplectic space. We illustrate this by complete solutions of symplec-
tic classification problem for the classical A, D, E singularities of curves,
the Sy singularity, and for regular union singularities.
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ON MONO-MONOSTATIC BODIES AND TURTLES

Domokos G. (Hungary)

Budapest University of Technology and Economics,
Department of Mechanics, Materials and Structures
domokos@iit.bme.hu
Varkonyi P.L. (Hungary)

Budapest University of Technology and Economics,
Department of Mechanics, Materials and Structures
vpeter@mit.bme.hu

Static equulibia of rigid bodies belong to the classical chapters of me-
chanics. Nevertheless, there are still interesting open mathematical ques-
tions, in particular, homogeneous, convex objects with just one stable
equilibrium (called monostatic) appear to be an intriguing subject.

It is easy to show [1] that in 2D (e.g. among convex homogeneous
slabs, rolling in their own plane) no monostatic bodies exist, this state-
ment is analogous to the Four-Vertex-Theorem. In 3D the situation is
different: monostatic bodies do exist, even among polyhedra, here the
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minimal number of faces is an interesting challenge. Conway and Guy [2]
showed a monostatic polyhedron with 19 faces and up to now this appears
to be the lowest number. If we go to higher dimensions, monostatic bodies
appear to be less and less exotic. Even monostatic simplices have been
identified by Dawson, Finbow and Mak [3,4] for suffeiciently high (D7)
dimensions.

Arnold approached the problem from a different angle and asked [5]
whether in 3D one could find a monostatic object with just one unstable
equilibrium . Due to the Poincare-Hopf Theorem, if such a body exists, it
will have no further (saddle) equilibrium point, hence we will refer to this
type of object as mono-monostatic.

This idea not ony yields immediately (via the Poincare-Hopf Theorem)
a nice claasification for 3D objects, one can also show that the existence
of 3D bodies in an arbitrary equilibrium class can be deduced from the
existence of a mono-monostatic body.

We constructed such a mono-monostatic object [6] and showed [7] that
these geometric forms are particularly sensitive to small perturbations.
Statistical experiments with pebbles on the sea coast confirmed this state-
ment. We also noticed that our mono-monostatic object [8] appeared to
be similar to some turtle species. This visual similarity was confirmed by
systematic measurements.
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ON UHLENBECK’S MANIFOLD

Dymarskii Yakov (Ukraine)
Lugansk National Pedagogical University
dymarsky@lep.lg.ua

We consider a family

—Ay + p(z)y = Ay, Yloa =0

of Dirihlet eigenfunctions problems in which a real potential p € C3(Q) is a
functional parameter. Let W2(2) be Sobolev space, S® = {y € WZ(Q) :
yloa =0, [, vy* de =1}. K. Uhlenbeck [1] showed that the set

Q={a=\y.p e RxS®xC(Q): —Ay+p(z)y = My}

is smooth manifold with C3(Q) as the model space. We equip a point
q = (A, y,p) the number n and the multiplicity m of the eigenvalue A and
obtain the stratification @ = U, ,, @(n,m). The topological properties of
() and the stratification will be describe.
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IDENTITIES FOR BELTRAMI DIFFERENTIAL PARAMETER

Dzhumadil’daev A. S. (Kazakhstan)
Institute of Mathematics, Alma-Ata
askarb56@hotmail.com

An algebraic structure on functions space of n-dimensional manifold
defined by Beltrami differential parameter A(f,g) = (grad f,gradg) is
considered. Polynomial identities are found.

POINCARE SERIES AND MONODROMY OF THE SIMPLE AND
UNIMODAL BOUNDARY SINGULARITIES

Ebeling Wolfgang (Germany)
Leibniz Universitat
ebeling@math.uni-hannover.de

A boundary singularity is a singularity of a function on a manifold with
boundary. The simple and unimodal boundary singularities were classified
by V. I. Arnold and V. I. Matov. The McKay correspondence can be gen-
eralized to the simple boundary singularities. We consider the monodromy
of the simple, parabolic, and exceptional unimodal boundary singularities.
We show that the characteristic polynomial of the monodromy is related
to the Poincaré series of the coordinate ring of the ambient singularity

DENSITIES OF TOPOLOGICAL INVARIANTS OF
SUBANALYTIC QUASIPERIODIC SETS.

Esterov A. I. (Canada)
University of Toronto
esterov@mccme.ru

The composition of a linear mapping [ : R" — R" and the projection
RN — RN/ZMN is called a winding of the torus R™/Z%, if its image
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is dense in R™/Z". The preimage L C R" of a subanalytic set M C
RN /Z"Y under a winding is called a quasiperiodic subanalytic set. The
density of a numerical topological invariant ¢ of L is the limit of the ratio
i(L N B)/Vol(B) where B is a ball in R", and its radius tends to infinity.

The existence of the density of the Euler characteristic was proved by
Gusein-Zade, see [1]. If a quasiperiodic set is discrete, then the density of
its Euler characteristic equals the density of the set itself, which exists by
Soprunova’s theorem [2].

Theorem. The densities of the Betti numbers of a quasiperiodic subana-
lytic set exist.

The paper [3] contains a refined version of this theorem, which, in par-
ticular, explains, how to compute the answer approximately. However,
note that the densities of the Betti numbers of L are not shown to depend
analytically on M, which is the case for the Euler characteristic. In addi-
tion to ideas from [1] and [2], the proof is based on the following simple
fact, applied to a certain infinite cell decomposition of the quasiperiodic
set.

If 01,...,0, are the cells of a cell complex K, then there are two
options for every cell o; of dimension k: attaching o; to the union Uj;llaj
either increases the k-th Betti number of the union by 1, or decreases its
(k — 1)-th Betti number by 1. Thus, the [-th Betti number of K equals
the number of [-dimensional cells of the first kind minus the number of
(I + 1)-dimensional cells of the second kind.
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CONFLUENCE OF EIGENVALUES AND RESONANT STOKES
OPERATORS

Glutsyuk Alexey A. (France)
Ecole Normale Supérieure de Lyon
aglutsyu@umpa.ens-lyon.fr

The talk deals with linear ordinary differential equations in complex

time with irregular singularity at 0:

z = %z, zeC", A(0)#0.
The analytic classification invariants of these equations are formal nor-
mal form and Stokes operators, which are transition operators between
appropriate solution bases (called canonical sectorial solution bases). The
irregular singularity is called resonant, if the higher term matrix A(0) in
the right-hand side has multiple eigenvalue.

We study a resonant irreqular singularity as a limit of degenerating
nonresonant singularities. The unfolding under consideration of a reso-
nant singularity is a family of linear equations depending on a real param-
eter. The perturbed equation is nonresonant and some (distinct) eigenval-
ues of its higher term matrix are confluent to a multiple eigenvalue. The
(nonperturbed) resonant equation and its unfolding should satisfy some
genericity assumptions.

The main result says that appropriate canonical sectorial solution bases
of the perturbed (nonresonant) equation tend to some canonical sectorial
solution bases of the nonperturbed (resonant) equation. This implies that
appropriate Stokes operators of the perturbed equation tend to some Stokes
operators of the nonperturbed equation.

The results of the talk extend previous analogous results of the speaker,
J.-P. Ramis, A. Duval, C. Zhang, R. Schéfke (see [1] and the references
therein) that study an irregular singularity as a limit of confluenting Fuch-
sian singularities (following an idea due to V.I. Arnold and J.-P. Ramis
(1980-ths) to study Stokes operators as limit monodromy data of Fuchsian
equation).
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ON THE STRUCTURE OF 1 :4 RESONANCES IN
HENON-LIKE MAPS

Gonchenko M. S. (Spain)
Universitat Politecnica de Catalunya
marina.gonchenko@upc.edu

We observe results of [1] on bifurcations of fixed points with multipliers
e*™/2 (the so-called 1:4 resonances) for certain Hénon-like maps in two
main cases:

1) the generalized Hénon maps (GHM)

=y, §=DM —Maz-—y’+ Rey+Sy*;

-~

2) the cubic Hénon maps (CHM)
T=y, §=M —Bzxr+ My=+y’

Here (z,y) € R?, M; and M, are parameters, R and S are small coeffi-
clents.

First, we deal with conservative GHMs (M; = 1 and R = 0) and
CHMs (B = 1). In the case of GHMs the conservative bifurcations are
nondegenerate if S # 0 and they are essentially different depending on
the sign of S. A two-parameter analysis of the bifurcations at the critical
moment S = 0 is also given. In CHMs the structure of the conservative
1 : 4 resonances is nondegenerate always for the cubic map with “+7,
whereas, for the cubic map with “—” a degenerate situation is observed
for My = £16/27, My =1/3 .

In the case of nonconservative GHMs, we find conditions of nonde-
generacy of the corresponding 1 : 4 resonances and give a description of
accompanying bifurcations.
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ON FRACTAL DIMENSION OF OSCILLATORY MOTIONS

Gorodetski A. S. (Russia, USA)
Moscow Independent University
UC Irvine

asgor@mccme.ru

A motion of the 3 body problem is called oscillatory if limsup of max-
imal distance among the bodies is infinity as time tends to infinity and
liminf is finite. V.M.Alexeev [1] explained the existence of the oscillatory
motions in Sitnikov model (one of the restricted versions of the three body
problem) using methods of hyperbolic dynamics. Kolmogorov conjectured
that the set of oscillatory motions has zero measure.

In our joint work with V.Kaloshin [2] we show that in many cases the
set of oscillatory motions in the 3 body problem has maximal Hausdorff
dimension. Proof relies on investigation of area-preserving Henon family,
persistent homoclinic tangencies, and splitting of separatrices. Namely,
consider the Sitnikov problem. It is a special case of the restricted three
body problem where the two primaries with equal masses are moving in
an elliptic orbits of the two body problem, and the infinitesimal mass is
moving on the straight line orthogonal to the plane of motion of the pri-
maries which passes through the center of mass. Eccentricity eqg of orbits
of primaries is a parameter. After some change of coordinates (McGe-
hee transformation) the infinity can be considered as a degenerate saddle
with smooth invariant manifolds that correspond to parabolic motions
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(the orbit tends to infinity with zero limit velocity). Stable and unsta-
ble manifolds coincide in the case of circular (ey = 0) Sitnikov problem.
Dankowicz and Holmes [3] showed that for non-zero eccentricity invariant
manifolds have a point of transverse intersection. This leads to the exis-
tence of homoclinic tangencies and appearance of all the phenomena that
can be encountered in the conservative homoclinic bifurcations.

P. Duarte [4] showed that in area preserving case existence of homo-
clinic tangencies leads to phenomena similar to Newhouse phenomena,
where sinks are replaced by elliptic islands. We prove a stronger one
parameter version of the Duarte’s result. Namely, consider a generic un-
folding of a quadratic homoclinic tangency associated with a saddle F
of an area preserving map fy. There is an open set U in the space of
parameters such that for every p € U the map f, has a hyperbolic set
with persistent homoclinic tangencies. Moreover, for every u from some
residual subset of U the map f, has an invariant transitive closed set H),
such that

o the set H, is accumulated by f,’s elliptic points,

< dimHHM = 2,

o dimpy{xr € H,| P, € w(z)Na(x)} =2, where P, is the unique fized
point near Fy.

In particular, existence of these sets of large Hausdorff dimension im-
plies that there is an open set U, 0 € U, in the space of parameters of
the Sitnikov problem such that for parameters from some residual subset
of U the set of oscillatory orbits has full Hausdorff dimension. Similar
statement holds for the planar circular restricted three body problem. The

existence of transversal homoclinic points in the latter case was established
in [5], [6].
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ON THE LOCAL PICARD GROUP

Hamm Helmut A. (Germany)
University of Muenster
hamm@math.uni-muenster.de

Let X be a complex analytic space. The Picard group Pic X of X is the
group of isomorphism classes of holomorphic line bundles on X. Recall
that PicX ~ H'(X,O%) where O% is the sheaf of nowhere vanishing
holomorphic functions.

In particular let X be a suitable representative of a germ (X, z) of a
complex space embedded in C". We want to prove a Lefschetz theorem
for the local Picard group, i.e. compare Pic(X \{z}) and Pic(XNH\{zx})
where H is a hyperplane through x which defines a divisor on X.

The ingredients in the hypothesis are the depth of Ox and the rectified
cohomological depth rcd X with respect to the constant sheaf Zx, see also
[4], because of the exponential sequence

0 ZX OX O} — 0
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Theorem 1: If depth Ox > 3 (resp. > 4) and red(X \ {z}) > 4 (resp.
> 5) the natural mapping Pic(X \ {x}) — Pic(X N H \ {z}) is injective
(resp. bijective).

The depth condition on the whole space X is quite strong. It can be
weakened if we replace X N H \ {z} by a suitable neighbourhood U of this
space in X \ {z}:

Theorem 2A: If depth Ox\ (s} = 3 (resp. > 4) and red(X \ {z}) > 4
(resp.> 5) the mapping Pic(X \ {x}) — PicU is injective (resp. bijec-
tive).

In algebraic geometry it is usual to regard the formal completion X of
X along X N H as a substitute for a tubular neighbourhood of X N H in
X. We have a corresponding analogue of Theorem 2A:

Theorem 2B: If depth Ox\(,3 = 3 (resp. > 4) and red(X \ {z}) > 4
(resp. > 5) the mapping Pic(X \ {z}) — Pic(X \ {z}) is injective (resp.
bijective).

Furthermore it is possible to compare line bundles (and even vector
bundles) on neighbourhoods of X N H \ {z} in X \ {x} which are open in
the usual resp. in the Zariski topology.

The techniques of proof are of a quite diverse nature. From the topolog-
ical side we need a local Lefschetz theorem as in [1]. The depth condtions
for the structural sheaf are used in order to have vanishing resp. coherence
properties for the local cohomology, cf. [2]. For Theorem 2 we need an
extension theorem for coherent analytic sheaves on ring domains, cf. [3].

Global Lefschetz theorems for the Picard group, i.e. on projective
varieties, have been proved in [4].

In the framework of algebraic geometry, A.Grothendieck has studied
the Picard group in the local and global case [5]. His work has stimulated
the present one, partially it inspired the methods, too.
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FORMAL SOLUTIONS TO LIMIT CYCLES OF POLINOMIAL
DIFFERENTIAL EQUATIONS. AN APPROACH TO SOLUTION
OF HILBERT’S 16TH PROBLEM

Hernandez Rosales Manuel (Mexico)
Paralaje, Mexico City
mhernandez@paralaje.net

In this talk I will show you a general method for to obtain formal so-
lutions to periodical solutions of polynomial differential equations. The
solutions, given in a series form, are in terms of coefficients that are so-
lution of an set of infinite algebraic equations. These algebraic equations
determine all the formal periodic solutions of these polynomial differen-
tial equations. The existence of possible limit cycles are represented by
isolated solutions of the algebraic equations.

This method then gives an upper bound of Hilbert numbers for the
Hilbert’s 16th Problem for any n when we know the number of isolated
solutions of the algebraic equations.

If an set of coefficients are such that the infinite dimensional vector
formed by them live in a certain Hilbert space and the coeffcients are an
isolated solution of the infinite algebraic equations then the formal solution
become a real limit cycle. This gives the possibilitie of total solution of
the Hilbert’s 16th problem.
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NON-ATTRACTING ATTRACTORS

Ilyashenko Yu. S. (Russia)
Moscow State University
Independent University of Moscow
Cornell University, US
Steklov Mathematical Institute

One of the major problems in the theory of dynamical systems is the
study of the limit behavior of solutions. It is a general belief that after a
long time delay the observer will see the orbits that belong to this or that
type of attractor. Therefore, knowledge of the attractor of the system
predicts the long time behavior of solutions.

In the present talk we develop an opposite point of view. Namely, we
describe dynamical systems whose attractors have a large part which is in
a sense unobservable. This motivated a notion of s-attractor. It is a set
(not necessary uniquely defined) near which almost all the orbits spend
in average more than 1 — ¢ part of the future time. We discuss the ef-
fect of drastic non-coincidence of actual attractor and e-attractor. For e
sufficiently small, like 1073°, the difference between actual attractors and
¢ attractors is unobservable in the computer and physical experiments.
Therefore, e-attractors with small £ have a chance to replace actual at-
tractors in applications.

This is a joint work with Andrei Negut, junior student of Princeton
University.
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HOROSPHERICAL GEOMERY IN HYPERBOLIC SPACE

Izumiya S. (Japan)
Hokkaido University
izumiya@math.sci.hokudai.ac. jp

Recently we discovered a new geometry on submanifolds in hyperbolic
space[2-8] which is called the horospherical geometry. In this talk we ex-
plain the outline of this geometry. In the previous theory of surfaces in
hyperbolic space, there appeared two kinds of curvatures. One is called
the extrinsic Gauss curvature K. and another is the intrinsic Gauss cur-
vature Kj. The intrinsic Gauss curvature is nothing but the sectional
curvature defined by the induced Riemannian metric on the surface. The
relation between these curvatures is known that K, = K; + 1. Of course
the Gauss-Bonnet type theorem holds for the intrinsic Gauss curvature by
the Chern-Weil theory. In [2] we defined a curvature K}, called a hyperbolic
curvature of hypersurfaces by using the hyperbolic Gauss indicatrix. For
surfaces in hyperbolic 3-space, we have the relation K, = 2 — 2H + K,
where H is the mean curvature of the surface. Therefore Kj is an ex-
trinsic hyperbolic invariant. In [4] we have modified the hyperbolic Gauss
curvature into the horospherical Gauss curvature K » and shown that the
Gauss-Bonnet type theorem holds. This curvature is not a hyperbolic in-
variant but it is invariant under the canonical action of SO(n). However,
the total curvature is a topological invariant. By definition, K n(p) =0
if and only if K,(p) = 0. Therefore the horospherical flatness is a hy-
perbolic invariant. Totally umbilical and horospherical flat hypersurfaces
are hyperhorospheres. We call the geometry related to this curvature the
horospherical geometry. For a general submanifolds in hyperbolic n-space,
we have defined the horospherical Lipschitz-Killing curvature on the unit
normal bundle and shown that the Chern-Lashof type theorem|[7]. As
corllaries, we have the Fenchel type theorem and the Milnor-Fary type
theorem on space curves.

For surfaces in 3-dimensional hyperbolic space, there is an important
class of surfaces called linear Weingarten surfaces which satisfy the rela-
tion aK; 4+ b(2H — 2) = 0. In [1] the Weierstrass-Bryant type represen-
tation formula for such surfaces with a + b # 0 (called, the Bryant type)
has been shown. This class of surfaces contains inrinsic flat surfaces (i.e.,
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a # 0,b=0) and CMC-1 surfaces (a = 0,b # 0). However, the horospher-
ical flat surface is the exceptional case (the non-Bryant type : a +b = 0).
Therefore the horospherical flat surfaces are also importnat subjects in
hyperbolic geometry. We will describe the geometry of horospherical flat
surfaces and singularities. As consequences, some important examples of
non-singular complete surfaces with constant principal curvatures appear
as horo-flat surfaces. Moreover, the cuspidal beaks appear as a generic
singularities of singular horo-flat surfaces. We remark that the cuspidal
beaks is a non-generic Legendrian singular point.

Finally, we will try to describe geometric information on the asymp-
totic (or, horo-asymptotic) directions of surfaces in the hyperbolic 3-space
as an application of singularity theory to various kinds of projections [7].
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INVARIANT MOBIUS MEASURE AND (GAUSS—KUZMIN FACE
DISTRIBUTION

Karpenkov O. N. (Netherlands)
Mathematisch Instituut, Universiteit Leiden
karpenk@mccme.ru

Introduction. A famous statement on distribution of integers in of
ordinary continued fractions was originally formulated by K. F. Gauss in
1800 and further proved by R. O. Kuzmin in 1928. One year later the re-
sult was proved one more time by P. Lévy. In 1989 V. I. Arnold generalized
statistical problems to the case of one-dimensional and multidimensional
continued fractions in the sense of Klein, see for instance in [1] and [2].
The one-dimensional case was studied in details by M. O. Avdeeva and
V. A. Bykovskii a few years ago.

There exists a unique up to multiplication by a constant form of the
highest dimension on the manifold of n-dimensional continued fractions,
such that the form is invariant under the natural action of the group
PGL(n+1). A measure corresponding to the integral of such form is
called a Mdébius measure. In the present talk we show an explicit formula
to calculate invariant forms in special coordinates. In the one-dimensional
case the Mobius measure is induced by the relativistic measure of three-
dimensional de Sitter world. The author is grateful to V. I. Arnold for
constant attention to this work.

Definitions. Consider an n-dimensional real vector space with lattice
of integer points in it and a collection of n straight lines in the space
passing throw the origin in general position. Take any positive cone of any
n vectors, lying on the distinct chosen lines (by positive cone we mean the
set of all linear combinations of the vectors with real positive coeflicients).
The boundary of the convex hull of all integer points contained inside
the cone is called the sail of the cone. The set of all sails for such cones
is called the (n—1)-dimensional continued fraction in the sense of Klein.
In this talk we study frequencies of faces of multidimensional continued
fractions. Denote the sets of all ordered collections of n+1 independent
straight lines by F'CF,,. We say that F'C'F,, is a space of n-dimensional
framed continued fractions.

Explicit formula for the Mobius form. Consider an n + 1-di-
mensional real vector space with the standard metrics on it. Let 7 be
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an arbitrary hyperplane of the space with chosen Euclidean coordinates
OX:...X,, let also m does not pass through the origin. By the
chart I'CF, . of FFC'F, we denote the set of all collections of n+1
ordered straight lines such that any of them intersects w. Let the
intersection of 7 with i-th plane is a point with coordinates (z1, ..., %)
at the plane m. For an arbitrary tetrahedron A;...A,.; in the
plane m we denote by Vi(Ai,..., A,1) its oriented Euclidean volume
in the coordinates OXy;...X,1X12...X, 41 of the chart FCF, .
Denote by |9, the Euclidean length of the vector ¥ in the coordinates
OX11...X,1X192... Xy, ny1 of the chart F'CF, ;. Note that the map
FCF, , is everywhere dense in F'C'F,.

Proposition. The restriction of any Mobius measure to F'CF, ; is
proportional to the measure defined by the integration of the form

i ()

=1 7=1
VilAy, .o Ap)™

Table. Some results of calculations of relative frequencies

N [face  [B5] [N [face [B] 1
1 | < 3 11.3990-1072 || VI A 7 | 3.1558 -10~%
1| <f 5 | 1.5001-1073 | VII D’ 11 | 3.4440 - 1077
1| < 7 1307821074 | viir | N2> | 7 | 5.6828 104
V| &= |9 941731070 | IX | £ | 7 | 11865 1077
v | s 11 36391-10° ] X | 6B 6 | 9.9275-104

In Table we show the results of relative frequencies calculations for 10
integer-linear types of faces (on unit integer distance to the origin). In
a column “face” we draw a picture of a face type; in a column “IS” we
write integer areas of the faces; in a column “uy” we show the approximate
relative frequency for the corresponding face type.
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KP HIERARCHIY FOR HODGE INTEGRALS

Kazarian M. (Russia)
Steklov Mathematical Institute, Moscow
kazarian@mccme.ru

Starting from the ELSV formula, we derive a number of new equations
on the generating functions for Hodge integrals over the moduli space
of complex curves. This gives a new simple and uniform treatment of
such known results on Hodge integrals as Witten conjecture, Virasoro
constrains, Faber’s [,-conjecture etc. Among other results we show that
the properly arranged generating function for Hodge integrals satisfies
equations of the KP hierarchy.

PARSHIN’S SYMBOLS AND LOGARITHMIC FUNCTIONAL

Khovanskii A. (Canada, Russia)
Department of Mathematics, University of Toronto
Independent University of Moscow
Institute for System Studies
askold@math.toronto.edu

Ten years ago at a conference in Toronto dedicated to V.I. Arnold’s
sixth anniversary I presented an explicit formula for product in the group
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(C*)™ of roots of a system of algebraic equations with general enough set
of Newton polyhedra [1]. This formula (with is multi-dimensional gener-
alization of Vieta formula) uses Parshin’s symbols. Its proof however is
based on simple geometry and combinatorics and does not use Parshin’s
reciprocity laws related to his symbols. This proof convinced me that over
the complex numbers there should be an intuitive geometric explanation
of Parshin’s symbols and reciprocity laws. I will discuss such an expla-
nation based on a logarithmic functional, whose argument is an (n — 1)-
dimensional cycle in the group (C*)". It generalizes the usual logarithm
(which can be considered as the zero-dimensional logarithmic functional)
and inherits its main properties.
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ONE-ROUND DYNAMICS NEAR A HOMOCLINIC ORBIT TO
A REVERSIBLE SADDLE-CENTER

Koltsova O. Yu. (Russia)
Nizhny Novgorod University
koltsova@uic.nnov.ru

We studied some elements of global behavior of reversible and Hamil-
tonian dynamical systems with a homoclinic orbit to a saddle-center.
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We considered a reversible vector field with a symmetric homoclinic
orbit I' to a singular point p of the saddle-center type. Under some generic
condition we proved the existence of a two-dimensional manifold » filled by
symmetric homoclinic orbits to the center manifold. We also established
the existence of a countable set of two-dimensional manifolds accumulating
to 2. These manifolds consist of one parameter families of symmetric
periodic orbits.

If we consider a Hamiltonian reversible vector field then all obtained
manifolds are foliated by Hamiltonian level sets such that:

- There exists a countable set of symmetric periodic orbits on the level
where p is located. These orbits are accumulated to I'.

- There exist two symmetric homoclinic orbits to each periodic orbit on
W€ and a countable set of symmetric periodic orbits accumulated to these
homoclinic ones.

- There are a finite number of periodic orbits on all other levels of Hamil-
tonian.

Comparison of the results for reversible systems with those obtained
in the Hamiltonian category has already led to a number of observations
of differences, most notably the occurrence of non-symmetric heteroclinic
cycles.

This research was supported by Russian Foundation of Basic Research
(grant 07-01-00715a), program of supporting Russian scientific schools
(grant 9686.2006.1) and Royal Society.

THREE THEOREMS ON PERTURBED KDV EQUATION ON
A CIRCLE
Kuksin S. B. (UK)

Department of Mathematics, Heriot-Watt University
kuksin@ma.hw.ac.uk

I will discuss a KAM-theory for perturbed KdV equation, an averag-
ing theory for its Hamiltonian perturbation and an averaging theory for
random perturbation of the equation.
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THE FUNDAMENTAL GROUPS OF THECOMPLEMENTS OF
AFFHHEPSEUDOHOLONKHHHHCICURVESIN(CP2

Kulikov V. S. (Russia)
Steklov Mathematical Institute, RAS
kulikov@mi.ras.ru

Let H c CP? be a pseudo-holomorphic curve with respect to some
w-tamed almost complex structureon CP?, where w is symplectic Fubini-
Studiform on CP?, and L., be apseudo-holomorphic line in general posi-
tion with respect to H. We call H = H N (CP*\ L) an “affine” pseudo-
holomorphic curve. In the talk, I give a complete description of the set
of fundamentalgroups of the complements of “affine” pseudoholomorphic
curves in CP? \ L, in terms of theirrepresentations.

PERIODIC WITH MULTIVARIATE TIME SOLUTIONS OF
SYSTEM OF THE QUASILINEAR DIFFERENTIAL EQUATIONS
IN PARTIAL DERIVATIVE

Kulzhumiyeva A. A. (Kazakhstan)
Aktobe State University by Zhubanov
aiman-800mail.ru

Sartabanov Zh. A. (Kazakhstan)
Aktobe State University by Zhubanov
aiman-80@mail.ru

In report is considered system of the quasilinear differential equations
of the type

D,x = O + zm:aj(t)a—? = P(1,t)x + f(7,t, ), (1)

where (7,t) = (7,t1,...,t,) — multivariate time, a(t) = (ai(t), ..., an(t))
— vector-function.
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We shall consider that for vector-function a(t), n x n-matrix P(7,1)
and n-vector-function f(7,t, ) meet the condition of periodicity and of
smoothness of the type

a(t + kw) = a(t) € CY(R™), Vke 2™, (2)
P(t+6,t+ kw) = P(r,t) e C4Y(Rx R™), VkeZ™ — (3)
Fr+0,t+kw,z) = f(r,t,2) € CYSV(Rx R™ x RY), Vk e Z™, (4)

7,0,
where kw = (kywy, ..., kynwpn,) — multiple periods, moreover 6 = wy, wy, ...
wpy, — rationally incommensurable constants.

We research problem about existence (6,w,w)-periodic solutions
x(T,t,0) of the system (1) at condition (2), (3) and (4), where o = (—7, 1)
— characteristics of the operator D,: D,o =0, ¢(0,t) = t.

For solution of the delivered problem we shall expect: 1) uniform sys-
tem, corresponding to system (1), has not (0, w,w)-periodic solutions, ex-
cept trivial; 2) solutions of the system (1) satisfy initial condition of the
type |, = u(t) € U, where U = {u(t) | u(t + kw) = u(t) € c(Rm),
Vke Zm™}, |- |- sign of Evklid’s metrics.

On the strength of [1 — —3] delivered problem to equivalent problem
about existence of the periodic solution of the integral equation

Y

(74+0,t)
(7, t, ) :/ (XN +0,t,0) = X H(1,t,0)] 7" x
(

7t)

x X~ Y(ho, h, o) f(ho, h, o, z(ho, h, 7)) ds. (5)

Here we integrate along characteristics hg = s, h = o(s—1, o) of operator
D,.

We shall notice that solution (5) of the system (1) depends not only
from multivariate time, but also from ¢ = (—7,t) — characteristics of the
operator D,. Account to such dependencies of the solution have principle
importance in study quasiperiodic solutions of the common differential
equations, which possible get under ¢t = o(7,0).

In space unceasing, evenly limited, (6, w, w)-periodic n-vector-function
x(7,t,0) with rate ||z|| = sup|z(7,t, 0)| shall define operator

(T+9,t)
(Tz)(T,t,x) :/ (X (r+0,t,0) — X (1, t,0)] 'x
(7,t)
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x X (ho, h, o) f(ho, h, 0, 7(ho, h, 7)) ds.

Hereinafter we install that operator 1" has a unique still point in this space
and it possesses the property of smoothness.

Theorem. If are executed condition (2), (3), (4) and uniform system,
corresponding to system (1) has only trivial periodic solution, that system
(1) allows unique (0, w,w)-periodic solution.

It is discussed event when period 6 depends on o.
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LAPLACE’S INVARIANTS OF MONGE-AMPERE EQUATIONS

Kushner A. G. (Russia)
Astrakhan State University, Astrakhan
kushnera@mail.ru

Classical Laplace’s invariants are defined for linear hyperbolic equa-
tions [1]. We construct generalized Laplace’s invariants for Monge-Ampere
equations

Avgy + 2Bvgy + Cvyy + D(vg0y, — Uiy) +E =0, (1)
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Here A, B,C, D, E are smooth functions on z,y, v, v,, v,. Such equations
can be considered as real (in hyperbolic case) [4] or complex (in ellip-
tic case) [2] almost product structures on the space J'R? of 1-jets of
smooth functions on the plane R?(z,y). Corresponding decomposition of
the de Rham complex on J'R? generates tensor differential invariants of
Monge-Ampere equations [3]. Generalized Laplace’s invariants & and &
for Monge-Ampere equations are differential 2-forms on J'R? (in contrast
to classical case, where Laplace’s invariants are functions). Stress that
classical Laplace’s invariants are defined only for hyperbolic equations.

Generalized Laplace’s invariants allow to solve the problem of contact
linearization of Monge-Ampere equations [3]. For example, if & = & =
0, then equation (1) is contact equivalent to the linear wave equation
Uz — Uyy = 0 (in hyperbolic case) or to the Laplace equation vy, + vy, =0
(in elliptic case).
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REPRESENTATIONS AND QUANTUM INTEGRABILITY.
RECENT DEVELOPMENT

Lebedev D. R. (Russia)
ITEP
lebedev@mpim-bonn.mpg.de

[ shall review resent results of our group (A. Gerasimov, S. Kharchev,
S. Oblezin and myself) on a direct connection between such phenomenons
arising in integrable systems as separation of variables (quantum and clas-
sical) and Baxter QQ-operator with representation theory of universal en-
veloping algebras and its quantum deformations. I shall explain connec-
tion of separated variables appear in integrable systems with moduli space
of monopoles.

ON SOME PROBLEMS OF SYMPLECTIC TOPOLOGY ARISING
IN HAMILTONIAN DYNAMICS

Lerman L. M. (Russia)
The University of Nizhny Novgorod,
Research Institute for Applied Math. & Cybernetics
lermanl@mm.unn.ru

Hamiltonian dynamics is a rich source of problems in symplectic topol-
ogy. In fact, symplectic topology itself has appeared as a geometrization
of several problems in Hamiltonian dynamics. I intend to discuss several
problems which I faced with during my work under the problems in Hamil-
tonian dynamics, both integrable and nonintegrable. Among them interre-
lations between the topology of the ambient manifold and the topology of
the degeneracy set for an integrable Hamiltonian system, the presence of
degenerations of any order in “generic” integrable systems and bifurcations
within the class of integrable systems [1], counting of intersection points
for tori in scattering problems arising in homoclinic dynamics [2, 3, 4].
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ON THE SPECTRUM OF THE STURM-LIOUVILLE
OPERATOR WITH REGULAR BOUNDARY CONDITIONS
Makin A. S. (Russia)

Moscow State University of Instrument-Making and Informatics
alexmakin@yandex.ru

This paper deals with the eigenvalue problem for the Sturm—Liouville
equation
u" —q(x)u+ =0 (1)

considered on the interval (0, 7) with the two-point boundary conditions
determined by linearly independent forms with arbitrary complex-valued
coefficients:

anu'(0) + apu' (1) + aiu(0) + aqu(m) =0 (2)
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(¢ = 1,2). The function ¢(x) is an arbitrary complex-valued function of
the class L1(0, 7). We denote A;; = ay;a9; — az;iaq;.

Let boundary conditions (2) be regular but not strengthened regular
which is equivalent to the conditions A1 = 0, Ay + Aoz # 0, Ay + Aoz =
(=1)9T1 (A3 + Agy), where 6 = 0, 1.

It is known [1] that the eigenvalues of problem (1)+(2) form two series:

Mo =13 Ay = 20+ o(1) (3)

if # =0, and
Anj = (2n —1+0(1))? (4)

if # = 1. Here, in both cases, j = 1,2 and n = 1, 2,.... We introduce the
notation i, ; = v/ Anj = 2n—0+o0(1). It follows from [2] that asymptotic
formulas (3) and (4) can be refined. Specifically,

finj =21 — 0+ O(n""?).

For convenience we denote < ¢ >= 1 ["¢(z) dx.

The main objective of the paper is obtaining essentially more precise
asymptotic formulas for the eigenvalues of problem (1)+(2) and compu-
tation the regularized trace of first order.

Theorem 1. The numbers p, ; defined above satisfy the asymptotic
relations

<q> Asy

=2 —f _
g =20 =0 50 "0) 720 — 6)( A + Ass

)—l—

oy T )

where f, = o(1), rn; = o(1), and if q(z) € L2(0,7), then {f.} € l4,
{Tn,j} € lg.
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If Ajy = Aog, Azq # 0, then formula (5) can be reduced to the form

= 4= ((—1)7 —1)As
Hog =20 =0 S T rAn T A (2n—0)
- (A (+_il)::)l(2§n —0) /0 q(t) cos[2(2n — O)¢] dt+
(—1)7 A3,

+ X
27TA34(A14 + AQg)(QTL — 9)

™ | m | d, .
% / q(t)€2z(2n—0)t dt/ q(t)e—Qz(Qn—G)t dt + _é]a
0 0 n

where d,, ; = o(1), and if ¢(x) € L2(0,7), then {d, ;} € ls.
Theorem 2. The following trace formulas hold

(A1q — Ags) /7T 2A34
Ao— < q > — 7T — 2t)q(t) dt + +
0 ¢ (Ayg + Ag3)m2 Jy ( Jalt) (Ayg + Agz)m
—|—Z[)\n’1 —F)\n’g —8TL2 —2 < q > —
n=1
2(A1q — Ags) /7r
— 7T — 2t)q(t) cos4dnt dt+
Ayt A /. ( )a(t)
4 A5, A2,
+ + =0
(Arg + A23)7T] 2(Apy + Ags)?
if 0 =0, and
> Pt A2 =220 -1 -2<g> -
n=1
2(A4 — A T
_ (21411 A23§jr>2 /0 (m — 2t)q(t) cos[2(2n — 1)t] dt+
4A1, A2,
+ + =0
(Ag + A23)7T] 2(A1g + Agz)?
if 0 = 1.

This work was supported by RFBR, project No. 07-01-00158.
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MODULAR STRATA OF UNIMODAL SINGULARITIES

Martin B. (Germany)
Brandenburgische Technische Universitat Cottbus
martin@math.tu-cottbus.de

We find and describe unexpected isomorphisms between two very dif-
ferent objects associated to hypersurface singularities. One object is the
Milnor algebra of a function, while the other object associated to a sin-
gularity is the local ring of the flatness stratum of the singular locus in
a miniversal deformation, an invariant of the contact class of a defining
function. Such isomorphisms exist for unimodal hypersurface singulari-
ties. However, for the moment it is badly understood, which principle
causes these isomorphisms and how far this observation generalises. Here
we also provide an algorithmic approach for checking algebra isomorphy.
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ON RATIONAL CUSPIDAL PLANE CURVES, OPEN SURFACES
AND LOCAL SINGULARITIES *

Melle-Hernandez A. (Spain)
University Complutense of Madrid
amelle@mat.ucm.es

Let C' be an irreducile projevtive plane curve in the complex projec-
tive plane P2. The classification of such curves, up to the action of the
automorphism group of the plane, is a very difficult problem with many
interesting connections. The main goal is to determine, for a given d,
whether there exists a projective plane curve of degree d having a fixed
number of singularities of given topological type. In this talk we are mainly
interested in the case when (' is a rational curve.

Evenmore, the classification problem of the rational cuspidal projective
plane curves is quite misterious. That is, to determine, for a given d,
whether there exists a projective plane curve of degree d having a fixed
number of unibranch singularities of given topological type. One of the
integers which help in the classification problem is the logarithmic Kodaira
dimension % of open surface P2\ C. The classification of curves with
k(P%\ () < 2 has been recently finished by Miyanishi and Sugie, Tsunoda.
and Tono.

This remarkable problem of classification is not only important for its
own sake, but it is also connected with crucial properties, problems and

Ljoint work with J. Ferndndez de Bobadilla, I. Luengo and A. Némethi
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conjectures in the theory of open surfaces, and in the classical algebraic
geometry:

e Coolidge and Nagata problem. It predicts that every rational
cuspidal curve can be transformed by a Cremona transformation into a
line, (it is verified in all known cases).

e Orevkov’s conjecture which formulates an inequality involving the
degree d and numerical invariants of local singularities. In a different for-
mulation, this is equivalent with the positivity of the virtual dimension of
the space of curves with fixed degree and certain local type of singularities
which can be geometrically realized.

e Rigidity conjecture of Flenner and Zaidenberg. Fix one of ‘mini-
mal logarithmic compactifications’ (V, D) of P?\ C, that is V is a smooth
projective surface with a normal crossing divisor D, such that P2\ C' =
V'\ D, and (V, D) is minimal with these properties. The sheaf of the
logarithmic tangent vectors ©y (D) controls the deformation theory of the
pair (V, D), The rigidity conjecture asserts that every Q-acyclic affine sur-
faces P? \ C' with logarithmic Kodaira dimension #(P?\ C) = 2 is rigid
and has unobstructed deformations. Note that the open surface P?\ C' is
Q-acyclic if and only if C is a rational cuspidal curve.

The aim of the propose talk is to present some of these conjectures
and related problems, and to complete them with some results and new
conjectures from the recent work of the authors in [1]:

e ‘Compatibility property’ is a sequence of inequalities, conjec-
turally satisfied by the degree and local invariants of the singularities of a
rational cuspidal curve.

Consider a collection (C, p;)7_, of locally irreducible plane curve sin-
gularities, let A;(¢) be the characteristic polynomial of the monodromy
action associated with (C,p;), and A(t) = [], Ai(t), with deg A(t) =
23" 6(C,p;). Then A(t) can be written as 1+ (t — 1)d + (t — 1)?Q(t) for
some polynomial Q(t). Let ¢; be the coefficient of +(=3=04 in Q(t) for any
[=0,...,d—3.

Conjecture CP Let (C, p;)7_; be a collection of local plane curve sin-
gularities, all of them locally irreducible, such that 20 = (d — 1)(d — 2) for
some integer d. If (C,p;)¥_, can be realized as the local singularities of a
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degree d (automatically rational and cuspidal) projective plane curve then

a<((+1)({1+2)/2 forall I=0,...,d—3. (1)

Theorem [1] If k(P?\ C) is < 1, then Conjecture CP is true (in fact
with n; = 0).
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SUBMANIFOLDS IN PSEUDO-EUCLIDEAN SPACES,
ASSOCIATIVITY EQUATIONS, AND FROBENIUS MANIFOLDS

Mokhov O. I. (Russia)
Centre for Nonlinear Studies,

L. D. Landau Institute for Theoretical Physics RAS;
Department of Geometry and Topology,
Moscow State University
mokhov@mi.ras.ru

We prove that the associativity equations of two-dimensional topolog-
ical quantum field theories (the Witten—Dijkgraaf—Verlinde—Verlinde and
Dubrovin equations, see [1]) for a function (a potential or prepotential)
O =d(ul,... ul),

3P
Z Z ’6u38uk’n duloumour

vy o ()
N uzc?umé?uk’ 77 oulouioun’
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where 1% is an arbitrary constant nondegenerate symmetric matrix, n =
7', n" = const, det(n”) # 0, are very natural reductions of the fun-
damental nonlinear equations of the theory of submanifolds in pseudo-
Euclidean spaces (namely, the Gauss equations, the Peterson—Codazzi—
Mainardi equations, and the Ricci equations) and determine a natural
class of potential flat submanifolds without torsion. We prove that for
this class of submanifolds the Peterson—-Codazzi—Mainardi equations are
fulfilled automatically, the Gauss equations coincide with the Ricci equa-
tions and both of them coincide with the associativity equations of two-
dimensional topological quantum field theories for a potential ®(u). We
show that all potential flat torsionless submanifolds in pseudo-Euclidean
spaces possess natural structures of Frobenius algebras on their tangent
spaces. These Frobenius structures are generated by the corresponding
flat first fundamental form and the set of the second fundamental forms
of the submanifolds (in fact, the structural constants are given by the set
of the Weingarten operators of the submanifolds).

Recall that each solution ®(u!,... u") of the associativity equations
(1) gives N-parametric deformations of Frobenius algebras, i.e., commuta-
tive associative algebras equipped by nondegenerate invariant symmetric
bilinear forms, and that locally the tangent space at every point of any
Frobenius manifold bears the structure of Frobenius algebra, which is de-
termined by a solution of the associativity equations (1) and smoothly
depends on the point (see [1]). We prove that each N-dimensional Frobe-
nius manifold can locally be represented as a potential flat torsionless
submanifold in a 2/N-dimensional pseudo-Euclidean space. By our con-
struction this submanifold is uniquely determined up to motions. More-
over, we consider a nonlinear system, which is a natural generalization
of the associativity equations (1), namely, the system describing all flat
torsionless submanifolds in pseudo-Euclidean spaces, and prove that this
system is integrable by the inverse scattering method. The connection of
the construction with integrable hierarchies, nonlocal Hamiltonian opera-
tors of hydrodynamic type with flat metrics, Poisson pencils and recursion
operators can be found in [2].
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SINGULARITIES AND NONCOMMUTATIVE FROBENIUS
MANIFOLDS

Natanzon S. M. (Russia)
Moscow State University; Independent University of Moscow;
Institute Theoretical and Experimental Physics
natanzon@mccme.ru

Theory of singularity constructs an algebra on the tangent space to a
polynomial p(z) = 2" + a;2" 7! + 492" ? + - - - + a,, in the space Pol(n)
of all polynomials of this type. This algebra A, appears also in works of
Vafa as (classical) topological Landau-Ginsburg model. The algebra A,
is associative, and has an unity. It is equipped with a linear functional
l,: A, — C, such that the bilinear form (d;, d2) = l,(d1d2) is non degener-
ates. We call by Frobenius pairs all pairs (algebra, linear functional) with
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these algebraic properties. Algebra A, is commutative for any classical
topological Landau-Ginsburg model.

Commutative Frobenius pairs one-to-one correspond to topological
field theories that appear from closed topological strings. These topo-
logical field theories naturally extend up to open-closed topological field
theories, describing strings with boundary, and even up to Kleinian topo-
logical field theories, describing strings with arbitrary world sheets. In
their turn, open-closed topological field theories one-to-one correspond
to combinations from one commutative and one unrestricted Frobenius
pairs, connected by Cardy condition [1]. We call such algebraic structure
by Cardi-Frobenius algebra.

In the present paper we construct some extension of classical topolog-
ical Landau-Ginsburg model to a Cardy-Frobenius algebra with a quater-
nion structure. Next we prove, that the set of such quaternion Landau-
Ginsburg models over all polynomials p(z) = 2" + @12 + a2 2 +
-+ + a, form a non-commutative Frobenius manifold in means of [2].

Let us explain this result in more detail. The moduli space of the clas-
sical topological Landau-Ginsburg models coincides with the space Pol(n)
of miniversale deformation for the singularity of type A, . The metrics
(dy,d2) = l,(d1ds) on the algebras A, turn Pol(n) into a Riemannian mani-
fold with some additional properties. The differential-geometric structure,
arising here, is an important example of Frobenius manifolds in means of
Dubrovin. The theory of Frobenius manifolds has a lot of applications
in different areas of mathematics (integrable systems, singularity theory,
topology of symplectic manifolds, geometry of moduli spaces of algebraic
curves etc. ).

The Dubrovin’s theory of Frobenius manifolds is a theory of flat defor-
mations of commutative Frobenius pairs. As we discussed, Frobenius pairs
are extended up to Cardy-Frobenius algebras. This suggests on extension
of Frobenius manifolds to Cardy-Frobenius manifolds. An approach to
this problem, is contained in [2]. It is based on Kontsevich—-Manin coho-
mological field theory.

In this paper we define Cardy-Frobenius bundles as spaces of some
flat deformations of Cardy-Frobenius algebras and prove, that they are
Cardy-Frobenius (noncommutative) manifolds. Moreover we prove that
the family of all the quaternion Landau—Ginsburg models form a Cardy-
Frobenius bundle with quaternion structure.
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A CRITERION OF THE ESSENTIAL SPECTRUM
FOR ELASTICITY AND OTHER SELF-ADJOINT SYSTEMS ON
PEAK-SHAPED DOMAINS

Nazarov S. A. (Russia)
Institute of Mechanical Engineering Problems, Saint-Petersburg
serna@snark.ipme.ru, srgnazarov@yahoo.co.uk

Let 2 € R™ be a domain bounded by the compact surface 0€2 which is
Lipschitz everywhere except at the origin O of the Cartesian coordinate
system z = (y,z) € R"!x € R. In a neighborhood U of the point O the
domain is given by the relations z > 0, 2 'y € w, where w C R*!
is a domain with the Lipschitz surface dw and v > 0 the peak sharpness
exponent. We consider the spectral Neumann problem

D(-V,.) A(x)D(V,)u(x) = AB(x)u(x), x €,

Dw(@)) A(@)D(Vo)u(z) =0, z€dQ\o.

Here v stands for the outward normal, A and B are Hermitian matrices
of sizes N x N and k X k, respectively, measurable, uniformly positive
definite, and bounded for almost all x €  while N > k. The N X k-

matrix D(V,) consists of first-order homogeneous differential operators
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with constant coefficients and D is algebraically complete [1]. Then the
sesquilinear form a(u,v) = (AD(V.)u, D(V,)v)q possesses the polyno-
mial property [2], i.e., the quadratic functional a(u,u) degenerates only
on a finite dimensional space P of vector polynomials. The variational

formulation of the Neumann spectral problem reads: To find A € C and
u € H \ {0} such that

a(u,v) = Ab(u,v), v € H,

where b(u,v) = (Bu,v)q and the function space H is obtained as the
completion of C>°(Q\ O) with respect to the norm generated by the inner
product (u,v) = a(u,v)+b(u,v). Let K be a positive self-adjoint operator
in H given by the formula

(Ku,v) = b(u,v), wu,veH.

Introducing the new spectral parameter u = (1 4+ \)~!, we find that the
set C\ {p € C: Rep € [0,1],Imp = 0} belongs to the resolvent field of
the operator K and i = 1 is an eigenvalue of the multiplicity dimP < oc.

Theorem. 1) The spectrum of the operator K on the segment {u €
C: Rep € (0,1], mpu = 0} is discrete for any v > 0 if and only if any
vector polynomial p in the linear space P does not depend on the variable
2= T,.

2) If the linear space P contains the polynomial

p(y,z) = 2"p°(y) + -+ 207 (y) +p7 (v)

with J > 1 and p° # 0, then the embedding H C Lo(Q) is not compact for
v = J7 b and, thus, the essential spectrum of the operator K contains a
point different from = 0. In the case v > J~! the eigenvalue p = 1 with
the finite-dimensional ergenspace P belongs to the continuous spectrum of
the operator K.

Theorem delivers only a sufficient condition of the existence of a point
of the essential spectrum of the operator K on the segment {u € C :
Rep € (0,1],Im p = 0}. However, for a sharp (7 > 1) peak the condition
becomes also necessary and, thus, Theorem gives a criterion of the discrete
spectrum.
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The change p +— X\ = pu~! — 1 transmits all the properties of the
spectrum of the operator K to the spectrum of the Neumann problem in
the domain (). In particular, for a scalar Neumann problem in a peak-
shaped domain, P = R and therefore the spectrum is always discrete.

The elasticity problem for a three-dimensional solid has the linear space
of rigid motions a+b X x as the space P so that it has non-empty essential
spectrum for v > 1. In the case v < 1 the spectrum is discrete. Much
more information can be obtained for this particular problem that provoke
to certain hypotheses for the problem in the general formulation.
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STABILITY ISLANDS IN DOMAINS OF SEPARATRIX
CROSSINGS IN SLOW-FAST HAMILTONIAN SYSTEMS

Neishtadt A. I. (UK, Russia)
Loughborough University
Space Research Institute
aneishta@iki.rssi.ru

Simo C. (Spain)
Universitat de Barcelona
carles@maia.ub.es
Treschev D. V. (Russia)
Steklov Mathematical Institute;
Lomonosov Moscow State University
treschev@mi.ras.ru
Vasiliev A. A. (Russia)
Space Research Institute
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Many problems in the theory of charged particles’ motion, the theory
of propagation of short-wave excitations, and in celestial mechanics can
be reduced to the analysis of 2 d.o.f. Hamiltonian systems with fast and
slow variables. One degree of freedom corresponds to fast variables, and
the other to slow variables. We assume that the ratio of time derivatives
of slow and fast variables is of order ¢ < 1. To describe the dynamics in
such systems one can use the adiabatic approximation (see, e.g., [1]).

The system for the fast variables at frozen values of the slow variables
is called the fast system. We shall consider the situation when on the
fast system’s phase portrait there is a saddle point, and two separatrices
passing through this point form an “8” figure. Assume that there is a
region in the phase space (the domain of separatrix crossings) where the
projections of phase points onto the plane of the fast variables repeatedly
cross the separatrices in the process of evolution of the slow variables. We
shall assume that a certain symmetry condition holds: the areas inside
the separatrix loops are equal.

We show that, under certain generality conditions, in the domain of
separatrix crossings on every energy level there exist many, of order 1/e,
stable periodic trajectories of period ~ 1/e. Each one of them is sur-
rounded by a stability island, and the measure of this island is estimated
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from below by a value of order €. Thus, the total measure of the stabil-
ity islands is estimated from below by a quantity that is independent of
e. A stability island is a domain on an energy level bounded by a two-
dimensional invariant torus. A stability island contains a discrete family
of invariant tori contractible to the periodic trajectory. Let us introduce
a “modified action” equal to the “action” for points inside the separatrix
loops, and equal to one half of the “action” for the other points. This
“modified action” is a perpetual adiabatic invariant of the motion inside a
stability island: its value along a phase trajectory perpetually undergoes
only oscillations with amplitude of order €. Therefore, the stability islands
are also islands of perpetual adiabatic invariance.

The existence of stability islands with total measure that is not small
with € in the domain of separatrix crossings is quite unexpected. Visually,
in many problems, this domain looks like a region of dynamical chaos.

This result was established in [2] in the case of a Hamiltonian system
with one degree of freedom such that the Hamiltonian function is slowly
periodically depending on time. Here we generalize this result to 2 d.o.f.
systems. Like in [2], the proofs are based on the study of asymptotic for-
mulas for the corresponding Poincaré map. To find linearly stable periodic
trajectories we look for linearly stable fixed points of the Poincaré map.
The results on Lyapunov stability of the periodic trajectories (the fixed
points) and on the existence of invariant tori surrounding the periodic
trajectories (invariant curves around the fixed points) are provided by the
Kolmogorov—Arnold—Moser theory.
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Fuzzy FRACTIONAL MONODROMY

Nekhoroshev Nikolai (Russia)

Nikolai.NekhoroshevOmat.unimi.it

A theorem about the matrix of fractional monodromy will be formu-
lated. The monodromy corresponds to going around a fiber with a singular
point of oscillator type with arbitrary resonance. The reason of fractional
monodromy and fuzziness of such a monodromy is explained. Some ideas
for the proof of the theorem are given.

LIMIT CYCLES APPEARING IN POLYNOMIAL
PERTURBATIONS OF DARBOUX INTEGRABLE SYSTEMS

Novikov D. (Israel)
Weizmann Institute of Science
dnovikovOwisdom.weizmann.ac.il

We prove an existential finiteness result for integrals of rational one-
forms over the level curves of Darbouxian integral.

DISCRETE SYSTEMS AND COMPLEX ANALYSIS

Novikov S. P. (Russia)
novikov@landau.ac.ru
University of Maryland, College Park
Russian Academy of Sciences

Our goal is to find realization of modern mathematical ideas (such
as topology, symplectic geometry, algebra and algebraic geometry) in the
problems of theoretical and mathematical physics. Three examples will
be discussed in this talk: quantum scattering on the graphs with tails and
symplectic geometry; completely integrable systems on a trivalent tree;
discretization of Complex Analysis on the equilateral triangle lattice and
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completely integrable systems. Some of our works in these areas are joint
with I. Krichever and I. Dynnikov.

ISOMONODROMIC DEFORMATIONS AND SPECIAL
FUNCTIONS

Novokshenov V. Yu. (Russia)
Institute of Mathematics RAS, Ufa
novokshenov@yahoo.com

We introduce a new notion, a special function of the isomonodromy
type, and show that most of the functions known in applied mathematics
and mathematical physics as special functions belong to this type. In this
sense, the special function provides isomonodromic deformation of some
linear ODE with rational coefficients. This ODE plays a role of one of the
two equations of the Lax pair. In its turn, this gives rise to an alternative
definition: a matrix Riemann—Hilbert problem with a parameter, entering
the conjugation matrix in a manner similar to the soliton theory. Thus
the ODE for the special function appears to be integrable in the sense
of Lioville-Arnold, i.e., it has the commuting integrals of motions, the
invariant submanifolds and the corresponding angle variables.

We also show that our definition has not only a conceptual value: many
well-known properties of the single-variable special functions can be re-
derived from the isomonodromy point of view. The examples of relevant
Riemann—Hilbert (RH) problems are given for the Airy, Bessel, gamma
and zeta functions. Those matrix RH problems are Abelian and exactly
solvable, which provides the integral repesentations for these functions.
We show how to get the non-Abelian generalizations of the RH problems,
leading to new examples of special functions, such as Painlevé transcen-
dents [1].
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(GIVENTAL INTEGRAL REPRESENTATION FOR CLASSICAL
GROUPS

Oblezin S. V. (Russia)
Institute for Theoretical and Experimental Physics
Sergey.0Oblezin@itep.ru

In 1996 Givental introduced a new representation for the gly,1 quan-
tum Toda wave function (Whittaker function) in terms of stationary phase
integral. The Givental formula admits a set of remarkable properties,
particularly it has a very simple combinatorial description and admits a
recursive structure with respect to the rank /.

We propose integral representations for Whittaker functions for clas-
sical series spos, sogr, and sogpy; of Lie algebras. Constructed integral
representations generalize Givental integral formula. Moreover, the pro-
posed integral formulas also have simple combinatorial description, and
they also admit the recursive structure. We show that the corresponding
recursive operator is given by a degeneration of the Baxter ()-operator for
gl,1-Toda chains. We generalize the construction of Q-operator to affine
algebras sp,, S09¢, $02¢+1.
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ANALYTICITY OF FORMAL NORMAL FORMS OF GERMS OF
GENERIC DICRITIC FOLIATIONS

Ortiz-Bobadilla L. (Mexico)
Instituto de Matematicas, Universidad Nacional Auténoma de México
laura@math.unam.mx
Rosales-Gonzalez E. (Mexico)
Instituto de Matematicas, Universidad Nacional Auténoma de México
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Voronin S. M. (Russia)
Departament of Mathematics, Chelyabinsk State University
voron@csu.ru

We consider the class V? of dicritic germs of holomorphic vector fields
in (C?,0) with vanishing n-jet at the origin, n > 1 and their generated
foliation. In [1] is proved that under some genericity assumptions, the for-
mal orbital equivalence of two generic germs implies their analytic orbital
equivalence and orbitally formal normal forms of germs in V¥ are given. In
this work we give analytic normal forms of these generic germs of dicritic
foliations in a neighborhood of the origin.
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TOPOLOGICAL INVARIANCE OF THE VANISHING
HOLONOMY GROUP

Ortiz-Bobadilla L. (Mexico)
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The problem about the topological invariance of vanishing holonomy
groups was initially introduced by D. Cerveau and P. Sad in [1]. Later, Yu.
[I’'yashenko included it in the list of problems published in [2] (the problem
11.19). We give here its formulation as it was posed by II'yashenko:

“Consider a germ of a holomorphic vector field at the singular point
zero. Suppose that its (n — 1)-jet is zero, and that the Taylor expansion
begins with the polynomial vector field (f, g) satisfying the following gener-
weity assumption: the polynomial yf — xg has simple factors only. By one
step of blowing-up, such a vector field is transformed into a complex line
field having n+1 elementary singular points on the pasted-in divisor. This
divisor with singular points deleted, is a leaf of the foliation obtained by
the blow-up. The fundamental group of this leaf is free with n generators.
The corresponding monodromy group is called vanishing holonomy group.

Problem. Let two germs of the class described above be orbitally topo-
logically equivalent. Is it true that their groups of vanishing holonomy are
topologically equivalent as well? This means that there exists a germ of
a homeomorphism (C,0) — (C,0) that conjugates all the corresponding
generators of the two groups simultaneously.”

In this work we give a positive answer to this question under the fol-
lowing genericity assumptions: all the singular points obtained after the
desingularisation process (blow-up) are nondegenerated; exactly two sep-
aratrices pass through each singular point.

An analogous result was obtained before in the original work [1] under
more strong assumptions of hyperbolicity of all the singular points (which
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means that the characteristic exponents of the singular points are non
real numbers), and existence of a topologically trivial deformation from
one germ of vector field to the other. Later, D. Marin, in [3], obtained the
same result without using of the second assumption. In our work the first
genericity assumption is weakened, by comparison with that on [3].

An analogous problem in the general case, where a “nice” blow-up of a
vector field consists of several o-process, was also formulated in [1] (general
conjecture). This problem was solved, for typical nilpotent singular points,
by F.Loray [4].

Our method basically coincides with the method used by F.Loray in [4],
and it includes some constructions already used by D. Marin [3]. The main
tool of investigation is the so-called Extended Holonomy Group (see [5]).
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HESSIAN ALGEBRAIC CURVES

Ortiz Rodriguez Adriana (Mexico)
IMATE

aortizOmatem.unam.mx

This talk is concerned with a global problem of the parabolic curve
of an algebraic smooth surface in R3. A hessian curve in the real
plane is a projection of the set of parabolic points of the graph of
some real smooth function in two variables. In particular, when the
function f is a polynomial function of degree n, its hessian polynomial
has degree at most 2n — 4. By Harnack theorem, the number of compact
connected components of the hessian curve, hessf(z,y) = 0, is at most
(2n —5)(n—3) + 1.

It arises the natural question, Does this upper bound optimal? We
will discuss progress about this question and it will be ennonced open
problems related to this subject.

FIRST ORDER LOCAL INVARIANTS OF STABLE MAPPINGS
FROM R TO R3? WITH CORANK 1 SINGULARITIES
Oset R. (Spain)

Universitat de Valencia
raul.oset@uv.es
Romero-Fuster M.C. (Spain)
Universitat de Valencia
carmen.romero@uv.es

In [5] Vassiliev introduced a method to obtain topological invariants
on function spaces. This method has proven to be very useful and has
given interesting results in several cases:

i) Knots in R* (Vassiliev in [5]).
ii) Inmmersed plane curves (Arnol’d in [1]).

iii) Stable mappings from surfaces to R* (Goryunov in [2]).
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iv) Stable mappings from the plane to the plane (Ohmoto and Aicardi
in [4]).

v) Stable mappings form 3-manifolds to the plane (Yamamoto in [6]).

In this paper we apply this method to stable mappings with corank 1
singularities from 3-manifolds to R3.

Starting from the classification of germs obtained by Marar and Tari
in [3] we determine a complete list of germs and multigerms up to codi-
mension 2. The analysis of the different unfoldings allows us to determine
the structure of the discriminant subset (non-stable mappings) in a neigh-
bourhood of each of the codimension 2 strata as well as to provide suitable
coorientations to the codimension 1 strata. In this way we obtain 5 co-
cycles that form a complete set of generators for the cohomology ring
HY(E(R? R®), Z) (first order Vassiliev type invariants), where E; stands
for stable corank 1 mappings.

Besides the obvious invariants (number of triple points, number of
swallowtails and number of intersections between cuspidal edges and fold
planes) we provide a geometrical interpretation for the other two invari-
ants.
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THE HYDRODYNAMIC-STATISTICAL MODEL OF FORECAST
OF THE CATASTROPHIC PHENOMENA LIKE SQUALLS,
TORNADOES, FLOODS, LANDSLIDES AND MUDFLOWS

Perekhodtseva E. V. (Russia)
Hydrometeorological Center of Russia
perekhod@mecom.ru

This report is devoted to the development of the hydrodynamic-sta-
tistical model of forecast of catastrophic phenomena of dangerous wind,
including squalls and tornadoes, and study of correlations between land-
slides, mudflows and floods with heavy rainfalls and their hydrodynamic-
statistical forecast. The probability of forecast of landslides and mudflows
is the function of intensity and duration of heavy rainfalls in the previous
two - three days where those events are probable due to the soil structure
of soil and the height over the sea level.

The model of the forecast of summer-season half-day precipitation ex-
ceeding 50mm /12h is developed using data of the objective analysis on the
basis of statistical interpretation of output data of the hemispheric hydro-
dynamic model on the full equation (the author — Berkowich L.V.). Before
that the problem was solved for selection of the most informative vector-
predictor thus reducing the dimension of the space of parameters without
noticeable losses of information. For this purpose the sample correlation
matrix R for all potential predictors is calculated. The correlation matrix
of predictors R may be reduced to a diagonal form in which the blocks
with strongly dependent predictors are located near the diagonal. For
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diagonalization of the matrix R we put it into one-to-one correspondence
with a connected graph G whose sides correspond to couple correlation
coefficients r;; of predictors. Depending on the given threshold r of con-
nectedness 7;; we remove the sides of the graph whose r;; > r. So the
connected graph G decays into several non-connected subgraphs G;; and
isolated vertices. The most informative vector-predictor includes represen-
tatives of the blocks and the predictors corresponding to isolated vertices
(the criteria of the informativity are the criterion of the Makhalanobis
distance and the criterion of the minimum entropy by Vapnik V.N). The
optimum number of predictors in the vector-predictor is usually deter-
mined by the number 6-8. This number is connected with quantity of the
eigen values of the matrix R. The number of initial potential predictors
for the forecast of dangerous precipitation was about 40 predictors. As the
results of the said selection we have chosen the vector-predictor for recog-
nition of dangerous precipitation with the numbers of predictors seven.
For the given predictors the discriminant function F' was calculate on the
data of objective analysis and was used for the forecast of this phenomena
to 12, 24 and 36 h ahead.

For the forecast of storm wind (V' more 24 m/c) to 12 - 36 h were
placed such method of diagonalization of new matrix R; and selection
of the new informative vector-predictor with other discriminant functions
U(X). For the forecast of squalls and tornadoes at the territory of Russia
we usually use in the beginning the hydrodynamic-statistical forecast and
then we use the expert systems of empirical rules of these events. At the
report are given the examples of the forecasts of the flood on 2002 year
and of landslides at the North Caucasus and the examples of tornadoes
and dangerous squalls at the territory of Russia and Europe.

(GEOGRAPHY OF 3-FOLDS

Persson Ulf (Sweden)
Department of Mathematics, Chalmers University of Technology
ulfp@math.chalmers.se

That every even number e < 2 can occur as the euler number of a
compact complex curve has been known since antiquity (i.e., since the
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introduction of the concept) and can easily be demonstrated by exhibit-
ing hyper-elliptic curves The corresponding problem of determining the
possible chern invariants ¢?, ¢, for (minimal) surfaces is not yet completly
settled, the case of surfaces with positive index ¢2 — ¢, > 0 is particular
subtle, but it is expected that no restictions appear except those given by
the standard inequalities. What is known though are the possible ratios
1 /cy which can occur Those consist of a ‘continous’ part and a ‘discrete’.

The natural question is now to consider the case of compact complex
3-folds the notion of ‘minimal models’ having been clarified by Mori. Now
three invari ants come into play ¢}, cico, c3 and instead of considering
the fine question, we are concerned with ratios, which can be plotted
on a sphere. (This incidentally gives the notion of ‘Geography’ a very
literal meaning.) Also here there are some a priori inequalities, but it is
far from clear that those are the only ones My task is to systematically
consider standard constructions and see what areas those cover. In this
way one can identify interesting invariants, and pose the challenge to find
new constructions of 3-folds in order to actually exhibit those. In my
talk I will report on progress so far, which has mostly been concentrated
on smooth 3-folds (i.e., not allowing non-smooth terminal singularities)
where one incidentally notes that ¢ = 0(2) for those (note that in general
the chern-invariants will not be integers). One reasonable conjecture is to
show that the ‘continous’ part of the invariants forms a ‘convex’ set. The
content of this conjecture depends on what meaning you attribute to the
terms, and I will pre sent and prove based on a very natural notion of
the continous part K that the closure of the latter is indeed convex in the
usual sense.

SPECIFIC FEATURES OF HAMILTONIAN SYSTEM

Petrova L. I. (Russia)
Moscow State University
ptr@cs.msu.su

In present work, in addition to skew-symmetric exterior differential
forms, skew-symmetric differential forms, which differ in their properties
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from exterior forms, are used under investigation of Hamiltonian systems.
These are skew-symmetric differential forms defined on manifolds that
are nondifferentiable ones. Such manifolds result, for example, under de-
scribing physical processes by differential equations. This approach to
investigation of Hamiltonian systems enables one to see peculiarities of
Hamiltonian systems and relevant phase spaces.

The specific features of Hamiltonian system are analyzed in the case
when the Lagrangian manifold is not a differentiable manifold. This can
take place, for example, for mechanical systems with nonholonomic con-
straints. In this case the tangent and cotangent manifolds are not mutually
connected. The Legendre transformation, which converts the Lagrangian
function defined on tangent manifold into the Hamilton function defined
on cotangent manifold, is a degenerate transformation, and hence, a cor-
respondence between the Lagrange equation and the Hamiltonian system
will be fulfilled only discretely - on pseudostructures (sections of cotangent
bundle). The phase space will be formed by discrete structures.

The Lagrange equation has been obtained from the condition of maxi-
mum of the action functional S. This condition is one of conditions needed
for existence of the invariant, namely, closed exterior form. But for exis-
tence of invariant it is necessary that the closure condition of dual form
(determing the manifold or structure, on which the skew-symmetric form
is specified) be fulfilled.

As such a condition it just serves the first relation of the Hamiltonian
system which is not fulfilled for the Lagrange equation in general case (for
nonholonomic constraints).

The transition from the Lagrange equation to Hamiltonian system is
achieved with the help of the Legendre transformation, which transforms
the tangent manifold into cotangent one. When tangent manifold is a dif-
ferentiable one [1], such transition is a nondegenerate transformation. The
transition from tangent manifold to cotangent one is one-to-one mapping,
and Hamiltonian system and the Lagrange equation are identical.

In the case on nonholonomic constraints the tangent manifold of La-
grangian equation will be not a differentiable manifold. In this case the
transition from tangent manifold to cotangent one, that is, the transition
from the Lagrange equation to Hamiltonian system, is possible only as a
degenerate transformation. This means that the transition to cotangent
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manifold composed of pseudostructures (sections of cotangent bundles) is
only possible. That is, Hamiltonian system can be realized only discretely,
namely, on pseudostructures. The first relation of Hamiltonian system
(not connected with the Lagrange equation) is a condition of degenerate
transformation and defines pseudostructure, on which the Lagrange equa-
tion proves to be integrable and is equivalent to the Hamiltonian system.
In this case as the phase space it can serve only cotangent bundle sections
of Lagrangian manifold.

It is known that in the case when the tangent manifold is differentiable
and hence when the transition from tangent space to cotangent space is
one-to one mapping, in the extended phase space {t, g, p} there exists the
Poincare invariant ds = — Hdt + pdq (the differential form — Hdt + pdq
is a closed exterior form, that is, the differential of this form vanishes).

In the case when tangent manifold is not a differentiable manifold (and
hence when the transition from tangent space to cotangent space is degen-
erate), Hamiltonian system will be fulfilled only on pseudostructures. The
Poincare invariant will be also fulfilled only on pseudostructures, namely,
on integral curves. That is, the Poincare invariant will be a closed inexact
exterior form. In the directions normal to integral curves the differential
ds, which corresponds to the Poincare invariant, will be discontinuous.

In the case when the Lagrangian manifold is differentiable, the Hamil-
tonian systems can be described by pseudogroups, in particular, by Lie
pseudogroups. However, the group theory is not sufficient for describing a
behavior of Hamiltonian systems and Lagrange equation for real physical
processes.
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BILLIARD SCATTERING ON ROUGH SURFACES

Plakhov Alexander (Portugal)
University of Aveiro, Department of Mathematics
plakhov@mat.ua.pt

Billiard scattering on smooth surfaces can be described by the simple
law: angle of incidence = angle of reflection. Now consider a rough sur-
face: there are “microscopic” hollows that distort the motion of billiard
particles. The question is: How to describe the reflection law in this case?

We study this question in the two-dimensional case. The notion of
rough surface is defined. A reflection law is identified with a joint dis-
tribution on the (two-dimensional) parameter space: (angle of incidence,
angle of reflection). The main result to be reported is characterization
of the set of all possible reflection laws. We will also discuss applications
of this result to the problems of minimal and maximal resistance and to
studying physical phenomena like Magnus effect (lateral deflection of a
spinning ball).

SOME GEODETICS PARTICULARITY IN A SPHERICALLY
SYMMETRICAL SPACE.

Popov N. N. (Russia)
Computer Centre of the Russian Academy of Sciences
mark00@comtv.ru

Einstein noted in one of his works that the Newtonian law of gravita-
tion describes the gravitational phenomena as incompletely as the Coulom-
bian law of electrostatics and magnetostatics, the electromagnetic ones.
The fact that the Newtonian law is still considered satisfactory for the
calculation of the celestial bodies motion, can be explained by the order
of velocities and accelerations.

Proceeding from the principle of inert and gravitational mass equiv-
alence in the general theory of relativity, Einstein reduced the task of
deriving equations for a material point moving in a gravitational field, to
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the problem of a test body moving along a geodesic in a curved space-
time. Specifically, in case the gravitational field is created by an only
point mass M, the problem is reduced to a solution of differential equa-
tions of geodesics in a spherically symmetrical space described by the
Schwarzschild metric.

Starting with early works of Einstein and Schwarzschild and followed
by later works, the solution of geodetics equations in the spherically sym-
metrical space described by Schwarzschild metrics

dr?

i r2(d6? 4 sin® Odp?),

ds? — (1— 9) a —
T

has required the following time normalization:

o-2) % »

where a is the Schwarzschild radius, ¢ the world time, s the proper time
along the geodesic line. Normalization (1) leads to asymptotic coincidence
of the world time ¢ and proper time s at infinity. It means physically
that the test body velocity turns to zero at infinity. With the fulfilment
of condition (1) the test body acceleration coincides with the Newton

gravitational acceleration

Pr a

iz 22
at distances r > a. Obviously, the rejection of (1) leads to gravitational
acceleration depending on the test body initial speed at infinity v, ac-

cording to the following equation
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Apparently, if the test body velocity surpasses

——, the gravitational
V3

attraction turns into gravitational repulsion.
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MODULI SPACES OF HIGHER SPIN SURFACES

Pratoussevitch A. (UK)
University of Liverpool
annap@liv.ac.uk

We describe the moduli space of m-spin structures on a Riemann sur-
face. We show that any connected component of this moduli space is

homeomorphic to a quotient of the vector space R? by a discrete group
action.

BIRATIONAL RIGIDITY AND SINGULARITIES
OF LINEAR SYSTEMS

Pukhlikov A. V. (Russia)
Steklov Mathematical Institute, University of Liverpool
pukh@mi.ras.ru

1. Definition. (i) The variety V is said to be birationally superrigid,
if for any movable linear system > on V' the equality cyit(X) = ¢(2,V)
holds.

(ii) The variety V' (respectively, the Fano fiber space V/S) is said to be
birationally rigid, if for any movable linear system > on V' there exists a
birational self-map x € Bir V' (respectively, a fiber-wise birational self-map
x € Bir(V/9)), providing the equality ¢yt (2) = c(x2, V).

Here ¢(3,V) is the threshold of canonical adjunction, cyit(X) is the
wvirtual threshold of canonical adjunction. The importance of the property
of birational (super)rigidity can be seen from the following fact.

2. Proposition. Let V' be a primitive Fano variety, V' a Fano variety
with Q-factorial terminal singularities and Picard number one, that is,
PicV' '@ Q = QKy, x: V --» V' a birational map.

(i) Assume that V is birationally rigid. Then on V' there are no struc-
tures of a rationally connected fiber space.

(ii) Assume that V is birationally rigid. Then V and V' are (biregu-
larly) isomorphic (although the map x itself is, generally speaking, not an
isomorphism,).
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(iii) Assume that V is birationally superrigid. Then x is a biregular
1somorphism. In particular, the groups of birational and bireqular self-
maps of the variety V' coincide: BirV = Aut V.

3. Here are some examples of Fano varieties, for which birational
superrigidity is known.

(i) A smooth three-dimensional quartic V= V, C P* is birationally
superrigid: this follows immediately from the arguments of [1].

(i) A generic complete intersection Vg, ....q,, C PM** of index one (that
is, dy + -+ -+ d = M + k) and dimension M > 4 is birationally superrigid
for V> 2k+1 [2,3].

(iii) More examples are given by iterated Fano double covers [4] and
Fano cyclic covers [5].

4. Conjecture. A smooth Fano complete intersection of index one
and dimension > 4 in a weighted projective space is birationally rigid, of
dimension = 5 birationally superrigid.

5. The only known method of proving birational (super)rigidity is
the method of maximal singularities that reduces the problem of (su-
per)rigidity of a variety V' to studying movable linear systems ¥ on V
with a maximal singularity (that is, a prime divisor £ C V7 satisfying
the Noether-Fano inequality vg(3) > na(E), where n = ¢(X,V)), see
[1,2,4].
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SINGULARITIES IN RELAXATION OSCILLATIONS AND
GEOMETRIC CONTROL THEORY

Remizov A. O. (Portugal)
University of Porto
aremizov@fc.up.pt

I. Consider the slow-fast system

dx dy

- =P y) +eflz.y.e), — =cGlay)+ole), (1)
where v € X = R™" y €Y = R", ¢ € (R',0), and m > 1, n > 3. The

slow motion field of (1) is the projection of the vector field

dx d
_:gf(ﬂf,y,O), —y:G(ﬁL’,y),

dt dt
onto the tangent bundle of the slow surface S : F(z,y) = 0 along the
fibers of the bundle 7 : F — Y with the base Y and coordinates x on the
fibers, where £ = X @ Y. This projection is defined at the points where
TE=TS®Tn (here TE, TS and T'm are the tangent spaces to E, S and
the fiber of 7), i.e., at the points where the slow surface S is transversal
to the bundle 7. In coordinates it can be written as the vector field

-1
oF; dy -
<G, 8y>’ @—G(x,y), i=1,...,m, (2)

dz, __|OF
dt ox

defined on S\ K, where K : “?)—5‘ = 0 is the set of the points where

TE # TS @& Tm, i.e., it is the locus of the projection S — Y along X
(triangle brackets mean the standard scalar product). For the study of
the slow motion at the points of K consider the field

| OF,\ . |OF

., i=1,...,m, (3)

where dot means differentiation with respect to the new variable 7, con-

nected with time ¢ by the relation ¢ = “?)—5 . Note, that the components
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of (3) belong to the local ideal I (in the ring of smooth germs) generated

by the germs: ‘%—i and <G, %I;i>, 1=1,...,m.
II. Totally singular extremals of the affine-control system
dx n 1
E:fo(x)%—ufl(w), reR" ue R, (4)

with n > 3 and piecewise smooth locally bounded controls u(t) € U
are the extremals of (4) such that the Hamiltonian H of (4) attains the
maximum (or minimum) in the interior of U, i.e., the extremals satisfy
the identity hy(z,p) = 0, where h;(z,p) = (fi(z),p), p € (R")* is the
covector, H = hy + uh;. Double differentiation of the previous identity
gives hoy = 0 and hgpr — whiio = 0, where hy, ;. = {hi, hiy. 4.}, and
{, } means Poisson brackets. The identity hooy — uhi190 = 0 allows to
express u through variables (z,p) at all points where hy19 # 0, hence the
totally singular extremals of (4) are the trajectories of the vector field

dx hoo1 @_ Ohg  hoor Oy

dat :fo-l-mfl,

dt N 81’ - hllO 81’ 7 (5)

defined on S\ K, where S : hy = hg; = 0 is an invariant manifold of the
field (5), and K C S : hyi19 = 0. For the study of the field (5) at the points
of K consider the field

. . oh oh
T = hiofo+ hoorfi, D= —h110—0 - hOOl—l- (6)

ox ox

where dot means differentiation with respect to the new variable 7, con-
nected with time ¢ by the relation { = hy19. Note that all components of
the field (6) belong to the local ideal I generated by hy19 and hgo;.

ITI. The aim of the talk is to study singular points of the vector fields
(3) and (6). Under some natural assumptions the germs of these fields
at the singular points have a common property: among their components
there exist m + 1 (m = 1 for (6)) germs that generate the local ideal I
(in the ring of smooth germs) containing all others component. Hence the
fields (3) and (6) can be written in general form:

m—+1

Si:’l}i’ i:l,...,m—i_l, CJ:ZOQJ'U“ j:17"'7l7 (7>
=1
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where the local ideal is I = (vy, ..., V41). The spectrum of the linear part
of (7) at the singular point is (A, ..., Ams1,0,...,0). Suppose that Re); #
0,7=1,...,m~+1, then the set of the singular points vy =0,...,v,,.1 =0
of (7) is the central manifold W€ of codimension m + 1. We will consider
finite-smooth normal forms of the fields (7) at the singular points. Note
that some similar results for the case m = 1 (the local ideal I has two
generators) were obtained before by J. Sotomayor, M. Zhitomirskiy (in the
non-resonant case) and S. Voronin (for analytical classification).

Research was supported under grant SFRH/BPD /26138/2005.

HOMOGENIZATION OF SOME HYDRODYNAMICS PROBLEMS
WITH RAPIDLY OSCILLATING DATA

Sandrakov G. V. (Ukraine)
Kyiv National University
sandrako@mail.ru

Let € be a small positive parameter and (u, p) be a Hopf’s solution of
the initial-boundary value problem for unsteady Navier—Stokes equations

u, —vAu+u-Vu+Vp=F. in Qx(0,7T),

divu =0 in Qx (0,7, (1)
u‘t:O:() in Q, u=0 on 00 x(0,7T),
where F. = F(t,z,z/e), F(t,z,y) € L*(0,T; L*(Q; L3S, (Y)/R)"), @ C R”

is a bounded domain with a smooth boundary, 7" is a positive number,
and 2 < n < 4. Here, a subscript per means 1-periodicity with respect to
y € R" and Y = [0, 1]" is a periodicity cell. Thus, by definition F(¢,x,y)
is 1-periodic in y, [, F(t,z,y)dy = 0 for a. e. (t,z) € (0,7)x €, and the
restriction of F'(¢,z,y) to Y is an element of L*(0,T; L*(2; L=(Y))™).
Theorem. Let V,F € L'(0,T; L*(; Lys.(Y)/R)™ ™) and (u,p) is a
solution of problem (1). Then, there are positive ey and vy such that

2 2 _
HUHLOO(O,T;LQ(Q)H) + v HVUHLQ(O,T;LQ(Q)”X”) < 0(82 + €2V 1),
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and
1Pl -1 0,020y m) < ClE+ g2y~

where C' is a constant independent of € and v whenever 0 < ¢ < &g and
0<v <.

Methods of homogenization are used to prove of the theorem (see [1]).
Similar theorems for equations (1) and the linearized equations will be
discussed also, for example, when [, F(t,z,y)dy # 0.
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THE GLOBAL THEORY OF REAL CORANK 1 SINGULARITIES
AND ITS APPLICATIONS TO THE CONTACT GEOMETRY OF
SPACE CURVES

Sedykh Vyacheslav D. (Russia)
Russian State Gubkin University of Oil and Gas
sedykh@mccme.ru

Let M™ and N™ be real C*°-smooth closed (compact without bound-
ary) manifolds of dimensions m and n, respectively, where [ = n—m > 0.
Consider a stable smooth mapping f: M — N.

Assume that f is a mapping of corank < 1 that is it can have only
singularities of types A,. We recall that f has a singularity of type A, at
a given point x € M if its local algebra at x is isomorphic to the R-algebra
R[[t]]/(t**1) of truncated polynomials in one variable of degree at most p.

The multi-singularity of f at a point y € N is the unordered set of
singularities of f at points from f~!(y). Multi-singularities of the map-
ping f are classified by elements A = A, + ---+ A, of the free addi-
tive Abelian semigroup A generated by the symbols Agy, A, As,.... The
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number codim; A = (I + 1) " u; + pl is called the codimension of a
multi-singularity of type A.

The mapping f can have only multi-singularities of codimension at
most n. The set Af of points y € N, where f has a multi-singularity of
type A € A, is a smooth submanifold of codimension codim; A in N. The
Euler characteristic x(Af) of the manifold Ay is the alternating sum of
its Betti numbers.

We find a complete system of universal linear relations between the
Euler characteristics of the manifolds of multi-singularities of mappings
under consideration. Namely, we prove that for any A € A such that
codim; A =n—1 (mod 2), the Euler characteristic x(Ay) is a linear com-

bination
X(Ap) =" K (X)x(Xy) (1)

of the Euler characteristics x(Xy), where the summation is carried over
all X € A such that codim; X =n (mod 2) and codim; X > codim, A.

The universality of the relation (1) means that all its coefficients do not
depend on f and on the topology of the manifolds M, N. We show that
every coefficient Ki?(X ) is a rational number depending only on A, X,
and on the parity of the number [. Moreover, we produce a combinatorial
algorithm for the calculation of the numbers Ki? (X).

The completeness of the system of relations (1) in the simplest case
m < n means the following. Let W,,, be the class of all stable smooth
corank < 1 mappings of smooth closed m-dimensional manifolds into
smooth closed manifolds of dimension n. Then any universal linear rela-
tion with real coefficients between the Euler characteristics of manifolds of
multi-singularities of mappings f € W, , is a linear combination of the re-
lations of the form (1) over all A € A such that codim; A =n—1 (mod 2)
and codim; A < n.

We apply these results to the contact geometry of space curves. In par-
ticular, we obtain multidimensional generalizations of the Bose theorem
on supporting circles of a plane curve and multidimensional generaliza-
tions of the Freedman theorem on the number of triple tangent planes of
a curve in 3-space.
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ON THE DIVERSITY OF NONDEGENERACY CONDITIONS

IN KAM THEORY

Sevryuk M. B. (Russia)
Institute of Energy Problems of Chemical Physics
sevryuk@mccme.ru

Consider a completely integrable Hamiltonian system with n degrees

of freedom and its Hamiltonian perturbation. The phase space of the un-
perturbed system is foliated into Lagrangian invariant n-tori I = const

carrying conditionally periodic motions with frequency vectors w(l) =
0Hy(I)/0I, where (I,...,1,) € G C R™ are the action variables and H

is the unperturbed Hamilton function. If the unperturbed system is Kol-

mogorov nondegenerate (the frequency map w: G — R™ is a local diffeo-
morphism), then according to KAM theory, each unperturbed torus with
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Diophantine frequencies gives rise to a perturbed torus with the same fre-
quencies (provided that the perturbation magnitude is sufficiently small).
If the unperturbed system is isoenergetically nondegenerate (w # 0 in G
and the projectification [w; @ - -+ : w,]: G — RP" ! of the map w is a local
diffeomorphism on every energy level hypersurface Hy = const), then each
unperturbed torus with Diophantine frequencies gives rise to a perturbed
torus with the same frequency ratios and with the same energy value. On
the other hand, if the unperturbed system is Riussmann nondegenerate
(there exists a positive integer K such that at every point I € G, the
linear hull of all the partial derivatives 9/%w(I)/0IM --- 9IS of all the
orders 0 < |a] = a1 + -+ + a,, < K is R"), then a perturbed system ad-
mits many invariant n-tori carrying quasi-periodic motions but there is,
generally speaking, no connection between the unperturbed frequencies
and the perturbed ones.

The same three types of nondegeneracy can be defined for the so-
called upper dimensional coisotropic invariant M-tori (whose dimension
M is greater than the number n of degrees of freedom). However, in the
upper dimensional Hamiltonian KAM theory, it is Riissmann nondegener-
acy that was historically considered first [1] (in contrast to the “classical”
Lagrangian case) and is usually regarded as the “main” one.

Recently, in the Lagrangian framework, there were introduced nonde-
generacy conditions intermediate between the Kolmogorov and Riissmann
conditions [2,3]. For example, one can formulate nondegeneracy conditions
that guarantee the following partial preservation of frequencies: each Dio-

phantine collection of frequencies wj, ... ,w; (k < n being fixed) gives rise
to an (n — k)-parameter Cantor family of perturbed invariant tori whose
first k frequencies coincide with wj,...,w;. Similarly, there are nonde-

generacy conditions that are intermediate between the isoenergetic and
Riissmann conditions and lead to partial preservation of frequency ratios
2,3].

The case of the lower dimensional isotropic invariant m-tori (whose
dimension m is less than the number n of degrees of freedom) is more com-
plicated. In the lower dimensional Hamiltonian KAM theory, one should
take into account not only the frequencies wy, ..., w,, of the invariant tori
but also their Floquet exponents Ay, ..., \p_m, i.e., the eigenvalues of the
coefficient matrix for the variational equation along the torus. However,
the Kolmogorov, isoenergetic, and Riissmann nondegeneracy conditions
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can be carried over to lower dimensional invariant tori (not in a unique
way), all the lower dimensional versions of these conditions involving the
unperturbed Floquet exponents, and sometimes the dependence of the
system on several external parameters is required. Partial preservation of
the frequencies or frequency ratios in the lower dimensional context has
been explored in the works [3-5]. Very recently, partial preservation of
frequencies and Floquet exponents was also treated [6].
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THREE CLASSICAL PROBLEMS OF PARAMETRIC
RESONANCE

Seyranian A. P. (Russia)
Institute of Mechanics, Moscow State Lomonosov University
seyran@imec.msu.ru

A problem of stabilization of a vertical (inverted) position of a pen-
dulum under high frequency vibration of the suspension point is consid-
ered. Small viscous damping is taken into account, and periodic excitation
function describing vibration of the suspension point is assumed to be ar-
bitrary. A formula for stability region of Hill’s equation with damping
near zero frequency is obtained. For several examples it is shown that
analytical and numerical results are in a good agreement with each other.
An asymptotic formula for stabilization region of the inverted pendulum
is derived. It is shown that the effect of small viscous damping is of the
third order, and taking it into account leads to increasing critical stabiliza-
tion frequency. The method of stability analysis is based on calculation
of derivatives of the Floquet multipliers.

The swing problem is undoubtedly among the classical problems of
mechanics. It is known from practice that to set a swing into motion
one should erect when the swing is in limit positions and squat when it
is in the middle vertical position, i.e., carry out oscillations with double
the natural frequency of the swing. However in the literature you can
not find formulae for instability regions explaining the phenomenon of
swinging. In the present paper the simplest model of the swing is described
by a massless rod with a concentrated mass periodically sliding along
the rod axis. Based on analysis of multipliers the asymptotic formulae
for instability (parametric resonance) domains in the three-dimensional
parameter space are derived and analyzed.

The third classical problem is the problem of finding instability regions
for a system with periodically varying moment of inertia. An equation de-
scribing small torsional oscillations of the system with periodic coefficients
dependent on four parameters including damping is derived. Analytical
results for instability (parametric resonance) regions in parameter space
are obtained. Numerical examples are presented.
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ASYMPTOTICS OF EIGENFUNCTIONS TO LINEAR ORDINARY
DIFFERENTIAL OPERATORS AND STOKES LINES

Shapiro B. (Sweden)
Stockholm University
shapiro@math.su.se

In the talk I describe the asymptotic root distribution for the eigen-
functions of the classical univariate Schroedinger operator with polynomial
coefficients as well simliar asymptotics for a general class of the so-called
exactly solvable operators. A (partially conjectural) relation to the Stokes

lines will be pointed out. All the necessary notions will be defined during
the talk.

INVERSE PROBLEM FOR A FINITE SEMICONDUCTOR
NETWORK ON THE ANNULUS

Shapiro Michael (USA)
Michigan State University
mshapiro@math.msu.edu

This is a joint work with Mikhail Gekhtman (University of Notre
Dame) and Alexander Vainshtein (Haifa University).

A directed graph G whose arcs are equipped with positive numbers
(conductivities) z., e € Edge(G) is called a semiconductor network. For
a given semiconductor network we define the boundary measurement be-
tween a source node u and a sink node v as the total conductivity between
these two nodes, namely, > . . Tl.cp ®e, Where the sum is taken over
all directed paths P connecting v and v while the product is taken over
all arcs e of path P.

The inverse problem for semiconductor networks can be formulated
as follows. Is it possible to restore a semiconductor network (up to some
natural equivalence relations) qiven a complete collection of boundary mea-
surements?
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A.Postnikov in a recent preprint [1] considered the inverse problem for
semiconductor networks on the disk with sources and sinks on the bound-
ary circle. He described all elementary transformation of networks gener-
ating a natural equivalence relation and proved that the inverse problem
has a unique solution up to this equivalence.

In the current paper we consider a semiconductor network on the an-
nulus where all sources belong to the inner circle and all sinks are on the
outer circle. To make this problem meaningful we need to introduce a
spectral parameter in the definition of boundary measurements. Unlike
networks on the disk the inverse problem on the annulus does not have
a unique solution up to a natural equivalence. We describe all inverse
problem solutions for networks on the annulus with only one source and
one sink.
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FLUID MODELS AND PHASE TRANSITIONS IN THE LARGE
QUEUING NETWORKS

Shlosman S. B. (Russia)
IITP RAS
shlosman@gmail.com

We show that in some models of large networks it is possible to observe
the onset of coherent behavior. The corresponding long range memory
effect can be a source of slowing down of the network performance. The
phase transition is turned on once the load exceeds the critical level. It
is similar to the low temperature breaking of continuous symmetry in
statistical physics.

This is a joint work with A. Rybko and A. Vladimirov.
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ENUMERATION OF REAL RATIONAL CURVES ON DEL
PEZZO SURFACES

Shustin Eugenii (Israel)
Tel Aviv University
shustin@post.tau.ac.il

A systematic development of the enumerative geometry of real alge-
braic curves has been initiated by the discovery of Welschinger invariants
[5] and the appearance of tropical enumerative geometry [4]. In a par-
ticular case of a real Del Pezzo surface ¥ with a non-empty real part
Y(R), with any real ample divisor D and a component ¢ of ¥(R), one can
associate the Welschinger invariant W, (X, D), which counts with appro-
priate weights +1 the real rational curves in the linear system | D|, passing
through (3, D) := ¢1(X)-D—1 generic points in ¢. The invariant does not
depend on the choice of fixed points, and provides a uniform lower bound
the the number of real rational curves in |D| passing through any chosen
configuration of r(3, D) real points in o, whereas the corresponding genus
zero Gromov-Witten invariant GWy(X, D) gives an upper bound. The
tropical geometry converts the computation of the Welschinger invariants
into a count of certain plane tropical curves (finite planar graphs), passing
through configurations of (X, D) points in the plane. This allows one to
establish interesting phenomena in the behavior of Welschinger invariants.
Among them

Conjecture 1. Welschinger invariants of all real Del Pezzo surfaces
with a non-empty real part are positive.

This, in particular, would imply that: Given a real Del Pezzo surface X
and a real ample divisor D, through ant r(X, D) generic points, belonging
to the same connected component of X(R), one can trace at least one real
rational curve C' € |D|.

Another observation is

Conjecture 2. For any real Del Pezzo surface 3 with 3(R) # 0, any
component o of X(R), and any real ample divisor D C X,

1 >,nD 1 >onD
lim OgWJ( y TV ): lim OgGWO( T ):Cl(Z)D

n—o0 nlogn n—o0 nlogn

Using the tropical geometry techniques, we prove
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Theorem 1 ([1,2]). Conjectures 1 and 2 hold for the plane P2, the
quadric (PY)?, the plane P% blown up at k generic real points, 1 < k < 4,
the quadric S* with S*(R) ~ S?, and for that quadric S3,, 3, S§, blown
up at one or two real points, or at two 1maginary conjugate points.

An important problem is to find recursive formulas for the Welschinger
invariants similar to that for the Gromov-Witten ones, like the Kontsevich
formula (WDVYV equation), or the Caporaso-Harris formula. No analogue
of the Kontsevich formula is known. One, however, can prove

Theorem 2 ([3]). Welschinger invariants of P* and P2, 1 < k < 4,
satisfy a Caporaso-Harris type recursive formula.

It is especially interesting that this formula includes tropical Welschin-
ger invariants, which so far have no algebraic analogue.
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LONG-TERM EVOLUTION OF THE ASTEROID ORBITS AT
THE 3:1 MEAN MOTION RESONANCE WITH JUPITER
PLANAR PROBLEM

Sidorenko V. V. (Russia)
Keldysh Institute of Applied Mathematics, Moscow
sidorenk@spp.keldysh.ru

We consider the 3:1 mean-motion resonance of the planar elliptic re-
stricted three body problem (Sun-Jupiter-asteroid). Using the numeric av-
eraging both over the orbital motion and resonant angle librations/oscillat-
ions, we obtained the evolutionary equations which describe the long-term
behavior of the asteroid’s argument of pericentre and eccentricity. The de-
tailed classification of the possible evolution paths was developed. It gen-
eralized significantly the similar results on secular effects in the discussed
problem recently obtained under the scope of the well known Wisdom
model [1].

The validity of the averaged equations is closely connected with con-
servation of the approximate integral (adiabatic invariant) possessed by
the original system. Qualitative changes in the behavior of the resonant
angle cause the violations of the adiabatic invariance and the regions of
the adiabatic chaos appear in the system’s phase space.

A special attention was given to the very-high-eccentricity asteroidal
motion. Being limited to relatively small values of the eccentricity the
Wisdom model did not allow to study the the transitions from the mod-
erate values of the eccentricity (e ~ 0.2 — 0.3) to the values 0.9 — 0.95
although their existence was demonstrated [2]. We found that under the
certain conditions the region of the adiabatic chaos can be a place where
such transitions are permissible.
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(GEOMETRY OF SINGULAR MANIFOLDS IN
A ZERO-PRESSURE ADHESIVE FLOW

Sobolevski A. N. (Russia)
Moscow State University
sobolevski@phys.msu.ru

Free inertial flow of a continuous fluid with no pressure or viscosity
develops singularities when and where trajectories of particles cross.

To continue the motion after a singularity, one needs to know what
happens to colliding particles. In a number of applications varying from
cosmology to numerical fluid dynamics, particles are assumed to be §ticky,
i.e., to collide absolutely inelastically. In spite of the apparent simplicity
of this model constructing the flow beyond singularities is a challenge. We
suggest a mathematical framework for multidimensional adhesive ballistic
flows and characterize their singularities geometrically.

ORDINARY DOUBLE SOLIDS

Steenbrink Joseph H. M. (Netherlands)
Radboud University
J.Steenbrink@math.ru.nl

This is a report on joint work with Martijn Grooten. It concerns double
covers of projective three-space whose ramification surface has degree four
and has only generic projection singularities. We analyze their Abel-
Jacobi mappings.
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A KAM PHENOMENON FOR SINGULAR HOLOMORPHIC
VECTOR FIELDS

Stolovitch L. (France)
Université Paul Sabatier, CNRS-Institut de Mathématiques de Toulouse
stolo@picard.ups-tlse.fr

Let X be a germ of holomorphic vector field at the origin of C" and
vanishing there. We assume that X is a “good perturbation” of a “non-
degenerate” singular completely integrable system. The latter is associ-
ated to a family of linear diagonal vector fields which is assumed to have
nontrivial polynomial first integrals (they are generated by the so called
“resonant monomials”). We show that X admits many invariant analytic
subsets in a neighborhood of the origin. These are biholomorphic to the
intersection of a polydisc with an analytic set of the form “resonant mono-
mials = constants”. Such a biholomorphism conjugates the restriction of
X to one of its invariant varieties to the restriction of a linear diagonal vec-
tor field to a toric variety. Moreover, we show that the set of “frequencies”
defining the invariant sets is of positive measure.

In particular, we show that a volume preserving germ of holomorphic
vector field which is a small pertubation of a non-degenerate volume pre-
serving polynomial vector field has a “lot” of invariant manifolds biholo-
morphic to the intersection of “x; - - - x,, = constant” with a fixed polydisc.
Of course, we also recover the classical KAM theorem for hamiltonians in
a neighbourhood of a fixed point.
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CLASSIFYING SPACES IN SINGULARITY THEORY AND
ELIMINATION OF SINGULARITIES

Sztics A. (Hungary)
Eotvos Lorand University
szucs@cs.elte.hu

The classifying spaces of cobordisms of singular maps with an allowed
set of singularities form certain fibrations. (See [2].) Using these fibrations
we answer explicitely a question of Arnold about the elimination of a
singularity - at least up to cobordism.

In [1] V. 1. Arnold and his coauthors posed the question: Suppose for a

smooth map the homology class of a given singularity stratum of the map
vanishes. Does this imply that that singularity type can be eliminated by
a homotopy?

The question in this form has a negative answer.

We shall consider an analogous question, namely: When the given sin-
gularity type can be eliminated by a restricted cobordism of the map. The
cobordism will be called restricted if it has no singularities not equivalent
to the singularities of the original map.

We will give a necessary and sufficcient condition for the elimination of
a top singularity of a smooth map by a restricted cobordism. This answer
turns out to be very similar to the one suggested by the above question
of Arnold.

Before giving the precise formulation let us recall that the Thom poly-
nomial of a singularity type gives the cohomology class dual to a given
singularity stratum. Such a stratum has a special normal structure and
higher Thom polynomials express the normal characteristic classes of this
stratum.
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Theorem:

Let M™ and P*"** be smooth manifolds, k¥ > 0, and let f : M"™ — Pnt*
be a generic smooth map, and let n be its top (i.e. most complicated)
singularity type. Then

1) the restrited cobordism classes of n-manifolds into P"™* form an
Abelian group.

2) A non-zero multiple of the element of this group represented by the
map f contains an 7-free smooth map if and only if the Gysin map f
annihilates the Thom polynomial of the n stratum of f together with all
the higher Thom polynomials of this stratum.
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Timorin V. A. (Russia)
[UM, Moscow
timorin@math.sunysb.edu

A quadratic form f is said to have semigroup property if its val-
ues at points of the integer lattice form a semigroup under multiplica-
tion. A problem of V. Arnold is to describe all binary integer quadratic
forms with semigroup property. If there is an integer bilinear map s such
that f(s(x,y)) = f(z)f(y) for all vectors x and y from the integer 2-
dimensional lattice, then the form f has semigroup property. We give
an explicit integer parameterization of all pairs (f,s) with the property
stated above. We do not know any other examples of forms with semi-

group property.

Yoint work with F. Aicardi
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(GIBBS ENTROPY AND DYNAMICS

Treschev D. V. (Russia)
Steklov Mathematical Institute, RAS
treschev@mi.ras.ru

Let (M, u) be a measure space and let v be another measure on M:
dv = pdu. We define the Gibbs entropy s(p) = /plogpdu and some its

modifications (the coarse-grained entropy).
We plan to discuss the question: how physical are these objects in the
sense:

— do they grow if a p-preserving dynamics appear?
— what properties of the dynamics are responsible for this growth?

— in what extent this “growth” can be independent of arbitrariness of
the construction?

Here one should keep in mind that if the dynamics is reversible, some
strong restrictions are imposed on any entropy-like dynamical quantity.

ON THE RICHNESS OF THE HAMILTONIAN CHAOS

Turaev Dmitry (Israel)
Ben Gurion University
turaev@math.bgu.ac.1il

We show an ultimate richness of chaotic dynamics of symplectic dif-
feomorphisms that have an elliptic point. These maps form an open sub-
set D, in the space of all C*°-smooth symplectic diffeomorphisms of R?"
(a widely believed conjecture is that the C*°-closure of D,, coincides with
the set of all symplectic diffomorphisms that are not uniformly partially-
hyperbolic). Our main theorem is that
a C*°-generic map from D, 1s universal
in the sense of the following definition. Let f be a symplectic C'*°-
diffeomorphism R?" — R?". Let 1) be a C*°-diffeomorphism R?"* — R?"
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such that it preserves the standard symplectic form modulo a constant
factor (i.e., ¢ is a symplectic diffeomorphism times a constant). Let Bsy,
be the unit ball in R*".

We call the map fi = ¢! o fFo|p,, a renormalized iteration of f.
This is a symplectic diffeomorphism B?** — R?",

We call the map f universal, if the set of all its renomalized iterations
is C*°-dense in the set of all symplectic C*-diffeomorphisms B** — R?".

We stress that the renormalized iterations are just iterations up to
a coordinate transformation. Therefore, the iterations of any universal
map approximate arbitrary well all symplectic dynamics possible in R?".
By proving the genericity of the universal maps, we thus show an ul-
timate richness of the chaotic behavior near elliptic points of a typical
2n-dimensional symplectic diffeomorphism: the dynamics of any single
such diffeomorphism is as complicated as the dynamics of all symplectic
diffeomorphisms of R?" altogether.

ON DOUBLE HURWITZ NUMBERS IN GENUS 0

Vainshtein A. (Israel)

University of Haifa
alek@math.haifa.ac.il

We study double Hurwitz numbers in genus zero counting the number
of covers C P! — C'P! with two branching points with a given branching
behavior. By the recent result due to Goulden, Jackson and Vakil, these
numbers are piecewise polynomials in the multiplicities of the preimages
of the branching points. We describe the partition of the parameter space
into polynomiality domains, called chambers, and provide an expression
for the difference of two such polynomials for two neighboring chambers.
Besides, we provide an explicit formula for the polynomial in a certain
chamber called totally negative, which enables us to calculate double Hur-
witz numbers in any given chamber as the polynomial for the totally neg-
ative chamber plus the sum of the differences between the neighboring
polynomials along a path connecting the totally negative chamber with
the given one.
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THE B. AND M. SHAPIRO CONJECTURE IN REAL
ALGEBRAIC GEOMETRY AND THE BETHE ANSATZ

Varchenko A. (USA)
University of North Carolina at Chapel Hill
anv@email.unc.edu

I shall discuss the proof of Shapiro’s conjecture by methods of math
physics. The Shapiro’s conjecture says the following. If the Wronskian
of a set of polynomials has real roots only, then the complex span of
this set of polynomials has a basis consisting of polynomials with real
coefficients. This statement, in particular, implies the following result. If
all ramification points of a parametrized rational curve f : CP! — CP"
lie on a circle in the Riemann sphere C'P!, then f maps this circle into a
suitable real subspace RP™ C C'P". The proofis based on the Bethe ansatz
method in the Gaudin model. The key observation is that a symmetric
linear operator on a Euclidean space has real spectrum.

EQUATIONS AND SOLUTIONS FOR MOVING OF A ROTATING
BODY IN CHEMICAL PROCESSES. SPIRAL TRAJECTORIES
AND PHOTOPHORESIS

Vedenyapin V. V. (Russia)
Keldysh Institute of Applied Mathematics,
Moscow State Region University
vicveden@kiam.ru

The book [1] contains an assertion about spiral trajectories of a rigid
body and consideration of movement with changing of inertia ellipsoid.
Those topics have applications in moving of sputniks [7] and in chemical
kinetics of big reacting particles.

The case of a big particle, moving in chemically reacting gas, was con-
sidered. It was called chemojet motion and was found experimentally by o
a group of scientists from Chemical faculty of Moscow State University [8].
A model of a chemical reaction on the surface of a body was created and
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a system of equations of motion was written and investigated.[2,3] We got
an ideal cylindrical spiral trajectory in asymptotic when time tends to
infinity. This justified qualitatively the result of experiment of European
Cosmic Agency and in Moscow State University. A step and a diameter
of those cones were calculated in exact form.

This model was used for explanation of photoforesis [4]. The term
photophoresis was proposed by Felix Ehrenhaft [5]. In his experiments
dust, silver and copper particles in gases irradiated by light “strongly
exhibited a tremendous lightnegative movement, although they ought to
be most heated on the side toward the light, and would expect a movement
away from the light” ([6]).

Movement away from light was called lightpositive or positive pho-
tophoresis and towards it lightnegative or negative photophoresis.

“During the course of the experiment, the motion of the particle traced
out a “spiral” path. However upon magnification of a given section of a
given spiral, one saw a “spiral” path within the path of the larger spiral. . .
In viewing these microphotographs, one had the distinct impression that
something phenomenal was happening, but no definitive explanation for
the observation was presented” [6].

Now it is clear that Felix Ehrenhaft spiral paths and so both positive
and negative photophoresia have their explanation in the framework of
chemojet motion: the former as a consequence of reactive forces and the
latter of counter reactive ones. On the other hand Ehrenhaft spiral paths
strongly support all mathematical theory of motion of any big particle in
reacting gas, constructed in papers [2-4].
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WHAT DOES LEBESQUE’S MEASURE IN THE INFINITE
DIMENSIONAL SPACE MEAN?

Vershik A. M. (Russia)
St. Petersburg Branch of Steklov Mathematical Institute

We will introduce so called infinite-dimensional Lebesgue measure
which is the limit of measures on some homogeneous manifolds, — this
is parallel to the classical Maxwell-Poincare lemma, which presents the
Gaussian distribution as a weak limit of the measures on spheres S™.
This Lebesgue measure opens new possibilities in the combinatorics,
representation theory, random processes, and in the theory of Fock space.
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COHOMOLOGY OF THE BRAID GROUPS AND SPECIAL
INVOLUTIONS

Veselov A. P. (UK, Russia)
Loughborough
Landau Institute
A .P.Veselov@lboro.ac.uk

We give an explicit description of the action of a Coxeter group G on
the total cohomology of the complement to the corresponding complexified
reflection hyperplanes. The answer is given in terms of a geometric class of
the involutions in G called special. The relation with the classical results
by Arnold and Brieskorn on the cohomology of the braid groups will be
discussed.

The talk is based on a joint work with G. Felder.

THE 16TH HILBERT PROBLEM, A STORY OF MYSTERY,
MISTAKES AND SOLUTION

Viro O. Ya. (Russia)
Petersburg Department of Steklov Institute of Mathematics
oleg.viro@gmail.com

Hilbert’s problem of the topology of algebraic curves and surfaces (the
16th problem from the famous list presented at the second International
Congress of Mathematicians in 1900) was difficult to formulate. The way
it was formulated made it difficult to anticipate that it has been solved.
I believe it has, and this happened more than thirty years ago, although
the World Mathematical Community missed to acknowledge this.
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POSITIVITY OF SCHUR FUNCTION EXPANSIONS OF THOM
POLYNOMIALS
Weber Andrzej (Poland)

Uniwersytet Warszawski
aweber@mimuw.edu.pl

We consider a holomorphic map f of complex manifolds. For a pre-
scribed singularity type let X denote the locus of the points in which the
map f is of that type. The cohomology class of ¥ depends on the Chern
classes of the manifolds. It is expressed by the Thom polynomial. We will
show that the coefficients of the Thom polynomials in the Schur basis are
nonnegative. The proof is obtained by a combination of the approach to
Thom polynomials via classifying spaces with the Fulton-Lazarsfeld the-
ory of cone classes for ample vector bundles. Further generalizations based
on the representation theory will be sketched.
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DIFFERENTIAL INVARIANTS OF 2-ORDER ODES

Yumaguzhin V. A. (Russia)
Program Systems Institute of RAS, Pereslavl’-Zalesskiy
yuma@diffiety.botik.ru

Every ODE & of the form
' =alz,y)y'® + bz, y)y'? + c(z, y)y' + d(2,y) (1)

can be identified with the section
Se : (z,y) — (a(z,y), b(z,y), c(z,y), d(z,y) ) of the product bundle

m:R?*x R* — R?.
Thus the set of all equations (1) is identified with the set of all sections
of .
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It is well known that an arbitrary point transformation f transforms an
arbitrary equation (1) to the equation of the same form. Coefficients of the
transformed equation are expressed in terms of the coefficients of the initial
one and 2-jet of f. That is f defines the natural transformation of sections
of m. This defines the natural lifting of f to the diffeomorphism f© of
the total space of . In turn, f(0) is naturally lifted to diffeomorphism
f®) of the bundle J*r of k-jets of sections of m, k = 1,2,... Thus the
pseudogroup of all point transformations of the base of 7 acts by its lifted
transformations on every J*r.

The lifting of point transformations generates the natural lifting of any
vector field X from the base of 7 to the vector field X® on J*r.

Let 8 € J7, and let p = m(6). Consider all vector fields X in the base
passing through p. The isotropy algebra of 6 is defined by the formula
g0 = { [X]2] X =0 }, where [X]2 is the 2-jet of X at p. Its subalgebra
g={[X]2 € go|[X]} =0} is independent of 6 € JOr.

A first nontrivial differential invariant of point transformations of equa-
tions (1) is a horizontal 2-form wy on J2?7 with values in g. This invariant
is a unique obstruction to a linearizability of these equations by point
transformations.

A next differential invariant appears on J37. It is a horizontal 3-form
w3 with values in g.

Applying operations of tensor algebra to w, and w3, we construct new
differential invariants on J3r.

Finally, we construct differential invariants on J*r, k > 4. In particu-
lar, we construct scalar differential invariants.

Obtained invariants make possible to solve the equivalence problem for
equations £ under consideration so that all their 3-jets [Sg]z belong to a
generic orbit of the action of point transformations on J37. In particular,
we solve the equivalence problem for generic equations (1).
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LYAPUNOV PROBLEM AND SPECTRUM OF DYNAMICAL
SYSTEM

Zadorozhny V. F. (Ukraine)
Glushkov Institute of Cybernetics, Kiev
zvfQ@compuserv.com.ua

Approaches of determination ofthe Lyapunov function have been pro-
posed in many issues [1] and further developed by many authors. But
these very special approaches can not be extended to the case of general
dynamical system, or cannot be used to obtain an algorithm of approxi-
mation of the region of attraction in the case of asymptotic stability. Thus
the problem arises of finding the Lyapunov function (Lyapunov problem).
Consider the autonomous differential system equations as follows

i = X(x) (1)

where X : R" — R" is an R-analytic function on R" with X(0) =0 (i.e.
x =0 is a steady state of (1)). Let the one is asymptotically stabile and
() C R™ isregion of attraction and on ) there is a couple function (V, W)
that theorem of Lyapunov for asymptotic stability is satisfied. It can be
shown that in this case reasoning yields a simple inequality

Ro 2 [ glaida)ulada))dt < Nlgl, Vi) o 2)

where x4(x) is solution of Eq. (1) , z, = x € € is initial value, N is
any number and |||, is the norm of the element g € L2(Q), i.e. |lg||> =
fQ \g|2 dx. In this case, the operator R s the Hilbert-Schmidt operator in

L2(Q) (see [2] p.1536) i.e. Rg = [ w(z,y)g(y)dy, =,y € Q. In order to
construct the solution the following equation

Lf=X0,f=guw (3)

Let us apply this result to Eq.(1).Write down this formula as follows

f= /Qw(fc,y)g(y)dy, or f= Ry (4)
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Differentiating formula (4) in view of (3) we obtain the formula gw =
Jo@(x,y)g9(y)dy, where w £ X0,w. We will consider the general case of
L2-decomposition. Let us transform gw to the sum Mg + v° into L?(Q).
Here A is absolute number and v° is given function, for example the one
is a local Lyapunov’s function and fQ gv°dxr = 0. This reasoning yields
an integral equation A\g +v° = [, w(z,y)g(y)dy.

THEOREM [3,4].

1. A domainS) will be the region of attraction of the asymptotically stable
steady-state x = 0 iff the real part of eigenvalues of the operator L is
negative.

2. The p € o(L) defined by the eigenvalues A of the uniform Eq. (6).

3. Suppose the dynamical system (1) satisfies the condition R(pu € o(L)) <
0. In this case, there exists the function V < 0 whose time derivative
with respect to the given system (1) is positive almost everywhere, i.e. V
satisfies a necessary and sufficient condition of asymptotically stable the
steady state x = Q.

In the following the kernel w reduces to the degenerate kernel wy and
the formal linearization of Poincare-Siegel [5] to a large extent. The spec-
trum approach enables us to suggest a new method for solving Lyapunov
problem by means of Hille — Yosida theory [3]. We claim that the Lya-
punov problem 1is the problem of the existence of the dissipation operator
L:[Lf, f1+1f, Lf] <0. A new approach to studying a nonlinear bunched
beam dynamics based on the self-consistent Vlasov-Maxwell model. In the
framework of this scheme, a new approach based on such property as uni-

versality of Maxwell equations and methods of control theory is applied
[4-6].
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QUASI-PROJECTIONS

Zakalyukin V. M. (Russia)
Moscow State University
The University of Liverpool

The starting point of the singularity theory was classical Whitney the-
orem saying that generic singularities of a projection of a two-surface in
the three space are folds along lines and pleats at isolated points.

The classification of singularities of projections of a two-surface em-
bedded into RP? to a plane obtained by V. I. Arnold, O. Platonova,
V. Goryunov and O. Scherback at the beginning of eighty-th was a nice
generalization of Whitney theorem. The surface is assumed to be generic,
and centre of projection can vary in RP3. The list contains 14 simple
classes P;, i =1,...,11 (see [1]).

P1 <—P2 HPg HPG <—P8

T T T
Py — P Py
T T

Ps «— Py

1

Py

which are equivalent to a projection of a germ at the origin of surface
z = f(x,y) in R® with coordinates (x,y, 2) by a sheaf of rays parallel to z
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axis with the following functions

P f=u, Py f = a2, P3: f=a+ay,
Pi: f =2+ x9?, Ps: f =234+ 293, Ps: f =a'+ay,
Pr: f =a* £+ 2%y + ay, Ps:f=2>+ 2%y +ay, Py:f=a+axy
Po:f=a*+2%y+axy®, Pu:f=2°+uay.

Some of these classes are non weighted homogeneous however all are
simple. The equivalence here is the diffeomorphism of the domain of the
ambient space containing the germ of the surface and does not containing
the center of projection which preserve the fibration over the plane base
of the projection.

These singularities were used later intensively.

We suggest another more rough classification which provides less num-
ber of classes. Namely two surfaces are called pseudo-equivalent if there is
a diffeomorphism of the domain of the ambient space mapping one surface
onto the other and satisfying the following property: if the projection ray
is tangent to one of the surface at a point then at the image (or at the
inverse image, respectively) of the point the other surface is also tangent
to the ray passing through it. After a modification of this equivalence to
get “geometrical” in J. Damon sense relation we get the following list of

generic quasi-singularities of projections Q;, ¢ =1,...,9.
Q1 — Q2 «— @3 «— Qs — @
T T
Q1 — Q7
1
Qs
1
o
Where
Ql:f:x7 QQ:f:x27 Qg:f:x3+xy,
Qu: [ =+ uay? Qs [ =12’ +xy’, Qs : [ = 12"+ wy,
Q7 : f ="+ 2%y, Qs : f ="+ wy, Qo: f=a+ay".

Comparing these relations, the Py and P;; merge into single class (g,
as well as P; and Py merge into (7. All remaining classes with equal
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subscripts coincide. Differentiation with respect to x of (); provides a
normal form of a simple boundary singularity in the plane (x,y) with the
boundary y = 0.

We discuss other nice properties of quasi singularities. In particular,
the discriminants of quasi projections are isomorphic to some strata of the
discriminats of the ordinary ones.

Partially supported by RFBR050100458 grant.
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V. 1. ARNOLD’S HYPOTHESIS ON CONGRUENCES FOR THE
TRACES OF ITERATIONS OF INTEGER-VALUED MATRIXES
AND SOME DYNAMICAL ZETA FUNCTIONS

Zarelua A. V. (Russia)
MSTU

zarelua@higeom.math.msu.su

Analyzing experimental data, V. I. Arnold in 2004-2005 formulated
several questions on congruences for the traces of integer-valued matrixes.
An author’s theorem from algebraic number theory (2006) generalizes a
C. J. Smyth’s theorem (1986) that gives a generalization of the Gauss’
version of Fermat’s Little theorem. These theorems imply the positive
answer on some Arnold’s questions. We show that some known results on
dynamical zeta functions are rather simple consequences of congruences
supposed to be true by V. I. Arnold.

223



Hayunoe n3nanmne
MEKAVHAPOAHAS KOHO®EPEHIIUA “AHAIN3 U OCOBEHHOCTU”,
[IOCBAIIEHHASA 70-JIETHUIO B. 1. APHOJIbIA

Tesucol 10KIaI0B

MIMAH, Mocksa
20-24 amrycra 2007 1.

[lewaTaeTcss B aBTOPCKOI peIaKIIum
®oto Ha obsioxkke C. TperbsikoBoit

[Tomgmucano B meuars 13.08.2007
Twupazx 250 3K3.



